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Br.KE I L's 

PREFACE. 



ATOXJNG Mathematician may be 
furprifedy to fee the olddbfolete^Xt" 
ments of Euclid appear afrejh in 
Print 5 and that too after fo many 
new Elements of Geometry y as have been late^ 
lypublijifd 5 efpecially fince tbofe who gave us 
the Elements of Geometry^ in a new Manner ^ 
would have us believe they have deteBed a 
great many Faults in Euclid. Thefe acute 
Philofbphers pretend to have difcovered that 
Euclid*i Definitions are not perjpicuous enough ; 
that his Demonjirations are fcarcely evident j 
that his whole Elements are ill difhoid 5 and 
that they have found out innumerable Falfities 
in them^ which had lain hid to their times. 

But by their heave ^ I make bold to ^rm^ 
that they carp at Euclid undefervedly : For his 
Definitions are difiinSl and clear ^ as being ta- 
ken from firfi Principles^ and our moft eafy 
andfimple Conceptions 5 and his Demonfirati- 
ons elegant J perjpicilous and concife^ carrying 
-with themfuch Evidence^ andfo much Strength 
of Reafony that I am eafily induced to believe 
the Obfcurity^ Sciolifts^ often accuje Euclid 
with^ is rather to be attributed to their own 
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Dr.KEiL's PREFACE. 

perplexed IdeaSy than to the Demonllrations 
themfeheSy And however fome mayjmd Fault 
with the Difpojition and Order of bis Element Sy 
yet notwitbftanding I do not find any Method^ 
in all the Writings of this kindy more proper 
and eafy for Learners than that of Euclid. 

It is not my Bufinefs here to anfwer fepa^ 
rately every one ofthefe Cavillers i but it will 
eafily appeir to any one^ moderately verfed in 
thefe Elements^ that they rather Jhew their own 
Idlenefs than any real Faults in Euclid. Nay^ 
I dare venture to fay ^ there is not one ofthefe 
New SyfiemSy wherein there are not more Faults^ 
nay^ groffer Paralogifms^ than they have been 
able even to imagine in Euclid. 

After fo many unfuccefsful Endeavours^ in 
the Reformation of Geometry y fome very good 
Geometricians^ not daring to make new Ele- 
ment s^ have defervedly preferrd Euclid to all 
others ; and have accordingly made it their Bu-^ 
finefs to publifh thofe of Euclid. But tbey^ 
for what Reafon I know noty have entirely o- 
tnittedfome PropofitionSy and have altered the 
Demonfirations of others for worfe. Among 
whom are chiefly Tacquet and Dechalles, bow 
of which have unhappily rejected fome elegant 
Propofitions in the Elements (which ought to 
have been retained) as imagining them trifling 
and ufelefs \ fuchy for Example^ as Prop. 27, 
28, and 29, of the Sixth Booky and fome o^ 
therSy whofe TJfes they might not know. Far-^ 
thery wherever they ufe Demonfirations of their 



^nKfiiL's PREFACE* 

€wn, inftead of EuclidV, in thofe Demonjira^ 
tiom they are faulty in their Reajoningy and 
deviate very much from the Concifenefs of the 
Antients. 

In the fifth Book, they have wholly rejeSied 
Euclid'^ uemonftrationsy and have given a 
Definition of Proportion different from Eu- 
clid'i ; and which comprehends but one of the 
two Species of Proportion^ taking in only com- 
tnenf arable ^antities. fFhich great Fault no 
Logician or Geometrician would have ever par ^ 
donedy had not thofe Authors done laudable 
things in their other Mathematical Writings. 
Indeedy this Fault of theirs is common to all 
Modern Writers of ElementSy who all fplit on 
the fame Rock j and to fioew their Skilly blame 
Euclid, for what, on the contrary y he ought 
to be commended ; I mean the Definition of 
Proportional ^antitieSy wherein he fi^ews an 
eafy Property of thofe ^luantitieSy taking in both 
Commenfurable arid Incommenfurable oneSy and 
from which all the other Properties ofPropor^ 
tionab do eafilyfoll&w. 

Some Geometricians y forfootby want a De^ 
monftration of this Property in Euclid ; and 
undertake to fupply the Deficiency by one of 
their own. HerCy again y they fi^ew their Skill 
in Logicky in requiring a Demonfirationfor 
the Definition of a T!erm 5 that Definition of 
Euclid being fuch as determines thofe ^antities 
Proportionals which have the Conditions fpe^ 
fified in thefaid T)efinition. And why might 

4 1 not 
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pot the Author of the Elements give what 
Names he thought fit to ^antities having fucb 
Requifites ? Surely he might ufe his own Liber^ 
tyj and accordingly has called them Proporti- 
onals. 

• But it may he proper here to examine the 
Method whereby they endeavour to demonftrate 
that Property : Which is by firfi ajfuming a 
certain AffeSlion^ agreeing only to one kind of 
Proportionals^ viz. Commenfurables j and thence ^ 
by a long Circuity and a perplexed Series of 
ConclufionSy do deduce that univerfal Property 
of Proportionals which Euclid affirms ; a Pro- 
cedure foreign enough to the jujt Methods and 
Rules ofReafoning. T'hey would certainly have 
done much better^ if they had firfi laid down 
that univerfal Property affigned by Euclid,. 
and thence have deduced that particular Pro^ 
perty agreeing to only one Species ef Propor^ 
tionals. But rejeSling this Method^ they %ave 
taken the Liberty of adding their Demonfira-' 
tion to this Definition of the fifth Book. Tthofe 
who have a Mind to fee a further Defence of 
Euclid, may confult the Mathematical LeSiures 
of the learned Dr. Barrow. 

As I have happened to mention this great 
Geometrician^ I muft not pafs by the Elements 
pubUflded by him^ wherein generally he has re^ 
tained the ConfiruSHom and Demonfirations 
of Euclid bimjelf not having omitted fo much 
as one Propofitton. Hence ^ Ins Demonfirati^ 
ons become more firmtg and nervous^ bis Con^ 

firuSiiom 



Dn Keil^s P R E F a C te. 

firu^iom more neat and elegant^ and the G^^ 
nius of the ancient Geometricians mtn'econfjln^ 
tuouSj than is ufually found in other Books of 
this kind. T*o this he has added feveral Coroh 
hries and Schoiias^ which ferve not only t6 
Jborten the ikntonfirations of what follows^ 
6ut are Hkhvife of ufe in other Mdtteri. 

Notwithftanding fhisy BarrowV Lkmonjird^ 

Horn are Jo very jhort^ and are invohed info 

ifiany Notes and Symbols^ that they are render^ 

, td obfcure and difficult to one not verfed iri 

tSeometry. *There^ many Propofitiohs which 

appear confpicuous in reading Euclid hintfelf 

we made knotty and fiercely intelligible to 

Learners by this AigeSraical Way of Demon^ 

Jiration, as is, for Exampk, Prop. 13; Book 

I. And the Demonjlratfons 'Which he lays down 

in Book 11. nre Jlill more difficult : Euclid 

bimfelfhas done much better^ tnpewing their^ 

Evidence by the Contemplations of Figures, as 

in Geometry Jhould always be done. The Ele^ 

ments cf ail Sciences ought to be handled after 

the mojijimple Method^ and not to be involved irt 

Symbols^ Notes, or obfcure Principles^ takeH 

elfewhere. 

jis Barr6w*5 Elements are idofhortyfo dri 
ihofe of Chvins too prolix , abounding infuper^ 
fuous Scholiums and Comments : For in niy Opi^ 
niony Eucjid is riotfo obfcure as to want fucb 
a lumber of Notes , neither do I doubt but a 
Learner will find Euclid himfelf edfief than 
any of his Comment atori. As too much Bfe^ 
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©r.KEiL's PREFACE. 

w/y in Geometrical Demonjiratims begets Ob' 
fcurity^ fo too much Prolixity produces Tedi^ 
oufnefs and Confujton. 

On thefe Accounts principally^ it was tf>at 
I undertook topublijh the firftfix Books of En- 
did, with the iV^ and i2^\ according to 
Commandinus*j Edition ; the rejl I forbore^ 
becaufe thofe Jirji mentioned are fufficient for 
underjlanding of moji Parts of the Mathe- 
maticks nowjiudied. 

Farther y for the Ufe of thofe who are deji- 
rous to apply the Elements of Geometry to Ufes 
in Life^ we have added a Compendium of 
Plain and Spherical Trigonometry, by means 
whereof Geometrical Magnitudes are meafurd^ 
and their Dimenfions expreffed in Numoers. 



J. Keil. 
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PREFACE, 

Shewing the Usefulness and Ex 

CELLENCY of thtS WO R K. 



DR. KEILj in his Preface, hath fuf- 
ficiently declared how much eafier, 
plainer, and more cl^ant, the Ele- 
ments of Geometry written by Euclid 
are, than thofe written by others 5 and that the 
Elements themfelves, are fitter for a Learner, 
than thofe publifhed by fuch ^s have pretended 
to Comment on. Symbolize, or Tranfpofe any 
of his Demonftrations of fuch Proportions as 
they intended to treat of. Then how muft a 
Geometrician be amazed, when he meets with 
a Trad ♦ of the ift, 2d, 3d, 4th, 5th, 6th, 
nth and 12th Books of the Elements, in which 
are omitted the Demonftrations of all the Pro- 
pofitiqns of that moft noble univerfal Mathefis, 
the 5ch -, on which the 6th, nth, and 12th ib 
much depend, that the Demonft ration of not 
fo tnuch as one Propofition in them can be ob- 
tained without thofe in the 5th ? 
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The 7th, 8th, and 9th Books treat of fuch 
Properties of Numbers which ate neceflar^ 
for the Demonftrations of the ioth, which 
treats of locommenfurables ; and the 13th, 
14th, and 15th, of the five Platonick Bodies. 
But though the Dodrine of Incoramenfura- 
bles, becaufe expounded in one and the iame 
Plane, as the fint fix Elemeilts were, claimed 
by a Right of Order, to be handled beford 
Planes interfefted by Planes, or the more com- 
pounded Dodtrinc of Solids ; and the Proper^ 
ties of Numbers were neceflary to the Rea- 
foning about Incommenfurables i Yet becaufe 
only one Propofition of thefe four Books, viz. 
the lit or tli icth is quoted in the i ith and 
1 2th Books i and that only once, vit. in did 
Demonftration of the 2d of the 12th, and that 
id Propofition of the loth^ is fupplied by a 
Lemma in the 12th : And becaufe the 7th, 8thi 
oth, loth, 13th, 14th, i5rh Books have not 
been (thought by our greateft Matters) nccef- 
fary to be read by fuch as defign to make na- 
tural Philofophy their Study, or by fuch as 
would apply Geometry to praftical Affairs^ 
Dn Keil iQ his Editioni gave us only thefe 
eight Books, viz. the firft fix, and the nth 
and 1 2th. 

And as he found there was wanting a Trea-* 
tifc of thefe Parts of the Elements, as they 
tvere written by Eudid hioifelf; he publifhed 
his Edition without omitting any or Euclid'^ 
Demonftrations, except two ; one . of which 
was a fecond Demonftration of the 9th P/opo-^ 
fition of the third Book 5 and die other a Demon- 
ftration of that Property of Proportionals call- 
led Cofwerfion^ (contained in a Corollary to the 
^ 19th 
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19th Propofition of the 5th Book,) where in- 
ftead of Eucliffs Demonftration, which is uni- 
vcrfal, moft Authors have given us only parti- 
cular ones of their own. The firft of thefe 
which was omitted is here fupplied : And that 
which was corrupted is here reftored *. 

And fince feveral Perfons to whom the Ele- 
ments of Geometry are of vaft Ufe, either arc 
not fo fufficiently (killed in, or perhaps have 
not Leifure, or are not willing to take the 
Trouble to read the Latin ; and fince this 
Treatife was not before in Englijhy nor any 
other which may properly be faid to contain 
the Demonftrations laid down by Euclid him- 
felf ; Ido not doubt but the Publication of 
this Edition will be acceptable, as well as fervi* 
ceable, ^ 

Such Errors, cither typographical, or in 
the Schemes, which were taken Notice of in 
the Latin Edition, are correfted m this. 

As to the Trigonometrical Traft annexed 
to thefe Elements, 1 find our Author, as well 
as Dr. Harris^ Mr. Cafwelk Mr. HejneSj and 
others of the Trigonometrical Writers, is mif- 
taken in fome of the Solutions* 

That the^ common Solution of the i2rfi 
Xlafe of Oblique Sphericks is falfe, I have dc- 
monftrated, and given a true one. Set Page 

319- 

* Vide Page 55, iCj, of Eu<Ud*s Works, pubWhed bjr 
Dr. Gregory. 

In 
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In the Solution of our 9th and loth Cafes f 
by other Authors called the ift and 2d, where 
are given and fought oppofite Parts, not only 
the aforementioned Authors, but all others that 
I have met with, have told us that the Solu- 
tions are ambiguous ; which Do£lrine is, in- 
deed, fometimes true, but fometimes falfe : 
For fometimes the ^afttum is doubtful, and 
fometimes not ; and when it is not doubtful, 
it is fometimes greater than 90 Degrees, and 
fometimes lefs : And fure I (hall commit no 
Crime,^ if I affirm, that no Solution can be 
given without a juft Diftinftion of thefe Va- 
rieties. For the Solution of thefe Cafes fee my 
Diredtions at P^^ej 3 2 1 , 322. 

In the Solution of bur 3d and 7th Cafss^ in 
other Authors reckoned the 3d and 4th, where 
there are given two Sides and an Angle oppo- 
fite to one of them, to find the 3d Side, or 
the Angle oppofite to it j all the Writers of 
Trigonometry that I have met with, who have 
undertaken the Solutions of thefe two, as well 
as the two following Cafes^ by letting fall a 
Perpendicular, which is undoubtedly the fliort- 
cft and beft Method for finding either of thefe 

^aftta, have told us, that ^heij^jj^j.^^^^ i 

of the Vertical Angles, or Bafes, fliall be the 
fought Angle or Side, according as the Perpen- 

dicular falls < ^jj.u^„j. . \ which cannot be 

known, unlefs the Species of that unknown 
Angle, which i^ oppofite to a given Side, be 
firft known. 

Here 
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Here they leave us firft to calculate that un- 
known Angle, before we Ihall know whether 
we are to take the Sum or the Difference of the 
Vertical Angles or Bafes, for the fought Angle 
or Bafe : And in the Calculation of that Angle 
have left us in the dark as to its » Species 5 as 
appears by my Obfervations on the two pre- 
ceding Cafes. 

The Truth is, the §ua:Jitum here, as well as 
in the two former Cafes^ is fometimes doubt- 
ful, and fometimes not 5 when doubtful, fomc^ 
times each Anfwer is lefs than 90 Degrees, 
fometimes each is greater ; but fometimes one 
lefs, and the other greater, as in the two laft 
mentioned Cafes. When it is not doubtful, 
the ^cefttum is fometimes greater than 90 De- 
grees, and fometimes lefs. All which Diftinc- 
tions may be made without another Opera- 
tion, or the Knowledge of the Species of that 
unknown Angle, oppofite to a given Side ; 
or which is the fame thing, the falling of the 
Perpendicular within or without. For which 
fee my Direftions at Pages 324, 325. 

In the Solution of our ift and 5th Cafes^ 
called in \ther Authors, the 5th and 6th ; 
where there are given two Angles, and a Side 
oppofite to one of them, to find the 3d Angle, 
or the Side oppofite to it j they have told us, 

that the {difference} ^^^^'^'"^^^^"^^^^^ 
or Bafes, according as the Perpendicular falls 

/wiAin ?(hall be the fought Angle or Side ; 

s^nd that it is known whether the Perpendicu- 
/ lar 
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* nclu^'!^ Elements? 

■f /: hd Figtres, that is, an EmU 
r' , -^b't tab Ibree ,qud Siis. 
elis, «-Epicnrdm, wbiib 
J equoL f 

l^aiamrHribalwUcb tatb 

i-ee-fiiid Figum, tbat ii, a 
MgU, wbicb-hsb a Sigbt 

')Hafe-mgItd one, lebicb bub 

■^""'-"iUm.tebiib batb 

■ PiP'th that is, a Squan, 
'■' 'Ittd, and its Angles all 

■«g, er RtSanile, wbicb is 
■ hut its nfpofi, Sidts arc 
■iglis Right ones, 
thus, wbicb bath fmr e- 




•Mils, wbo/toppcfih Sidts 
quat. 

'"■al Figures, iejides Ibefe, 

■Afb Right Lines intbe 
' 'I "ifi'llety frodutd Itlb 
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a a Right Une may h drawn 
n-j one Point to another, 
Rigljl Line may be continued di. 

.J C.Vri may be defiribed about 
■ ■mlbanjDiJlance. 
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lar falls within or without, by the AfFcdion of 
the given Angles* 

Here they feem to have fpoken as tho' the 
^igjitum was always determined, and never 
ambiguous \ for they have here determined 
whether the Perpendicular falls within or with- 
out, and thereby whether they are to take the 
Sum or the Difference of the Vertical Angles 
or Bafes for the fought Angle or Side. 

But notwitHftanding thefe imaginary De- 
terminations, 1 afHrm, that the. ^(Bfttum here, 
as in the two Cafes laft mentioned, is fome- 
times ambiguous, ^nd fometimes not ; and that 
too, whether the Perpendicular falls within, or 
whether it falls without. See my Solutions of 
thefe two Cafes in Page 323, 

The Determination of the 3d Cafe of Oblique 
f lane Triangles, fee in Fa^ 32^. 



Sam. Cunn. 
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DEFINITIONS. 

h A POINT, is that wblcb hath no Parts^ 
l\ or Magnitude, 
/ % II. A Line is Length, without Breadth. 
III. The Ends (or Bounds) of a Line^ 
are Points. 

IV. A Right Line, is that nvbicb lieth evenly he^ 
iween its Points. 

V. A Superfieies, is that which hath only Length 
and Breadth. 

VI. fbe Bounds of a Superficies are Lines. 

VIL A Plane Superficies, is that which lieth even- 
ly between its Lines. 

VIII. A Plane Angle, is the IMination of two^ 
Lines to one another in the fame Plane, which 
touch each other ^^ hut do not both He in' the fame 
Right Line. 

IX. ^ the Lines containing the Angle be Right aneSy 
thn the Angle is calPd a Rigbt-lin'd Angle. 

" X. fThen 



EucMs Elsments. Book I. 

X. When a Right Line^ ftanding on another Right 
LinCy makes Angles on either Side thereof^ equal 
between them/elves j each cfthefe equal Angles is 
a Rigjt>t oney and that Right Line which ftands 
upon the oiher^ is call'd a Perpendicular to that 
whereon it ftands. 

XL An Obtufe Angky is that which is greater than 
a Right one. 

XII. An Acute Angle is that which is lefs than a 
Right one. 

XIII. A Term {or Bound) is that which is the Ex- 
treme of any Thing 

XIV. A Figure is that which is contained under one^ 
or more Terms. 

XV. A Circky is a plain Figure y contained under 
one Lincy called the Circumference \ to which 
all Right Lines y drawn from a certain Point 

, within the Ftgurey are equal. 

XVI. And that Point is called the Center of the 
Circle. 

XVII. A Diameter cf a CircUy is a^ Right Line 
drawn through the Centery and terminated on 
both Sides by the Circumferencey and divides the 
Circle into two equal Parts. 

XVIII. A Semicircle^ is a Figure contained under 
a Diameter y and that Part of the Circunrferewe 
of a Circky cut. off by that Diameter. 

XIX. A Segment of a Circky is a Figure contained 
under a Right Line^ and Part of the Circumfe- 
rence of the Circle [which is cut off by that Right 
Line."] 

XX. Rigbt'lin^d FigureSy arefuch as are contained 
under jRight Lines. 

XXI. Three-fided Figures arefuch as are contained 
under three Lines, ^ 

'XXII. Four-fided FgureSy arefuch as are contained 
under four. 

X^III. Many-fided Ftguresy are thofe that are con- 
tained under more than four Right Lines. 

XXIV. Three 
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XXIV. Of three- ftded Figures y thai isj an Equi- 
lateral Triangle^ which hath three equal Sides. 

XXV. ^at an Ifofceles^ or Equicrura! one^ which 
bath only two Sides equals t 

XXVI. And a Scalene onsrrif that which hath 
three unequal Sides. 

XXVII. Alfo of three-ftded Figures, that isi a 
Right-angled Triangle, wbkk'halh a Right 
Angle. ^ ,V' 

XXVIII. 3^/ an Obiufe-angled one, ^hich batb 
an Obtufe Angle. 

XXIX. And that an Acute-angled one, 'tvhicb hatb 
three Acute Angles. 

XXX. Of four -ftded Figures, that is, a Square^ 
whofe four Sides are equal, and its Angles all 
Right ones. 

XXXI. That an Oblong, or ReSlangle, which is 
iongisr than broad-, but its oppoftte Sides are 
equal, and all its Angles Right ones. 

XXXII. That a Rhombus, which bath four e- 
qual Sides, but tiot Right Angles. 

XXXIII. That a Rhomboides, whofe ofpofite Sides 
and Angles only are equal. 

S^XXIV. All Siuadrilateral Figures, beftdes thefe, 

are called Trapezia. 
XXXV. Parallels are fuch Right Lines in the 

fame Plane, which if infinitely produced both 

fFays, would never meet. 

POSTULATES. 

L r-^RANT that a Right Line may be drawn 
VJ from any one Point to another. 

IL Thai a finite Right Line may be continued di- 
re ^k forwards. 

III. And that a Circle may be defcribed about 
any Center, with any Dijlance. 

B AXIOMS 
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AXIOMS. 

L ^'T^HTNGS equal to one and the fame 

X Things are equal to one another. 
IL If to equal Things are added equal Things j 

the Wholes will be equal. 
III. If from equal Things j equal Things he taken 

away^ the Remainders will be equal. 
.IV. If equal Things be added to unequal Things j 

the Wholes will be unequal. 

V. If equal Things be taken from unequal Things^ 
the Remainders will be unequal. 

VI. Things which are double to one and the fame 
Things are equal between themfelvesn 

VII. Things which are hdf one and the fame 
Things are equal between themfelves. 

VIII. Things which mutually agree together^ are 
equal to one another. 

IX. The whole is greater than its Parts. 

X. Two Right Lines do not contain a Space. 

XI. Al Ri^t Angles are equal between themfelves. 

XII. If a Right Lincy falling upon tiioo other 
Right LineU makes the inward Angles on the 
fame Side thereof both together^ lejs than two 
Right Angles^ thofe two Right Lines, infiniteh 
produc'*dy will meet each other on that Side 
where the An^es are lefs than Right ones. 

%, 

Notey When there are feveral An^es at one Pointy 
any one of them is exprefs'd by three Letters, of 
which that at the Vertex of the Angle is plac'd in 
the Middle. For Example ; In the Figure of Prop. 
XIII. Lib. I. the Angle contained under the Right 
Lines A B, B Q is called the Angle ABC; and 
the Angle contained under the Right Lines AB, B £, 
is called the Angle ABE. 
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PRO POSIT t ON I. 

t 

Problem. 

To defcribe aft Equilateral Trangle upon a giveri 

finite Right Line. 
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ET AB- be the given finite Right Line 
upoii which it is required to defcribe an 
Equilateral Triangle. 

About the Center A, with the Diftance 
AB, defcribe the Circle BCD*; and about the* ^ ^^* 
Center B, with the fame Diflance B A, defcribe the 
Circle A C E J and from the Point C, where the two 
Circles cut each other, draW the Right Lines C A, 
CBt. tii*9f^. 

Then becaufe A is the Center of the Cirdc D B C, 
AC ihali be equal to AB J. And becaufe B is the X 15 ^sf* 
Center of the CirdeCAE, BC fhallbeequalto B At 
but C A hath been proved to be equal to A B ; there- 
fore both C A and C B are each equal to A B. But 
Things equal to one and the fame Thing, are equal 
between themfelves, and confequendy CA is equal 
to CB; therefore tJhe three Sides C A, AB, B C, are 
equal between themfelves. 

And fo the Triangle B A C is an Equilateral one, 
and is defcribed upon the given finite Right Line A B i 
which iyas to be done. 

PROPOSITION IL 

P Rd B LBM. 

At a givtn Pointy to put a Right Line equal W 

a Right Line given* 

LE T the Point giveh be A$ and the given Right 
Line B C ; it is required to put a Right Line at 
the Point A> equal to the given Right Line B C. 

B « Draw 
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* P^' I- Draw the Right Line A C from the Point A to C *, 
-^loftbii. upon it defcribe the Equilateral Triangle DACf; 

produce D A and D C dire£Uy forwards to £ and 
t P^. 2. G t ; about the Center C, with the Diftance B C, 

• P<fi> 3- defcribe the Circle B G H ♦ ; and about the Center D, 

with the Diftance D G, defcribe the Circle G K L. 
Now becaufe the Point C is the Center of the Cir* 

t Def, 15, cle B G H, B C will be equal to C G t > and becaufe 
D is the Center of the Circle G K L, the whole D L 
will be equal to the whole D G, the Parts whereof 
D A and D C are equal ; therefore the Remainders 

J Axiom 3. A L, G C are alfo equal J- Buf it has been demon- 
ftrated, that B C is equal to CG,; wherefore both AL 
and B C are each of them equal to C G. But Things 
that are equal to one and the fame Thing, are equal 
to one another ; and therefore likewife A L is equal to 
BC. 

Whence the Right Line A L is put at the given 
Point A, equal to the given Right Line B C, which 
was to be done. 

PROPOSITION IIL 

Problem. 

Two unequal Right Lines being given^ to cut off a 
Part from the greater Equal to the Leffer. 

LET A B and C be the two unequal Right Lines 
given, the greater whereof is A B ; it is required 
to cut off a Line from the greater A B equal to the 
leffer C. 
• 2 / this. Put * a J^ght Line A D at the Point A, equal to the 
Line C, and about the Center A, with the Diftance 
t Pofi. 3. A'D, defcribe a Circle D E F f. 

Then becaufe A is the Center of the Circle D E F, 
A E is equal to AD; and fo both A E and C are 
each equal to AD; wherefore A E is likewife equal 

X Axiom J. to C !|!. 

And fo there is cut off from A B the greater of two 
given Right Lines A B and C, a Line A E equal to 
the lefter Line C ; which was to be done. 

PRO- 
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PROPOSITION IV. 
Theorem. 

Jf there are two Triangles that have two Sides of 
the one equal to two Sides of the other ^ each 
to eacb^ and the An^e contained by thofe equal 
Sides in one Triangle equal to the Angle contained 
by the correfpondent Sides in the other Triangle^ 
then the Bafe of one of the Triangles fhall be 
equal to the Bafe of the other ^ thevwole Triangle 
equal to the whole Triangle^ and the remaining 
Angles of one equal to the remaining Angles of the 
other i each to each^ which fubtend the equal Sides. 

LET the two Triangles be AB C, DEF, which 
have two Sides AB, AC, equal to t^o Sides 
D £, D F, each to each, that is, the Side A B equal 
to the Side D £, and the Side AC to D F ; and the 
Angle B A C e^ to the Angle E D F. I fay, that 
the Bafe B C is equal to the Bafe £ F, the Triangle 
ABC equal to the Triangle DEF, and the remain- 
ing Angles of the one equal- to the remaining Angles 
of the other, each to its Correfpondent, fubtending 
the equal Sides, viz. the Angle ABC equal to the 
Angle DEF, and the Angle A C B equal to the An- 
gle DFE, 

For the Triangk ABC being applied to D £ F, fo 
as the Point A may qo-incide with D, and the Right 
Line A B with D £, then the Point B will co-incide 
with the Point £, becaufe A B is equal to D £. And 
fmce A B co-incides with D E, the Right Linp A C 
likewife will co-incide with the Right Line D F,. be- 
caufe the Ai^le B A C is equal to the Angle £ D F, 
Wherefore alfo C will co-incid(^ with F, becaufe the 
Right Line A C is equal to the Right Line D F. But 
the Point B co-inddes with £, and therefore the Bafe 
B C coincides with the Bafe £ F. For if the Point 
B Qo-inciding with £, and C with F, the Bafe B C 
does not co-incide with the Bafe E F ; then two Right 
Lmes will contain a Space, which is impoiHble *, • ^i* 
Therefore the Bafe B C co-incides with the Bafe £ F, 
and is equal thereto 5 and confequently the whole Tri^^ 

B 3 ^gl^ 
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angle ABC wiD co-incide with the w}iole Triangle 
DEF, and will be equal thereto^ and the remaining 
t •^*' 8. Angles willco-incide with the jemaining Angles fj and 
will be equal to them, viz. the Angle ABC equal to 
the Angle D E F, and the Angle A C B equal to tjic 
Angle P F E. Which was to be deqionftrated. 

PROPOSITION V. 

Theorem. 

^eAn^esi at the Bafe of an Ifofcclcs Triangle are 
equal between th^mfelves : And if the equai 
Sides be produced ^ the Angles under the Bafe 
fi>all be equal between themfehes. 

I 

LET ABC be an Ifdfcdes Triangle, having the 
Side AB equal to the Side AC; and let the 
equal Sides A B, A C, be produced dit^ftiy icHwards 
to D and E. I fay the Angle A B C is equal to the 
Angle A C B, and the Angle C B D equal to the An- 
gle BCE. ^ . 

For afiurne any Point F in the Line B D, and froni 

f 3 oftbh^ A E cut off the Line A G equal * to A F, and join 
FC, GB. 

Then becaufe A F is equal to A G, and A B to AC, 
the two Right Lines FA, AC, are equal to the two 
Lines G A,- A B, each to each, and contain the com- 

t 4 2/" this, mon Angle FAG ; therefore the Pafe F C is equal f 
to ^he Bafe G B, and tjie Triangle AFC equal to 
the Triangle AGB, and the remaining Angles of 
the one equal to the remaining Angles of the other, 
each to each, fubtending the equal Sides, viz. the An- 
gle A C F equal to the Angle A B G ; and the Angle 
AFC equal to the Angle AGB. And becaufe the 
whole A F is equal to the whole A 6, and the Part 
AB equal to the Part AC, the Remainder BF is 

{ Ax. 3. equal to the Remainder C G. But F C t has been 
proved to be equal to GB 5 therefore the two Sides 
BF, FC, are ecpal to the two Sides CG, GB, 
each to each, and the Angle B F C equal to the Angle 
C G B ; but they have a common Bafe B C. Thoe^ 
fore alfo the Triangle B F C will be equal to the 
Txmnglf Q G B> and the i^iMIung At^^ of the one 

z eqpal 
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equal to the remaining Angles of the other, each to 

each, which fubtend the equal Sides. And fo the An* 

gleFBCisequal to theAiigle GCB: and the Angle 

BCF equal to the Ai^le C B G. Therefore becaufe 

the whole Angle A B G has been proved equal to the 

whole Angle ACF, and the Part CBG equal to 

BCF, the remaining Angle ABC will be ♦ equal to • Ax, 3, 

the remaining Angle A C B i but thefe are the Angles 

at the Bafe of the Triangle ABC It hath likewife 

been proved, that the Angles F B C, GCB, under the 

Bafe, are equal ; therefore the Angles at the Bafe of 

Ifofceles Triangles are equal between themfelves ; and 

if the equal Right Lines be produced, the Angles under 

the Bafe will be alfo equal between themfelves. 

Corott. Hence every Equilateral Triangle is aUb Equi* 
angular. 

PROPOSITION VI. 

T H J O R E M. 

If two Angles of a Triangle be equals then the Sides 
Jiibtending the equal Angles will be equal he^ 
tween themfelves. 

LET ABC be a Triangle, having the Angle 
AB C equal to the Angle ACB. IfeytheSide 
A B is likewife eqqdi to the Side A C. 

For if AB be not equal to AC, let one of them, as 
AB, be the greater, from which cut off B D equal to 
A Cf , and join D C. Thai becaufe D B is equal to t 3 sT '-&'>• 
A C, and B C 16 common, D B, B C, wiU be equal 
to AC, CB, each to each, and the Angle DBC 
equal to the Angle ACB, from the Hypothefis ; 
therefore the Bafe DC is equal j: to the Bafe A B, andt 4 /''^'''* 
the Triangle DBC equal to the Triangle ACB, a 
Part to the Whole, which is abfurd ; therefore A B is 
not unequal to A C, and confequently[is equal to it. 

Therefore if two Angles of a Triangle be equal 
between themfelves, the Sides fubtending the equal 
A»gle&ai3p likewife equal between themfelves. Which 
was to be demonflrated. 

B 4 CoroU. 
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CoroH. Hence every Equiangular Triangle is alfo & 
quilateral. 

PROPOSITION VII. 

Theorem. 

On the fame Right Line cannot be conftituted two 
Right Lines equal to two other Right LineSy 
each to eachj at different Points^ on the fame 
Side^ and having the fame Ends which thefirji 
Right Lines have. 
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O R, if it be poiEble, let two Right Lines A D, 
D B, equal to two others AC, C B, each to each, 
be conftituted at different Points C and D^ towards 
the fame Parts C D, and having the fame Ends A and 
B which the firft Right Lines have, fo that C A be 
equal to A D, having the fame End A which C A 
hath ; and C B equal to D B, having the fame End 
B ; and let C D be joined. 

Then becaufe AC is equal to AD, the Angle 
* 5 e/* ^^''» ACD will be equal*to the Angle ADC, and con- 
fequently the Angle A D C is greater than the Angle 
B C D 5 wherefore the Angle B D C will be much 
greater than the Angle BCD. Again, becaufe C B 
is equal to D B, the Angle B D C will be equal to the 
Angle B C D ; but it has been proved to be much 
greater, which is impoffible. Therefore on the fam^ 
Right Line cannot he con/iitutei two Right Lines equal 
to two other Right Linesy each to eachy at different 
PointSy on the fame Sidey and having the fame Ends 
which thefirji Kight Lines have\ which Was to be det- 
monftrated. 
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PROPOSITION VIIL 

T H E O R E Af . 

If two Triangles have two Sides of the one equal 
to two Sides of the other^ each to each^ and 
the Bafes equaU then the Angles contained under 
the e^al Sides will be equal. 

I. ET the two Triangles be A B C, DEF, having 
^ two Sides A B, A ^, equal to two Sides D E, 
DP, each to each, t/;z. AB equal to D£, and AC 
to DF ; and let the Safe B C be equal to the Bafe 
E F. I fay, the Angle B A C is equal to the Angle 
EDF. 

For if the Triangle A B C be applied to the Trian- 
gle D E F, fo that the Point B may co-incide with E, 
and the Right Line B C with EF, then the Point C 
will co-indde with F, becaufe BC is equal to EF. 
And fo lince B C co^incides with E F, B A and A C 
will likewife co-incide with E D and D F. For if 
the Bafe B C fhould co-incide with E F, and at the 
fame Time the Sides B A, AC, fhould not co-incide 
with the Sides ED, DF, but change their Pofition, 
as E G, G F, then there would be conftituted on the 
fame Right Line two Right Lines, equal to two other 
Right Lines, each to each, at feveral Points, on the 
lame Side, luiving the fame Ends. But this is proved 
to be otherwife*j therefore it is impoffible for the* y oftbiu 
Sides B A, AC, not to co-incide with the Sides E D, 
D F, if the Bafe B C co-incides with the Bafe E F; 
wherefore they will co-incide, and coniequently the 
Angle B A C will co-incide with the Angle EDF, 
and will be equal |o it. Therefore if two Triangles 
have two Sides of the one equal to two Sides of the other y 
each to each J and the Bafes equal, then the Angles conr- 
tained under the equal Sides will be equal i which was 
tQ be demonftrated. 
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PROPOSITION. IX. 

Problem. 

To cut a groen Right-tin^ d Angle itito two equal 

Parts. 

LET B A C be a given Right-linM Angle, which 
is required to be cut into two equal Parts. 
AiTume any Fcnnt D in the Right Line AB, and 

♦ 3 of ^^/>. cut off A E from the Line AC equal to AD*; join 
^ I of tbii, D E, and thereon make f the Equilateral Triangle 

DEF, and join AF. I fay, the Angle BAG is cut 
into two equal Parts by the Line A F. 

For becaufe A D is equal to A E, and A F is com- 
mon, the two Sides D A, A F, are each equal to the 
two Sides A E, A F, and the Bafe D F is equal to 
%% of this, the Bafe E F; therefore % the Angle D A F is equal to 
the Angle E A F. Wherefore a given Right-Urfd Angle 
is cut intQ two equal Parts', which was to be done« 

PROPOSITION X. 

Problem. 

To cut a given finite Right Line into two equal 

Parts. 

LET A B be a given finite Right Line, required to 
be cut into two equal Parts. 

* I of this. Upon it make* an Equilateral Triangle ABC, and 
'+ 9 af this, bifea t the Angle A C B by the Right Line C D. I 

fay, the R^ht Line A B is bife£ted in the Point D. 

For becaufe A C is equal to CB^ and CD is com- 

' mon, the Right Lines AC, CD, are each equal to 

the two Right Lines B C, C D, and the Angle A C D 

X 4 «/ ^^' • equal to the Angle BCD; therefore J Ae Bafe A T>y 

is equal to the Bafe DB. And fo the Right Line 

A B is bifefted in the Point D j which was, to be dme^ 
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PROPOSITION XI, 

P It B L £ M. 

I 

7b draw a Right Line at Right Angles to a given 
Right Line^ from a given Point in the fame. 

LET AB be the given Right Line, andCthe given 
Point. It is required to draw a Righe Line from 
th(e Point C, at Right Angles to AB. 

Aflume any Point D in AC, and make C£ 
cqtial*to CD, and upon DE make f the Ecwihteral 1^ '/^JJjf 

Triangle Ft) E, and join FC. I iay, the Right ^ ^ ' 
Line F C is drawn from the Point C, given in the 
Right Line A B at Right Angles to A B, 

For becaufe D C is equal to CE, and F C is com- 
mon, the two Lines DC, C F, are each equal to the 
two Lines EC, C F; and the Bafe D F is equal to 
the Bafe FE. Therefore ♦ the Angle DCF is equal* 8 cT '^''t 
to the Angle E C F ; and they are adjacent Angles. 
But when a Right Line, flanding upon a R^ht Line, 
makes the adjacent Angles equal, each of the equal 
Angles ista.Right Ar^Ie; and oonfequently DCF, X M- ^^ 
F C E, are both Right Angles. Therefore thp Right 
Line F C, ^c. which wqs to be done. 

PROPOSITION XIL 

Problem. 

To draw a Right Line perpendicular^ upon a given 
infinite Right Line^ from a Point given out of it. 

LET A B be the given infinile Line, and C th^ 
Point, given out of it. It is required to draw a 
Right Line perpendicular upon the given Right Line 
A B, from the Point C given out of it. 

AITume any Point D on the other Side of the Right 
Line A B, and about the Center C, with the Diftance 
CD defcribe*a Circle EDG, bifeaf EG inH,* ^9^- 3-. 
?»d join CG, CH, CE. I fay there fe drawn the ^ '^ '-^ '^"^ 

Per- 
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Perpendicular CH on the given infinite Right Line 
A B, from the Point C given out of it. 

Forbecaufe G H is equal to HE, and H C is com- 
mon, G H and H C are each equal to E H and H C, 
and the Bafe C G is equal to the Bafe C E. Therefore 

ts of this, the Angle C H G is equal J to the Angle CHE; and 
they are adjacent Angles. But when a Right Line, 
ftanding upon another Right Line, makes the Angles 
equal between themfelves, each of the equal Angles 

* Def, 10. is a Right one^, and the faid ftanding Right Line is 
call'd a Perpendicular to that which it ftands oi>. 
Therefore C H is drawn perpendicular-j upon a given 
infinite Right Line^from a given Point out of it \ which 
was to be demonftrated. 

PROPOSITION XIIL 

Theorem. 

When a Right Line^ ftanding upon a Righi Line^ 
makes Angles^ tbefe Jhall be either two Right 
Angles y or together equal to two Right Angles. 
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OR let a Right Line A B, ftanding upon the Right 
Line C D, make the Angles C B A, A B D. I fay, 
the Angles C B A, A B D, are, either two Right An-* 
gles, or both together equal to two Right Angles. 

* X)^ f. For if CB A be equal to ABD, they are*each of 

t II of this, them Right Angles : But if not, draw t B E from the 
Point B, at Right Angles to C D. Therefore the 
Angles C B E, E B D,* are two Right Angles : And 
becaufe C B E is eoual to both the Angles CB A, ABE, 
add the Angle E B D, which is common ; and the two 

X Ax. 2. Angles C B E, E B D, together, are % equal to the 
three Angles C B A, A B E> E B D> together. Again, 
becaufe die Angle D B A Is equal to the two Angles 
DBS, E B A, together , add the common Angle 
ABC, and the two Angles D B A, A B C, are equal 
to the three Angles D B E, E B A, ABC, together. 
But it has been proved, that the two Angles C B E, 
E B D, together, are likewife equal to thefe three An- 
gles : But Things that are equal to one and the fame, 

* Ax 1. are * equal between themfelves. Therefore likewif© 

the Angles C B E, £ B D^ tc^ethcr, are equal to the 

z Angles 
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Aisles DBA, ABCi together; but CBE, EBD, 
are two Right Angles. Therefore the Angles DBA, 
A B Q are both tocher equal to two Right Angles. 
Wherefore when a Right Line^ Jianding upon another 
Right Line J makes Angles , thefe Jhall he either twa 
Right Angles^ or together equal to two Right Angles ^ 
wUch was to be demonftrated. 

PROPOSITION XIV. 

Theorem. 

If to anj Right Line, and Point therein , two 
Right Lines be drawn from contrary Parts, 
making the adjacent Angles, both together, equal 
to two Right Angles, the faid two Right Lines 
will make but one flraigbt Line. 

F)R let two Right Lines B C, B D, drawn from 
contrary Parts to the Point B, in any Right Line 
A B, mak^ the adjacent Angles A B C, A B D, both 
together, equal to two Right Angles. I fay, B C, 
BP, make but one Right Line. 

Por if B D, C B, do not mal^e one flraight Line, 
let C B and B £ make one. 

Then, becaufe the Right Line A B flands upon the 
Right Line CBE, the Angles ABC, ABE, together, 
will be equal * to two Right Angles. But the Angles, * "3 /'^'* 
A B C, A B D, together, are alfo equal to two Right 
Angles. Now taking away the common Angle ABC, 
and the remaining Angle A B E is equal to the re- 
maining Angle A B D, the lefs to the greater, which 
is impoifible. Therefore B E, B C, are not one ftraight 
Line. And in the fame Manner it is demonftrated, 
that no other Line but B D is in a ftraight Line with 
CB ; wherefore CB, BD, fhall be in one ftraight 
Line. Therefore if to any Right Line, and Point therein 
two Right Lines be drawn from contrary Parts, making 
the adjacent Angles, both together, equal to two Right 
Angles, the faid two Right Lines will make but one 
Jlraight Line; 'which was to be demonftrated. 
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PROPOSITION XV* 

Theorem. 

If two Right Lines mutually cut each other^ tb^ 
oppojite Angles are equal. 

LET the two Right Lines A B< CD mutually cut 
each other in the Point E, I fay, the Angle AEG 
is equal to the Angle DEB; and the Ai^le C E B 
equal to the Angle A E D. 

For becaufe the Right Line A E, flanding on* the 
Right Line CD, makes the Angles CEA, AED; 

• i^ of this. Thdk both together fhall be equal* to two Right 
Angles. Again, becaufe the Right Line D £ ftanding 
upon the Right Line AB, makes the Angles AED, 
DEB: Thefe Angles together are * equal to two Right 
Angles. But it has been prov'd^ that the Aisles C E A, 
AED, are likewife together equal to two Right An- 
gles. Therefore the Ai^ks C^ A,.AED) aree^ial 
to the Angles A ED, DEB. Take away the common 

^Ax^ 3. Angle AED, and the Angle remaining CEA, isf 
equal to the A^gl^ remaining BE D. For the iame 
Reafon, the Angle C E B (hall be equal to the Angle 
D E A. Therefore if twe Right Lines mutually cut 
each other ^ the oppefite AngUs are equals which was 
to be demonftrated. 

CaroU. I. From hence it is manifeft, that two Right 
Lines mutu^Qy cutting each other, make Angles 
at the Se£Hon equal to four Right Angles. • 

CwM. 2. All the An^es conftituted about the fam« 
Point, are equal to four Right An^es. 
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PROPOSITION XVI. 

Theorem, 

]f one Side of any Triangle he produced^ the out- 
ward Angle is greater than either of the inward 
oppojite Angles. 

LET ABC be aTriai^k, atidoneof its Sides 
BC9 be produced to D. I fay, the outward 
Angle A C D is ^ greater than either of the inward 
Angles CB A, or BAG. 

For hikSt AC in E *, and join B E, which pro- * lo^ftbiu 
duce %o F, and make E F equal to B E. Moreover, 
join f C, and produce AC to G. 

Then, becaufe A E is equal to E C, and B E to 
E F, the two Sides A E, E B, are equal to the two 
Sides CE, EF, each to each, and the Angle.AEB 
t equal to the Angle FECj for they are oppofite t '5 sT'*'*. 
Angles. Therefore theBafeAB, is J equal to thet4^^^'*» 
Bafe F C J and the Triangle A E B, equal to the Tri- 
angle F E C ; and the remaining Anglets of the one, 
equal to the remaining Angles of the other, each to 
each, fubtending the equal Sides. Wherefore the 
Ai^le B AE, is equal to the Angle E CF ; but the 
Angle E C D, is greater than the Angle E C Fj there- 
fore the Angle ACD, is greater than the An^ BAE. 
After the fame manner, if the Right Line B C, be 
hife<aed, we demonftrate that the Angle B C G, that 
is, the Angle A C D, is greater than the Angle A B C. 
Therefore one Side of any Triar^ being produced^ 
the outward Angle is greater than either of the inward 
afpofke Angles \ which Was to be demonftrated. 

PROPOSITION XVII. 

T H E O R E M. 

Two Angles of any Triangle together, howfoever 
taken^ are lefs than two Right Angles. 

LET AB C be a Triangle. I fay, two Angles of 
it together, howfwvcT taken, are lefs than two 
Right Angles, For 
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For produce B C to D. 

Then becaufe the outward Angle A C D of the 

• t$ of this. Triangle A B C, is greater * than the inward oppofite 

Angle ABC : If the common Angle ACB be added, 
the Angles A CD, ACB, together, will be greater 
than the Angles A B C, A C B together : But AC D, 
1 13 ^ this. ACB, are f equal to two Right Angles. Therefore 
ABC, B C A, are lefs than two Right Angles. In 
the fame manner we demonftrate that the Angles 
BAC, ACB, asalfo CAB, ABC, are lefstkan 
two Right Angles. Therefore two Angles of any Tri- 
angle together y howfoever taken^ are lefs than two Right 
Angles \ which was to be demonftrated. 

PROPOSITION XVIII, 

Theorem. 

^U greater Side of every Triangle fuhknds the 

greater Angle. 

LET ABC be a Triangle, having the Si^e AC 
greater than th^ Side AB. I fay the Angl^ ABC 
is greater than the Angle B C A. / 

For becaufe A C is greater than A B, A D may be 
made equal to A B, and B D be joined. 

Then becaufe A D B is an outward Angle of the 

• x6 of this. Triangle B D C, it will be * greater than the inward 
1 5 of this, oppofite Angle D C B. But A D B is t equal to 

A BD ; becaufe the Side A B is equal to the Side AD. 
Therefore the Angle A B D is lifcewife greater than 
the Angle ACB; and confequendy ABC fhall be 
much greater than ACB. Wherefore the greater Side 
of every Triangle fuhtends tht greater Angle j which 
was to be demonltrated. 
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PROPOSITION XIX. 
Theorem. 

The greater Jngle of every Triangle fubtends tbf 

greater Side. 

LET ABC be a Trianek, having the Angle ABC 
greater than die Angle BCA. I iay the Side 
AC is greater than the Side A.B. 

For? it be not greater, AC is either equal to AB» 
tx lefs than it. It is not equal to it, becaufe then the 
Angle ABC would be equal* to the Angle ACBj* 5 e^'H 
but it is not. Therefore AC is not equal to AB; 
Mother will it be lefs; for then th^ Angle ABC would 
kflefs than the Angle ACB ; but it is not There- 1 ittf thiu 
fore AC is not left than AB. But likewife it has 
been proved not to be equal to it: Wherefore AC ^ 
is greater than AB. Therefore the greater Angle rf 
every Triangle fubteitds the greater Side-, which was to 
be demonftrated. 

PROPOSITION XX. 

T H t O R £ M. 

two Sides of any Triangle^ bowjiever taken^ art 
together greater than the third Side. 

LET ABC be a Triangle: I £iy two Sides there* 
of, howfoever taken, are together greater than 
t^ third Side, viz. the Sides B A, A C, are greater 
dum the Side BC; land the Sides AB, BC, greater 
than the Side aC, and the Sides BC, CA, greater 
than the Side A B. 

For produce B A to the Point D« fo that AD be 
•equal to AC, and join DC •%p/tli\ 

Then becaufe DA is equal to AC, the Angle ADC 
Ml be equalfto the Angle ACD. But the Anglet S ^'^'« 
BCD is greater than the Angle ACD. WherefonB 
the Angle BCD is greater than the* Angle ADC; 
and heiwSe DCB is a Trian^e, having the Angle 
BCD greater than the Angle BDC, and the greater 

-C Angle 
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• 19 of this. Angle fubtends * the gteater Side ; the Side D B will 
be gieater than the Sjdc BC. But DB is equal to 
BA and AC together. Wherefi»e the Sides BA, 
A C, together, are greater than the Side B C. In the 
fame Manner we demonftrate, that the Sides AB^. 

BC, together, are greater than the Side CAj and 
the Sides B C, C A, together, are greater than the Side 
AB. Therefore two Sides of any Triangle^ howfofuer 
iakeny are together greater than the third Side 5 which 
Was to be denK)nftrated« 

PROPOSITION X3a. 
Theorem. 

V 

Tf two Right Lines he drawn from the extreme 
Points of one Side of a Triangle to any Pmt 
within the fame, tb0fe two Lines Jhall he kfi 
iban the other two Sides of the Triangle^ hit 
contain a greater /ingle. 

OR let two Right Lines BD, DC, be drawn 

from the Extremes B, C, of the Side B C of the 
Triangle ABC, to thePoint; D within thefame. I fay 

BD, DC, are lefs than BA, AC, the other two Sides 
of the Triahgle, but contain an Apgle BDC greater 
than the Angle BAG 

' For produce BD to E. 
Then becaufe two Sides of every Triangle together 
• 20 of this, are* greater than the third, B A, AE^ the two Sides 
eStik Triangle ABE, are greater than the Side 

BE, Now add EC, which is common, and the Sides 
t wl*. 4^ B A, AC,* will be f greater than BE, EC. 

^ A^n, becaufe CE, ED, the two Sides of the Tri- 
angle CED, are greater than theKde CD, addDB, 
which is common, and the Sides CE, EB, will be 
greater than CD, DB. But it has been proved, that 
* B A, AC, are greater than BE, E C : Wherefore B A, 
AC^are much greater than B D, DC. Again, becaufe 
1 16 of this, the outward Angle of every Triangle, is % greater than 
the inward and oppofite one : B D C, the outward An- 
gle of' the Triangle CDE, fliall be greater than the 
Angle CED. For the fame Reafon CEB the out- 
ward Angle of the Triax^ ABE, i? liJcewfe greater 

I than 
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than the AngfeB AC; But the Angle BDC has been 
proved to" %e greater thafttheiAnpe CEB. Where- 
fore the Angle BDC ihall be much greater than the 
Angle BAC* And to if kuo Right Lines be drawn 
from the extreme Points of one Side -of a Triangle to 
any Point within the fame ; thefe two .Lines fhaU be 
lefs than the other two Sides of the Triangle^ but con* 
tain a greater Angle ; which was to be demonftrated« 

PROPOSITION XXII. 

Problem. 

7o dcfcrih ^ ^'Triangle eftkree Right Lin^s which 
<iiN efudnoM»ree4^hers.^veA: Btit it Is requi-^ 
JUcy that anj tW0 of the Right Lines taken to* 
fffber he' 'gf eater than the thirds hecaufe tw$ 
Sides' of a Triangle, ixfwfeewr iaken^ are toge- 
tber,ff:eaPer iban the third Side. 

tirt ^ :?; A be thrce.JR^ Lmes given, two of 
which, any wajrs taken, are g ir at er than thethirti, 
. i/z. A andf B together greater thaif C ; A and C greater 
than B ; and B and C greater than A. Now it is re- 
quired to itiake a Triangle of three *Right Lines equal 
to A, B, C: Let there be one Right Line D£ termi- 
nated at D, but infinite towards. E ; and take ♦ DF * ^ ^/'^'^t 
equal to A, FG equal to B, and GH equal to C; 
and about the Center F, with the Diftance F D, d^ 
fcribea QrdeDKL t ; and about the Center G, with \ zP<fii 
the OflsBice GH, defcribe another Ciitrk KLfl, 
and join KF» KG. I iay^ the Triai^Ie KFG is - 
made of three Right Lines equal to A, S, C, for be- 
caufe the Point F is the Center of the Circle DK ; FK 
ihall be equal to FD ; but FD is equal to A; there- 
fore F K is alfo equal to A. A^n, becaufe the Point 
Gis the Center of the CirdeXKH, GK wiU bejl ^s/: «% 
equal to GH 5 but GHisequal to C : Therefore ib^ 
GK be alio equal to C ; but F G is likewife equal to 
B; and confequently the three Right Lines KF, FG, 
KG, are eqiwl to the three Right Lines A, B, Cj 
wherefore the Triangle KF G is made of three Right 
lines K F, F G, GK, equal to the three given Lines 
iA«.B« C| which was to be done. 

Ca PRO^ 
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PROPOSITION xxin. 

Problem. 

fFUh a given Right Line^ and at a pven Point 
in it^ to make a Rigbt-lin^d Angle equal to a 
Rigbt-Wn^d Angle given. 

LET the given Right Line be AB, and the Point 
given therein A» and the given Right-lined Angle 
DC£. It is required to make a Right-lined Ai^le 
at the given Point A, with the given Right Line A B, 
equal to the given Right-lined Ande DCE* 

Affiime the Points D^ EatPktfurein the Lines 

Cp, C£, and draw D £ ; then, of three R%ht Lines 

•**sr^*«. equal to CD, DE, EC, make»a Triable A FG, 

fo that AF be equal to CD, AG to C£, and FG 

to DE. 

Then becade the two Sides DC, CE, are equal to 
the two Sides FA* AG, each to each,, and the Bafe 
DE equal totheBaief G; the Angle DCE ihaH be 
t 8 sr^*'>.t equal to the Angle FAG. Therefore the Right* 
lined Angle FAG is made, at the given Point A, in 
the eiven Line AB, equal to the given Rigbt*lined 
Angle DCE; which was to be done. 

PROPOSITION XXIV. 

* 

T H £ O R S M« 

If two Triafigles have two Sides of the one^ ffual 

to two Sides of the other ^ each to eachj and the 

. Angle of the one^ contained under the equal 

, Right Lines J greater than the correfpondent jtn'- 

gle of the other ; then the Bafe of the one will 

he greater than, the Bafe of the other. 

LE T there be two Triangles A B C, D E F, having 
two Sides AB, AC, equal to the two Sides DE, 
DF, each to each, viz, the Side AB equal to the 
Side DE, and the Side AC equal to DF ; and let the 
Angle BAC be greater than the Angle ED F. I 
fay, the Bafe B C is greater than the Bafe EF. 
'2 For 
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For becaufe the Angle BAC is greater than the 
Angle EDF; make ♦an Angle EDG at the Point* ^^tfdis. 
D in the Right Jvine DE, equal to the Angle BAC, 
and make fDG equal to either AC or DF, andt3/'^'« 
join EF, FG- 

Now becaufe Afi is equal to D£, and AC to D G, 
the two Sides BA, AC, are each equal to the two 
Sides ED, DG, and the Angle BAC equal to the 
Angle EDG: Therefore the Bafe BCis ecyial Jtot4»/'^v. 
theBbde EG. Agaip, becaufe DG is equal to DF, 
the Angle DFG is4.equal to the AngkDGF; ^ndi-S^P^'^ 
fo the Angle DFG is peater than the Angle EGF : 
And confequently the Angle EFG is much greater 
than the Angle £GF. And becaufe EFG is a Tri- 
angle, having the Angle EFG greater than the Angle 
EGF; and the er^teft Side fubtendsjthe greateft t »9 2^'^* 
Ai^ the Side EU fhall be greater than the Side EF. 
But the SideEG is cxjual to the Side BC. Whence 
BC is likcwife greater than EF. Tfabrefore if two 
Xriangles have two Sides ^Tihe cne, equal to two Sides 
ef the ether ^ each to eachj and the Angle of the one^ 
cmtained under the equal Right Lines^ greater than 
the CorreJ^ondent Angle of the other '^ then the Bafe 
rf the one will be greater than the Bafe of the other i 
which was to be demonftrated. 

PROPOSITION XXV- / 

T H E O R EM. 

« 

If two triangles bofoe two Sides of the one equal to 

. two Sides cf the other ^ each to eacb^ and the Bafe 

of the one mater than the Bafe of the other % 

tbey j(b(M alfo have ibe Angles J contained under 

> the e^al SideSj the one greater than the other. 

LET there be two Triangles ABC, DEF, having 
two Sides AB, AC, each eqiol to two Sides 
DE, DF) viz. the Side AB equal to the Side DE,. 
aod.the Side AC to the Side DF ; but the Bafe BO 
pi:eater than the Bafe EF. I fey, the Angle BAC 
is alio greater than the Angle EDF. 

For if it be not greater, it will be either equ^l or 
kis. But (be Angle BAC is not ecntal to the Angle - 

. Cj EDFi 
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* 4 sT'^^-EDF; for if it was, the Bafc BC woold be:* equal 
to the Bafe EF ; but it, k not : Thardbre the Aangle 
BAC is not equal to the Ai^teEDF, neither will itr 

t»43^'A".be leffer; for if it ihoukii the.B»fe BC would b&t kfe. 
than the Bafe EF j but it is not. Therefdrc^the Ang^e: 
BAC is not le& than tfad Angk £I>F i Init it has 
lifcewife been proved not to be equal to it, Where^ 
fore the Angle BAG is •neccflarUf .gvaterthan the 
Angle ED F. If, thereftire, PwoTrianekt have turn 
Sides of the one equal to tW9 Sides rf /A^ a^bar^ eack 
to each, and the Bafe of the om greatet themtht Baf^ 
tf the other y they JbaU alfr havt the Jngks^ cmtaiipulk 
wider the equal Sides^ ihe one grMer ^n the athet i 
which was to W demonflrated. 

PROPOSITION XXVI, 

T H £ O R S AT. 

If two Trian^s have twa An^s af the one equ^ 
to tzvo Angles of the ether ^ each t9 eacb^ anaom- 
Side of the one equal to one Side of the other ^ ei^ 
ther the Side lying between the equal Angles , 9t 
which fubtends one of the equal Angles ; the re- 
maining Sides of the one Triangle fbnll be alff 
equal to the remaining Sides of the other ^ each 
to his correffondent Side, and the remaining 
Angle of the on^ equal to the remaining An^ 
of the other. 

LE T there be two Triangles ABC, D EF, hav- 
ing two Angles ABC, B C A of the on^ equal 
to two Angles D E F, E F D, of the other, etfch to 
each, th^t is, the Angle ABC equal to d^ Andc 
D E F, and the Angle B C A equal to the Angle EFD. 
And let one ^ide'dftheone be equal to one SidI of 
the other, which firft let be the Side l;y4ng becwceh 
the equal Angle?;, viz. the Side BC ^qial to tte 
Side E F. I fay, the lemainirtg Sides of the one Tri- 
angle will be equal to the renfiaining Sidfii of the 
other, each to each, that », the Side AK equal t» 
the Side D E, and the Side A C equd tb the ^At 
D F, anrf the remaining Angle BAG oqftKt ^ the r^ 
Jttaimng Angle ED F. For 
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^ For if the Side A B be not dqual to the Side DE^ 
one of them will be the greater, which let be A B, 
snake G B equal to D £, and join G C. 

Then becaufe BG is equal to D£, and BC to £F, 
the two Skies G B, B C, are equal to the two Sides 
P £, £ F, each to each; and the Angle G B C equal 
to the Angle DEF.* The Bafe GG is *equal to the * 4 'ifthiu 
Bafe D F, and the Triangle GB C to the Triangle • 
DEF, and the remaining Andes equal to the remain^ 
ing Angfes^ each to each, which fubtend the equal 
Sides, Therefore the Angle GCB is equal to the 
Artele D F E. But the Angle D F E, by the Hypo^ 
thefe) is equal to the Angle BC A ; and fo the An-» 
gle B C G likewife equal to the Angle B C A, the 
lefe to the greater, which cannot be. Therefore A B 
is not unequal to D E, and confequently is equal to 
it And fo the two Sides AB, BC, are each eqpial to the. 
two Sides D£, EF, and the Angle ABC equal to the 
Angle DEF: And confequently the Bafe A C ♦ js 
equal to the Bafe D F, and the remaining Angle 
BAC equal to the remaining Angle £ D F« 

Secondly, Let the Sides that are fubtended by th^ 
eougl Angles be equal, as AB equal to D]E. I fay» 
the remaining Sides of the one Triangle, are equal 
to the lenuuning Sides pf the otl^, viz. AC to D F^ 
and BC to E F; and alfo the remaining An^ BAC, 
to the remaining An^ £ D F. 

Fpr if B C be unequal to EF, one of them is the 
greater, which let be B C, if poiSble, and make B H 
espial to £ F, and jc^n A H. 

Now becaifo B H is equal to EF, and AB to D £, 
the two Sides AB, B H, are eqi^ to the two Side; 
D£) £ F, each to each, and they contain eqoal An-r 
Th^fore the Bafe AH' is * equal to the Baf^ 

F $ ami the Triangle AB H fliall be equal to thq 
Triai>^le DEF, and the remaining Angleg^ equal to 
the remaining An^es, each to each, which fubten4 
the equal Sides : And fo the Angle B H A is equsd to 
jhe itagle EF D. But £ F D is fequal to the An^? t f«i« th 
BCA; and confequently the Angle B HA is equal to -^' 
the An^ B C A : Therefore the outward Angle 
B^HA of the Triangle AHC, is equal to the inward 
and oppdite Angle B C A 5 which is % impoffiblc \X x6 ^fihiu, 
W|i6a« PC is not uneqiial to JEF, therefore it is 

^4 ^"?1 
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equal to it. But AB is alfa equal to D £• Where* 
fore the two Sides AB, B Q are equal. to the two 
Sides D £, £ F, each to each ; and they contain equal 
Angles. And fo the Bafe A C is equal to the Baie 
DF, the Triai^le BAG to the Triangk DEF, and 
the remaning Angle BAG equal to the remaining 
Angle E D F. If, thereforej two Triangles havt twa 
Angles equal J each to eacb^ and ofie Side of the one 
equal to one Side of the other^ either the Si df lying 
between the equal Angles^ or which fubtends one of the 
equal Angles \ the remaining Sides of the one Triangle 
Jhail be alfo equal to the remaining Sides of the other^ 
each to hts correffmdent Side^ and the remainif^ jingle 
of the one equal to the remaining Angle of the others 
which was to be demonftntted. 

PROPOSITION XXVII. 

Theorem. 

If a Right Ltne^ falling tlpon two Right Lines^ 
makes the alternate An^es equal between tbem^ 
felves^ the twa Right Lines Joail be paraUeL 

LET the Right Line £F, iailing iqxm two Right 
Lines AB, CD^ make the alternate An^es A£F» 
EFD, equal between themfelves. I fay tiie Right 
Line AB is parallel to CD^ 

For if k be not parallel, AB and CD, produced 

towards B and D, or towards A and C, will meet : 

Now let them be produced towards B and Dj and 

meet in the Point G. . 

Then the outward Angle AEF of the Triangle 

•>6i/rWx.G£F, is * g^ter than t& in^Krard and opp^rfiti; ^^ 

-^Fro^ the gie EFG, and alfo equalfto it} which is abfurrf. 

^' Theidbre AB and CD, produced Awards B ^d D, 

will not meet each other. By the ^ewwof rear 

fonii^, neither will.thef n^eet, beii^ produced to* 

wards C and A. - But Lines that moot each other on 

I Def.i^. neither Side, are I parallel between themfelves There* 

fore AB is parallel to CD. Therpfere tfa Right Line, 

falling upon two Right JJneSj makes the abemateAn^ 

gles equal between themfelves^ the two Right Lines fiaU 

be parallel i which was to be denx)n(lrated. 

PRO 
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PROPOSITION XXVIII. 

Theorem* 

If a Right Line^ falling upon ttvo Ri^bt Lines^ 
makes the outward AngU of the one Line equal 
to the inward and oppoftte Angle of the other 
on the fame Side^ or the inward Angles on the 
fame Side together equal to two Right Angfes^ 
the two Right Lines fhall be parallel between 
tbemf^kfes. 

LET the Right Line EF felling upon two Rkht 
LiJies AB, CD) make the outwanl Angle EGB 
equal to the inward and oppofite Angle GHD ; or 
the inward Angles B GH, GH D on the fame Side 
together equal to two Right Ai^es. I fay the Right 
Line AB is parallel to the Rkht Line CD, 

For becaufc the Angle E5B i8*equal to the An- ♦ '>«« t^^ 
glc GHD, and the Angle EGB+e<pial to the Ax^^^.oftbis 
gle AGH, theAng^ AGH fhall be equal to the ^ 
Angle GHD $ but &efc ait alternate Ang^, There- ^ 
fore AB istparalld to CD. ^ *^'-^'^"- 

Again, becaufe the Angles BGH, GHD, are equal 
to two Right Anglw, and AGH, BGH, are^cqual* '^eT^*'*- 

to two Right Ones, the Angles AG H, BGH, will 
be equal to the Awles BGH, G HD ; and if die 
common Angle BuHbe taken from both, there will 
remain the Angle AGH equal to the An|leGHD$ 
but theie are alternate Angles. Therefore AB is 
parallel to CD. If^ tbirefore^ a Right Line^ foBing 
upon tux Right Linesj makes the outward AngU ef the 
one Line emal te the inward mui oppofite Angle if the 
other en me fame Side^ or the inward Angles on the 
fame Side together epml to two Rjght Angles^ the two 
Right Lines fkaU be parallel between themfehsn 
wUcb wasi tt» be deniODnnUsd. 
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j^ ^ i?;]g£/ Line falls upon- tm Pardleh^ it wHl 
make the alternate Anffes equal between tbem^ 
felves ; the outward jingle equal to the inward 
and oppojite Angle^ on the fame Side ; Sid the 
inward Jingles on the fame Side together equal tQ 
two Right An^s. 

ET. the Right Line £F M upon t&r pardld 
f Right Lines AB, CD. I fay die alternate An* 
^cs, AGH, 6HD9 are equal between diemlelvcs; 
die outward Angky £ 6B^ is equal to tlie inwaid one 
6 HD, on the fiune Side ; and the two siwsmI ones^ 
BGH, GHD^on the £ini* Sde ^ aie together ecpial 
to two Right Angles. 

For if AGH be une(]ual toGHD^ oneof them 
wiO be the gnealer. Let this be AGH; then^ becaufe 
the Ai^e AG'H is greater than the Angle GHD^ 
^d the commoii Angle BGH «» both : And lb the 
Angles A GH^ BGH togfether, ate greater thai the 
Angles BGH, GHD, 4)g0ther* Biit dleAn^ 

•rjtT'^'V. AGH, BGH, arc equal to two Right oncB* There- 
Ibie BGIf, GHD^ are lefr than twa Rig)bt Az^fes. 

^Jhu 12. And fatheLincB AB, CD, infinitrijr piodSwl t» wilT 
va^ each pther ; but beaade thcj are pardMy tlle^ 
will not nrnt Thefefoie the hp^ AOH bnot 
unequal to the Angle GHD. Wheielbre it ne-^ 
ceflarily equal to it, 

X-^l^ibh. Sort the Ai^le AGH is t equal to the Ai^SQB: 
Thertjfoie E6B tt alfc><i^ to GHDl ^ 

Now add the common Angle BG^, and ^len* 
EGB, BGH, together^ are equal to EGH^ Gifi^^ 
together; but EGB, and BOH, are eqinl' to^ tw^ 
Right An^e^, Tliereft«e Ob 9 GH, and GHIX 
ihall be equal to two R-ight An^. Wherefeie, ^ 
a Right Line falls upm two ParaUehy it mil make tie 
alternate Angles equal "between tbernfehes ; ibe mtward 
Angle equal to the inward and oppofite Angky on thr 
fame Side^ and the inward Angles on the fame Side 
together equal to twd Right Angles 5 which was to be 
dcmonftratcd. ]^ RO- 
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PROPOSITION XX3§< 

T H< E ©• R EM. 

Right Lines parallel to one and- ike fame Ai^ 
Une^ are alfo parallel between themfelves, 

LET A B and CD be Right Lines, each of which 
is parallel to the Right Line £F. I fay AB is 
^fo parallel to CD, For let the Right LineGK 
£dl upon them. 

Then becaufe* the Right Line GK fidls tqxst the 
ponrallel Right Lines AB, £F, the Angle AGK ]&*e^ * ^9 •P^^'U 
,to the Angle GHF;^ and becaufe the Right Line GK, 
fidls upon the parallel Right Lines £F, CD, the An- 
^GHF is equal to the Angle GKD*. But it har 
been proved^ that the Angle AGK is aUa equal to the 
Angle GHF. Therefore AGKiseqM^l to GKD 
and tfaey are alternate Angles^ whcnoe AB isparaUel 
to CD+. And fo Right Lines paraM io om and /Art»7«r'*'«p 
fame Right Line^ ate parallel ieiwUH tbm^hisi 
which was to be demonfbrated. 

PROPOSITION XXXt 

P R O^ L B M. 

^0 drmv' a Ri^t Line thro'' a given Fobri paraHeT 

to a given Right Line* 

LET A be a Point giv^n, and BC aR%lit Liw 
given. It is roquii^ todrawa Right Line thio^ 
the Pdnt A, paralld to the Right Line BC 

Aflitme any Point D in BC, and :joiii;>ADr then 
flia)ce^anAngl<? DA£> at the Pt>h^ A» wkh the*2$£f.iliV 
Line DA, eqoal to the Angle ADC^. and piwkioe 
£A ftrait forwanis to F. 

Then becauft the Right Line AD&lling ontwt^ 
Right Lines. BC, £F, adte the akemate Ai^es 
EAD, ADC, equal between tbsmlelvo^ £F IhaUr 
be t psualfel to B CL ThcoMfoie the Ri^t Lke EAF f ^7V*^^ 
is drawn thro' the giveaPoint A^ parallel tp the ghrea 
Right Line BC 3 tvhicb v>as to be donf. 

CoroB. 
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Cor^U. Hence it »)pearss that if one Angle of any 
Triangle be oqual to t][ie other two, that is a Right 
one; becaufe that the Angle adjacent to this Right 
one, is equal to the other two. But when adjacent 
Angles are equal, they are neceflarily Right ones. 

PROPOSITION. XXXIL 

Theorem. 

If one Side ofatfj Triangle he produced^ the outward 
An^ is equal to both the inward and oppofite 
Angles •, and the three inward Angles of a Tri^ 
angle are equal to two Right Angles. 



L 



ET ABC be a Triangle, one of whofe Sides 
BC is produced to D. I fay, the outward An- 
gle ACD is equal to the two inward and oppofite 
Angles CAB, ABC;, and the three inward Angles 
of the Triangle, viz. ABC, BCA, CAB, arc 
equal tp two Right Angles. 
• 31 of this. For let CE be drawn* thro' the Point C parallel 
to the Right Line AB. Then becaufe AB is parallel 
to CE, mi AC falls upon them, the alternate Angles 
1 29 oftbiu BAC, A CE, arc t equal between themfelves. Apin, 
becaufe AB is parallel to CE, and the Right Line 
6D &II5 upon them, the outward Angle ECD.isf 
equal to the inward and oppofite one ABC; but it 
has been proved, that the Angle ACE is equal to 
the Angle BAC. Wherefore the whoFe outward 
Angle ACI> is eqisal to both the inward and oppo* 
fite Angles B AC, ABC. And if the Angle A G B, 
which is. common, be added, the two Aisles ACD9. 
AC6, lie equal to the three Angles ABC, BAC, 
I tyf Ah, ACBi but the Af^ks ACD, ACB, are:tequal 
to two. Ri|ht Angtes. Therefore alfo fhsdl the 
Angles ACBi^ GB A, CAB, be equal to two Right 
Angles. Wherefore, if me Side rf any Ttiangle U 
produced^ the eutward jhgte is $^al 'to htb the Jn^ 
ward and epp^fite Angles^ and the three inward An- 
gles (f a , Triangle are equal, to two Right Angh > 
whicn ^^^5 to bev demonftrated» 

CorcB. 
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enroll. I. All th^ three Angles of any one Triangle 
taken together, are equal to all the three Angles o£ 
any other Triangle taken together. 
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Corm. 2. If two An^'cs of any one Triangle, either 
ieparatdy or taken together, be equal to two An- 
gles of any other Triangle ; then the remaining 
Angle of the one Triangle, will be equal to the 
remaining Angle of the other* 

CorcO. 3. If one Angle of a Triangle be a Sight 
Angle, the other two Angles together make one 
Right Angle. 

CcroSi 4. If the Angle inducted between the equal 
Le^ of an Ifofcdes Triangle be a Right onej eaidi 
of the other Angles at theBafe will 1^ half Ri^ht 
Angles. 

CoroO. 5. Any Angle m an Equilateral Triangle is 
equal to one Thira of two Right Angles, or two 
Thirds of one Right Angle. 

THE09.EM I. 

All the inward Angles of any Right-lined Fi- 
gure whacfoever, make twice as many Right 
Angles 9 abating four, as the Figure has 

Sid^. 

FOR at^ Right-Uned Figure may hi rtfihei inU 
as many Triangles^ abating two^ as it hath Sides* 
For Example^ if a Figun hasfiur Sides j it may ie re" 
folved into two Triangles : If a figure has five Sides^ 
it may be refolved into three Triangles ; if fixj into 
four ; and Jo on. Wherepn-e {by Prop. XXXII.) the 
^gles of all thefe Triangles are equal to iwiee as many 
Right Jn^les as there are Triangles : But the Angles of 
all the Triangles are equal to the inward Angles of the 
Figure. Therefore aU the inward Angles of the Figure 
are equal to twice as many Right Angles as there are 
Triangles^ that is^ twice as many Right Atigles^ taiing 
awayfour^ as the, Figure has Sides* W. W. D. 
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ecfual to the Triangle BCD. Wherefore the Dia- 
meter 3C bifeds the PknUekgiam ACDB ; wbict . 
was ta bi demmftraUi. 

PROPOSITION XXXV. 

T H B O R fi M* I 

■ 

TaraUckgrafns conftituUd upon the fame Ba/ey 
and between the fame Parallels^ are equal be- ^ 
iween tbemfehes. 

LET ABCD, EBCF, be PaiaUdograms con- 
fBtuted i^on the (ame Bafe B Cy and betweqn 
the (ame Paralleb AF and BC. I fay, the Paral- 
lelogram ABCDi is equal to the Parallelogram 
EBCF. 

For becaule ABCD is a Parallelogram, AD is 
• 34^i*iV.«cqualtoBCiandforthe fameReafonEF i3 equal 
^Jximj.^ BC; wheidbre AD (hall befcqual to EF; but 
|A.a. DE is oommon. Therefore the whole A £ is | equal 
to the whole DF. But AB is equal to DC ; where- 
fore £A, A By the two Sides of the Triangle ABE, 
are equal to the two Sides F D^ D C, each to each ; 
♦»9 eT'*^'- and the Angle FbC*equal to the Angle EAB, the 
outward one to the inward one. Therefore the Bafe 
1 4 3r<*«.EBi8f Mial to the Bafe CF, and the Triandc EAB 
to the Triangl^ F D C. If the common Triangle 
1^.3. DOE be taken from both, there will remain^the 
Trapezium ABGD, maX to the Trapezium FCGE; 
and if the Triangle GBC, which is common, be 
added, the Paralldooam ABCD will be equal to 
the Parallek^ram EBCF. Therefore, Parallelo- 
grams conftitutei up9n the fame Bafe^ and between 
the fame Parallels ^ are equal between tbernfehesi 
which was to be demonftrated. 
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PROPOSITION XXXVI. 

Psmlklograms conftUuted upon equal Bafes^ and. 
hetw&en the fame Paralklsy are equal between, 
tbemjelves. 

LET the Paralldc^rams ABCD, EFGH, be 
conftituted upon the equal JBafes B C, F G, and 
ketween the fame Parallels A H, B G. I %, the 
Porallelograin AB CD is equal ta the ParaUelognim 
EFGH. 

Forjoin BE, CH. Then becaufe BC i8*equal*^A 
to F G, and FG to EH; BC will be likewife equal 
to £H 'y and they are parallel, and BE, CH, joins them. 
But two Right Lines joining Right Lines which are 
equal and paraUel the fame Way, are f equal, and pa- 1 33 <ftbiu 
falld : Wherefore £ B C H is a Paralldcgtam, and is 
tequalto the Parallelogram ABCD; for it has the^ 55'/'*'**i 
fame Bafe B C, and is conftituted between the fame 
Patallds B C, A D. For the fame Reafon, the Pa- 
raUelognim £ F G H is equal to the fame Parallelo^ 
gram EBCH. Theivibie the Parallelogram ABCD 
fliall be equal to the Psuallelogram £FGH» And fb 
ParalUbgrams conJUtuttd upon equal Bafes^ ^nd be^ 
tween the fame ParaOeb^ are equal ^Hween thern^ 
fihes i which was to be demonftiated. 

PROPOSITION XXXVIL 

Theorem. 

triangles conftituted upon tbefameBafe^ andbetmeen 
the fame Parallels are equal between themfelves. 

LET the Triangles ABC^ DBC, be omflitutBd 
upon the fame Bafe B C, and between the fkme 
Parallels AD, BC. I fay, the Triangle ABC, b 
equal to the Triangje DBC. 

For produce AD both ways to the Points £ and 
F; and through B draw* BE parallel to C Aj and * 3" 2^'^'^* 
through C, CF, parallel to BD, 

D Where- 
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Whereforo both E B C A, D B CF, are Parallelo- 

• 35 ^f/&/i. grams;: and tte Pai^Udogfahl EBCA is^a^ual to 

the Paralkiogram D B C F ; for they fland upon the 
fame Bale B C, and be^^oen the fiune Paralleb B Cy 

t JfaT^'*. EF. But the Triangle ABC isfonchalf of thcPa- 
rUldogrtm EBCA, becattfe the Diameter AB bi^ 
IbOs it; ihd tiid Triangk DBC is one half of the 
Parallelogram DBCF, for the Diameter DC hi&^ 
it But Things that are the Halves of equal Things^ 

I A. 7. wfe Jcqu^ bctv^oen th^fdves. Thettforc the Tri- 
ple ABC» b equal to the Triande DBC Where* 
b^ ^TfiAiglei. coHftkufnd upm ihe fatmBafe^ end 
bitvateu the fami PtaraJldsj an equal between ikenn 
fehes \ which was to be demonftrated. 

* r < • 

PRO PC SI T I O N XXXVIIL 

•T H E C R 1 M. 

^riangks conjiUuted^ u^n tqualBafes^ and between 
ihe Jam Parallels^ are equal httween themfelves* 

LET the Trian^ ABO, DCE, fe.<tonftitutrf 
. up6h the equal Ba(b B.C^ CE, ahd between ^ 
afdife.FamIkb.B£^ AD. I fay the Tiviii^t ABC 
is equal to the Triangle D:C£* 
Fbr produce AD both Ways to the Poiiits G| H: 

• wftbh ^'^^ S draw*BG fwnalld to CAj and thr»* £| 
^ -^ EH, paralMtoDC. 

Wherefore bothGBCA, DCEH, are Paralle- 

fegramlH 'ail4 ^j^ PArtOekg^iam GBCA '^ t equal 

t 36 tfa>iu to the Parallelogram DCE H : For they Aand upon 

eqoal Bafes, BC, C£, an4 between the fame Paral- 

J34 2^ii>is.fels BE, GH. But the Triangle ABC is { one 

lialf of the ParaUelo^raili GBCA, for the DiaAieter 

AB bifeas it; and the Triangle DCE ]: is ohe half 

of the Patalklogram DCE H, for the Diameter DE 

aSeSts it; But TMiIgs that are the H^ves gT eqiH 

*Ax.^ Things are* equal betvreen themfclves. Themfoie 

4he. Triangle AB C^ b cipl to the Triangle DCK 

Wherefore Triangles conBHuted upm equal Bafes j ani 

'Jatwehs-ihe Jame RartdUls^ are equal, between ibem^ 

^!&;/i I .whidi was to,be demonibated. 
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PROPOSITION XXXIX. 

Theorem. 

Mjudi triangles cohftituted upon the fame ^afi^ 
0n the fameSide^ are in the fame PdraUels. 

LE ^ A B C, D B fc, W equal Trianglfis, dinftP 
tkted upon the feme Bafe B C, on the fame Side. 
i fay they are between the fame Parallels. For let' 
AD be drawn, I fay AD is pandlel to B C. 

For if It be fi<^ parallel, draw ♦the Right Lin^ All* ittftiL 
fliro' the Point A, parallel to B C, and draw E C. 

Then the Triangle ABC, t is ^qpl to the Triangle 1 37 e/" thiu 
EBC ; for it is upon the fame Bale BC, and between 
the &ne Parallels BC, AE. But the Triangle ABC 
is X equd . t6 the Trian^e DB0t Therefore the t^'^^Jfyt^ 
Triaj^le b B C is alfo eaual tt> theTrfefn^ E B C, 
a leis to a greafei", which is impcpffible.' , Wherefore 
A £ is not parallel to B C : And by the fame Way rf 
Reafoning we prove, that no other Irine bttt AD is 
teraOel to BC. Therefore AD is paralM to B C. 
Wherdbre efual TttangUs emJKtuted upon the farm 
Bafiy $n the fame Side^ ai'e tn the fame Parallels i 
ivhidi was to be demonftrated. 

PROPOSITION XL. 

Theorem. 

i^al Ttian^les conftitnied ttpn eqiid Bafes^ on 
the fame Side^ are between the fame Parallels, 

LET ABC, COE, be equal Triangles,, confti-' 
tyited upon equal Blafes BC, CE. I fay they 
we between the fanie Parallels. For let AD be- 
drawn. I fay AD is parallel- to B E. 

For if it be Aot, let A F be drawn * thro* A, pa^"* 31 o^ tiii^ 
iallel to 'B E, and draw F E. 

Thcn.the Trian^c ABC is f equal to the Triangle t s* sT'Aw'* 
FCE ; for they ^ conftituted upon ^ual Bafes, and 
lietweeri th# fame Parallels BE> AF. ButthoTri- 
iflgte a6C is^qiml to the Triangle D C^> There- 

D z fcnc 
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. fore the Triangle D C E fhall be equal to the Trian- 
gle F Q E, the greater to the lefi, which is impoffi- 
ble. Wherefore AF is not parallel to BE. And in 
this Manner we demonftrate, that no Right Lijte can 
be parallel to BE, but AD. Therefore AD is pa- 
rallel to B E. And fo equal Triangles conftituted upon 
equal Bafes^ on the fame Side^ are between the fatne 
Parallels ; which was to be demonftrated. 

PROPOSITION XLL 

Problem. 

Jf a Parallelogram and a Triangle have the fame 
Bafe^ and are between the fame ParallelSj the 
Parallelogram will be double io the Triangle. 

LET the Para%logram AB CD, and the Trian- 
gle £ B C, have the fame Bafe, and be between 
the fame Parallels, B C, A E. I fey the Paralfclo- 
gram A B G D is double the Triangle £ B C. 
For join AC. 

♦ yjofthii. Now the Triangle ABC is* equal to the Triangle 
£ B C ; for they are both conftituted upon the fame 
Bafe BC, and between the fame Parallels B C, AE. 

1 34 ofthh. But the Parallelogram AB CD is t double the Tri- 
angle ABC, fince the Diameter AC bifefts it. Where- 
fore likewife it fhali be double to the Triangle E B C. 
If^ therefore, a Parallelogram and Triangle have both 
the fame Bafe^ and are between the fame Parallels^ 
the Parallelogram will be ^double to the Triangle i 
which was to be demonftrated, ^ 

PROPOSITION XLIL 

Theorem^ 

To confiitute a Parallelogram equal to a given Tri- 
angle^ in an Angle equal to a given Right-lined 
Angle. 

LET the given Triangle be ABC, and the Right- 
lined Angle given D. It is required to conftitute 
a Parallelogram equal to the given Triangle AB^C, 
ui a Right-lined Angle equal tQ D« Bife£t 
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Bifea*BC in E, join AE, and at the Point E, In * '^s^'*'*- 
the Right Line EC, conftitute f an Angle CEF t *3«/^^'^. 
equal to D. Alfo drawj AG thro* A, parallel toEC, 1 3' ^phi^ 
and thro' C the Right Line CG parallel to F£. 

Now FECG is a Parallek^ram : And becaufc^ « r i- 
BE is equal to EC, the Triangle ABE IhaU be * equal ^^ '^ '*'" 
to the Triangle A E C ; for they ftand upon equal 
Bafes BE, EC, and are between the fame ParaUels 
B C, A G. Wherefore the Triangle A B C is double 
to the Triai^le AEC. But the Parallelogram FECG 
is alfo double to the Triangle AEC ; for it has the 
fame Bafe, and is between the fame Parallels. There- 
fore the ParaDelogram FECO, is equal to the Tri- 
angle ABC, and has the Angle CEF equal to the 
Ar^le D. Wherefore the Parallelogram FECG is 
conflituted eaual to the given Xriangle ABC^ ki an 
Ai^e CEF equal to a given Angle D ; which wa$. 
to be (hm. 

PROPOSITION XLIII. 

Theorem. 

In everj Paralkhgram the Complements of the Pa^ 
ralleUgrams that ftand about the Diameter^ are 
equal between • tbemfelves. 

LET ABCDbea Paralldc^ram, whofe Diame- 
ter i$.DB; and letFH> EG, be Parallelograms 
Aandtng about the Diameter B D. Now AK, K C, 
are called the Complements of them: I fay the Com- 
plement AK is equal to the Complement KC. 

For fince AB CD is a Parallelogram, and BD is 
the Diameter thereof, the Triangle AB D * is equal * 34 »/'^'' 
to the Triangle BDC. Aga&i, becaife HKFD is 
a Parallelogram, whofe Diameter is D K, the Trian- 
gle HDK Ihall* be equal to the Triangle DFK; and 
for the fame Reafon the Triangle K B G is equal to 
tiie Triangle K E B. But fince the Triangle B E K is 
equal to the Triangle BGK, and the Triangle HDK ^ • 
•to D F K 5 the Triangle B E K, together with the 
Triangle HDK, is equal to the Triangle B G K, to- 
gether with the Triangle D F K, But the whole Tri- 
angle A B D. is likewife equal to the whole Triangle 
. , D 3 BDC. 
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BDC. Wheiefine ttie Gompleipmt reoisiiiiittg, AKf 
will be eqoal ta the remaining Compfenient KCy 
Therefbrc in every Parallelogram ihi Cop^Uments ef 
the Parallelegrams^ theiiftat^ ^hmU the^D'tMmtUr^ #ry 
^qml between tbefnfehes ; vfiiph w^s to bcd^nc; 

PROPOSITION XLIV. 

P It 6 B L S M. 

■ * • « 

equal to a given Triple j m 4 ^ivmR^gbt'linei 

£ T tha Right Line givfsn be AB» the given Tri-^ 
angle C, and the given Rigbt-liniad Angle D. It 
IS required to the given Right Line A B» :to apply % 
Paralldogram equal to thp givjen Triangle C» 

In an Angle equal to D» make the Parallelognum 

f4a./;^".BEFG ec^ tol^thc; Trianglp Ci in ttai Angle 

£ & G, equ^ to D. Place BE in a ftraight Line with 

AB, and produce F G to H, smd thro* A let AH be 

t ^itftlh. drawp t parallel to either Gp, or FE, an4 join HB. 

Now becaufe the Right Line H F fells on the Pa^ 

.1 ^5e/*r^'7ral!els AH, EF, the Angles AHF, HFE, ate jequal 

to two Right Angles, And fo BlHF, HFE, are 

liefs than two Right Angles ; but Right Lines making 

lefs tl»n two Right Aisles, wiiih a third Li|ie being 

fJx, 12. infinitely produced, will meet* each other. Whcrer 

fore HB, FE, produced, will meet -each other; whidi 

*3i 0/tkis, Jet be in K, thrrf which* draw KL{«iaUBl*oEA,0? 

FH, and ppoduoe Atiy GB, to the Points Land M. 

Therefore HLKF is a Pandlel^rain^ whofe Dia-? 

meter is HK; asd AG9 ME, are Pandlektgrtms 

about H£ ; whereof LB, BF> are the CawplemBotiy 

1 43 eT'^''- Therefore LB isfeduai to BF. But BF tt allb 

equal to the Triangle C. Wherefone fikewife LB 

ihall be equal to the Triangle C; and faecanfe the 

t i5Vr^/V. Angle GBE is t equal to the Ai^ ABM, an4 

' alfo equal to the Angle D, the Angle ABM flial( 

be equal to the Angle D. Theidbm to tte givw 

Right Line A B is 20pflied a Pandklogiam, equal tq 

the given Triangle C, in th^ Angle ABM, equal t0 

the given Angle D j wi/V^ wt^s U h 4ofHk 

^ PR Or 
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PROPOSITION XLV. 

Problem. 

^c make a Parallelogram gqual to a ginj^n Uight- 
lined Figure^ in a given Right-lined Angle. 

) TETABCDbcthe given Right-Kncri Figure, 
I JL/ and £ the Right-lined An^ given. It is re- 
quired to make a Parallelogram icqpal to the Right- 
lined Figure A B C D in an Angle equal to £« 

Let D B be joined, ?nd mate * the Parallelogram ♦ 42 of this, 
H equal to the Triangle ADB, in an Angle HKF, 
equal to the given Angle £. 

Then to the Right Line G H apply f the Paralle- 1 44/'*'*- 
logram GM, equal to the Triangle DBC, in an 
"e G H M, equal to the Angle £. 
ow became the Angle £ is equal to H K F, or 
. GHM« the Ai^leHKFfliafi be equal toGHM, 
» addKHGtoboth;andtheAiig|ei HKF, KHG, 
are, tc^ether, eoual to the Angles KHG, GHM* 
But HkF, KHG, am }, together, equal to tvo Right t 29 fti^ 
I Ang]e$. Wherefore, Iflcewife, the Anjdes iCHG, 
GHM, fliall be equd to tvwo Right Aagles: And 
lb at the given Point H in the R^bt Line GH, two 
Right Lines KH, HM, not diawii on the fame Side, 
make the adjacent Angles, both together, ecnial to 
two Right Angles $ and coi^equently KH, HM**+'a^'*^- 
make one Ifaraight Line. And becaufe the Right Line 
HG ialls imon the Pamflels KM, FG, the alternate 
Angles MHG, HGF> afeteqi«l. And if HGL 
be added to both, the Angles MHG, HGL, toge^ 
fher, are equal to the Angles HGF, liGLt ^together. 
But the Angles MHG, HGL, are* togiiher equal**^?^'^'* 
to two Ri^ An^4 Wb^srefore lik^wife the An- 
^HG,F, HGL, afe tog^dier -equal ^ two Right 
'Angles ; and fo FO, O L, maloe one ftiaight Line. 
And fince KF is e^ual and parafiel to HG, as like- 
wife HG toML, KF 4ifl(il be^equal and paialleltp^r^^v. 
to M L, and the Right Lines K M, F L, join them. 
•Wherefore KM, FL, are t ^V^^ ^^ paraUo. There- 1 34 /'^* 
fore K F L M is a Parallelogram^ Sut linee .the Tri- 
^19 ABD is equal to the Paralletegram {IF, and 
^ D 4 the 
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the Triangle D B C to the Parallelogram G M ; tl^ 
the whole Right-lined f^igure A B C D wilt be equal 
to the whole Parallelogram KFLM. Therefore 
the Parallelogram KFLM is made equal to the 
given R^ht-imed Figure ABCD, in an Aiigle FKM, 
equal to the given Angle E ; which wasU9 be dtftg. 

CorolL It is manifeft, from what has been faid, how 
to apply a Parallek^ram to a given Right i«ino» 
equal to a ^ven Right-lined Figure in a given 
Rjght-lined Angle. 

PROPOSITION XLVL 

Problem. 

7e7 defcribe a Square upon a gmu Right Line^ 



V 



£ T A B be the Right Line gtvoij upon which 
it is required to defcribe a Square. 

♦ II oftbiu Draw* AC at Right Angles to AB fiximthe Point 
i z ^f ^*'^- A given therein; makef.^!) equal to AB, and thro* 
t'iioftbis.th^ Point D drawjDE parallel to AB; alfo. thro* 

B draw BE ^ralld to AD. 

• Z^jfthis. Then A D E B is a Pajalldogram ; and fo A B ♦ is 

equal to D £, and AD to B £. But BA is equal to 
AD. Therefore the four Sides BA, AD, E) E, E B, 
are equal to each other. 

And fo the Parallelogram A DEB is equilateral: 

I fay it is likewife equiangular. For becaufe the Right 

, Line AD &lls upon the Parallels AB, D E, the An^. 

1 29 oftbii. gles BAD, A D E, are f equal to two Right Angles. 
But BAD is a Right Angle: Wherefore ADE is 
alfo a Right Angle; but the oppofite Sides' and qppof 

1 34 oftbiu fite Ang]^ of Parallek)grams are t equal. Therefore 
each of the oppofite Angles ABE, BEDi ^e Right 
Angles; and confequently ADBE is a Re^an^e: 
But it has been proved tp be equilat^. Therefore 
it is neceflarily a Squgr^, and h defcribed upon thp 
Right Line A B 3 which was t9 be done. 

CorolL Hence every Paralfcfogram that has one Right 

Angle is 4 Redangle. 

< 

PRO- 
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PROPOSITION XLVII. 

Theorem. 

In any Rkbt-ajjgled Triangle^ the Square defcribed 
. upon ibe Side fuhiending the Right Angle^ is e- 

qual to both the Squares defcribed upon the Sides 

containing the Right Angle. 

LET ABC be a Right-angled Triangle, having 
the Right Angle BAG. I fay the Square de- 
fcribed upon the Right Line B C, is equal to both the 
Squares defcribed upon the Sides BA, AC. v 

For defcribc* upon BC the Square BDEC, zjnA^^oftbiu 
on BA, AC, the Squares GB, H'C, and thro' the , 
Point, A draw A L parallel to BD, or C£ ; and let 
AD, F C, be joined. 

Then becaufc Ao Angles BAC, BAG, fare Right t Dtf. 3a 
ones, two R^ht Lines AG, AC, at the given Point 
A, in the Right Line B A, being on contrary Sides 
thereof, make the adjacent Angles equal to two Right 
An^es. Therefore CA, AG, make;]: one ftraightii^^flt/x. 
Line ; by the fame Reafon AB, AH, make one ftraight 
Line. And (ince the Angle D B C is equal to the 
Angle F B A, for each of them is a Right one, add 
ABC, which is common, and the whole Angle 
DBA is * equal to the whole Angle F B C. And* Ax. %. 
flnce the two Sides AB, BD, are equal to the two 
Sides FB, BC, each to each, and the Angle DBA 
equal to the Angle FBCj the Bafe AD will heft ^^ftbii^ 
equsd to the Bafe F C, and the Triangle ABD equal 
to the Triangle FBC: But the Parallelogram BL 
is X double to the Triangle A B D>; for they have the X 4» <ffbi\^ 
fame Bafe D B, and ate bet^ireen the fame Parallds 
BD, AL* The Square GBisfalfo double to the> 
Triangle FBC; fetr they have the fame Bafe F B, 
and are in the fame Parallels F B* G C But Things 
that are the Doubles of equal Things are* equal to^Ax.^. 
each other. Therefore the Pandlelogram BL is equal 
to the Square GB. After the iame Manner, A£, 
3 K, being joined, we pmve, that the Parallelc^ram 
CL is equal to the Square HC. Therefore the whole 
S<piare DBEC is equal to the two Squares GB, HC« 
But the Square DB£C is defcribed on the Right Line 
* ^ BC, 
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C^ and the Squafcsf G B, H C, on B A^ AC. There- 
fete thM Square BE, defcribed on the Side BC, is 
ctpial to the Squares defcribed on the Sides BA$ AC« 
Wherefore /« ^«7 Right-angled Triangle^ tht Sau^rre 
4UpriM ufan the Side Jubtending tht Right JtngU^ 
U epial to both the Scares defcrtbed upon the Sides 
4mtaimng tht Ri^t jttgU^ 

PROPOSITION iXI.VlI|, 

T H « O R B M, 

J^a Square defcribed upen 9n$ Sidi of ^Triangle h^ 
. /aual to the Squares deferibtd upon theotberiwo 
Sides of the faid TriangU^ ibfn the AngU ^niam^ 
€d by tbefi two etbtr Sides is a Right Ah^. 



I 



F the Stjiiara detbribed fip&n the Side pC ef the 

Trian^ ABC, be opial to the Squares defcribed 
tepofi the other two Sides ef the Triangle BA^ AC : 
I (zy the Angle B AC b « R%ht one. 

For let there be di«wn AD from the Poine A, i$ 
R^ht A^n^ to A Cj likewife makt AJ3 equal t^ 
BA %xA join DC. 

Thffi» became DA b equal to AB, the Square de- 
ferred on D A wiU be equsd to the Square dcfcr9)ed 
on A B# And adding the common Square deferred 
on ACf the Squares de(crfted on DA^ AC, ar^ equ^A 
l(y th^ Squares deferibed on BA^ AC, $ut the Sqimre 
^4/f¥^"'i^Ctlbei on DC is ♦ equal to the Squaresf defcribed 
OftDA^ AC; forDACis a Right Angle: But the 
Square on BC is put equal to the ^uares on BA, AC# 
Therefore the Square defcribed on DC is equal to 
ihe Square defcritJed on BC ; and fo the Side CD is 
#qiual to the Side C B; And tecaufe DA is equsd tp 
ABj find AC is common, the two Sides lyii, AC. 
stre equal to the two Sides B A, A C s and tfie Bafe 
D C is equal to the Bafe C B. Therefore the Angle 
ttfffhh. DAC ist equal to the Angle SAC; but DAC is a 
Right Angfe; and fo B AC will be a Right Angb 
I0fo, • tf^ therefore, a Square defcribed upon one ^ide 
tf ei Triangle he equal to the Squares defcribed upon th$ 
other two sides efthe faid Triangle^ then the Jngie con- 
isltted hp ihefe two other Sides is a Right Angle ; which 

m» to be demonftr^tccfT EUCLW\ 
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« 

PROPOSITION t 

T H E 9 R B M, 

If there hf two Right Lines ^ cm4 one of them be 
divided into any Number of Parts ; the Re£l- 
angle comprehended under the whole, and di- 
'^didJjine^ Aall be equal /r all the Re^anghs 
^c^nta^d t^et the whok Line, and tbSfevcral 
Segments of the divided Line. 



II. I. 



V 






ET A and BC be two Right Lines, where- ' 

of BC IS cut or divided any how in' the 

Points. D> £. I &y» the Redangle con^ 

tained under the Right Lines A and B C, 

is.<a(}iuii lo-the- Refbingles- contained under A and 

BD, A and D£» and A and EC. 

For kt ^ B F be drawn from the Point B, at Right 
1 3* I* Angles, to BC> and makefBG equal tp A; smd 
J 31. 1. let t G H- be- draWn thio* G paAlld to B C : Like- 
wife, let.tthere be drawn DK, EL, CH, thro' 
D,*E, C, pai^dtoBG. ' 'C . 

V Tl^n theiie6langle BH is equal tothe&^^bm* 
gles B K, DL'» EH ; but the JUaangk B H, ia that 
contained under A and B C ; for it is contained un- 
d^ G 6v B Ci and G B is equal to A ; apd tlpt 
Redangle BK is that contained under A and BD ; 
for it is contained under G B and 6 D, and G B is 
equal to A; and the Re£bngle DL is that contain- 
ed under. A and D E, becaufe D K, that is, £ G, is 
equal to A: So likewife the Redangle El^i^that 
contained under A and E C Therefore the Re£l- 
angle under A and B C, is emial to the Redangle 
under A and BD, A and DE, and A and EC. 
Therefore, if there be two Right Lines given, and 
one of them be divided into any Number tf Parts, 
the KeSfangk comprehended under the whole and di^ 
vided Line Jhallhe equal to all the Rectangles contained 
under the whole Line, and the feveral Segments of the 
divided^Line , which was to be demonftrated. 
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* < 

PROPOSITION H^ 

\fr H E O BL E M. 

J^ a Right Line oe any how divided^ the ReSt angles 

. contained under the whole Line^ and each of the 

Segments^ or Parts ^ are equal to the Square of 

the whole Une. 

• - « . ' . 

LET the Right Line A B be any how divided in 
r^the Point C I fay, the ReSangk contained 
iinder A B, B C, together with that contained under 
AB and AC, is equal to the Square made on AB. 

For let the Square AD E B be defcribed* on AB/4«. ^ 
and thro' C let CF be drawn parallel to A D or B £• 
Therefore A£ is equal to the Rie£tang^ AF and 
C£. But A£ is a Square defcribed upon AB; and 
AF is the Refbingle contained under B A> A C ; for 
It is contained under D A and A C,* whereof AD is 
equal to AB; and the Redangle C£ is contained 
under AB, BC, fince B £ is equal to AB. Whcre- 
fbfe the Re£hngle under AB and AC, together with 
the ReiSbmgfe under A B and B C, is e^ial to the 
Squaile of AB. Therefore, if 'a Right Lim be awf 
hw divided^ the S^^angUs contained undtr tbt whole 
Line, and each of the Segments^ or Parts^ are e^al 

to the Square of the whole Line» 

» 

PROPOSITION III. 

Theorem. 

If a Right Line be any how cut ^ the ReSlangle 
contained under the whole Line^ and one of its 
PartSy is equal to the ReSlangle contained under 
the two Parts together^ with the Square of the 
frjl-mentioned Part. 

Lli T the Right Line A B be any how cut in the 
Point C. I< fay, the Refiangk under A B and 
fi C is equal to the Recbngle under A C and B C, 
together with the Square defcribed oh B C. 

-J* . . « . 

For 
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f ^4$. u For defcrHbe ♦ the Square CDEB"^ upon 6Ci 
t %?- I. produce ED to f ; and Id: AV be drawn f thro*' 
A^ parallel to CD or BK ^Nl^ 

Then the Re^angle AE fhaB beflual to the two 
lieBa^^teADj C£: And the Redlbngle A £ is tfaae 
contained uncter AB and B C ; for it is contained un* 
ier AB and BE, whereof BE isequal to BC: And 
the kedande AD is that contained uiid^ A C and 
CB^ finoe DC is equal to CB : And DB is a Square 
deiciibed upon B C Wherefore the l(e£bngle under 
AB and 6Cii»equaI to tbeRe£lan^eund^ ACand 
CBi together ifkh the Squaie defcribed upon BC. 
Thtonefore if a Right Line h nny bow eutj the tieStan^ 
gk cafttdirm nhder the tithk Lirtfj end em ^ its 
Paris^ it itmal tif ike RjeStanrte contained under thi 
tvoo Parts together^ with the Square ef -Ae firft^menr 
ihrtted Petrt'y whi<ii If^ras to bb deilioni&ated* 

■ MPROPOSfTION IV. 

Th EO Rt iCf. 

» . ' • 

IfaHJgbl Line be any bow ^uUibe Sqhafe i»hUb 

, is made m ibe whoie Line wiU. be efkd to tb^^ 

Square^ made on the Segments thereif^ tipibeft^ 

wkb twice the Re^^angfk contained nnder iH 

SeffnefitSm 

E T the Right Line AB be ahV to^ Cut m (5. 
I fay^ the *Sqfiare made on A B is equal to the 
Squares of AC, GB, together, with' twice the Re6t- 
angle contained under A C, GR 

* 46. I. For ♦ defcribe the Square ADEB upon AB, joiA BDy 
1 31. I. and thro^ C drawf CGF paralld to AD or BE; 

and alfo thro* G draw HK paraM to AB or DE. 
Then beC:aufe CF is parallel to AD, and BD feUs^ 
t.29. I. upon them, the outward Angle BCJC fliall be *)■ equal 
to the inward and oppofite Angle ADB, but the' 

• 5- !• Angle A D B is * equal to the Angle A B D, fince the 
Side B A is e^al to the Side aI>. Wherefore the 
Angle CGB is «qnal to the Ahgjte GB G j and fo the 

f 6.1. Side BC equal t to the Side CG; but Hfcewife the 

} 34, IV Side GB is t equal to the Side GK, and the Side CG 

to BIC Therefore GK is eqpal to KB, and CGKB 

is 



L 



^1 



k equilattraL I iky, it is alio Right-angled ; fbr lie* 
caufe CG is paraM to BK^ and CB hUs on them, 
the Angks KBC, GCB, are| equal to two Ri^t 
Angles. But K B C 5s a R^ht Angle Whcrefoic 
GB C alfo is a Right Angle, and the oppofite Andsi 
GCB, CGIC, GKB, fhall be Right Angles. There^ 
C G K B is a Reftangle. But it has, been proved to 
be eqinlateral. Thdrefore CGKB is a Square At* 
(bribed upon BC* For the Ikme Reafon HF is al£^ 
a Square made upon HG, that is eqoal to the Square 
of AC. Whcrefoic HF and CK arc the Squares of 
AC «a CB. And fiedaufe the ReStxngk AG ts 
♦ equal to the Reaan^e GE, and AG is that ivhich*4t' «• 
is contained under AC aftd CB, for GC li eqial t^ 
CB: GEf^iallbeequaltotbe Sefbn^ under AC» 
and CB. Wherefore the Reaangl^ AG, GE, «% 
cqud t6 tfniQt the Re3angfe contained uiider A C^ 
CBt imd HF, CK, ^ttheSquates of AC, C6L 
Thbdbre tf^ four Figures HF, CK, AG, OE,att 
«]ual to the. Squalen of AC and CB, with twice dae 
ReOangk coBitakied under AC and C& But H F« 
CK,^ AG, G£^ make up the whole Square of AJS^ 
vix. AD£B« Tfaereibn? the Squall of AB is «quad' 
lo the Squares of AC, CB> K^ether vrith twice iht 
Reftan^ £ontidned under AC, CB. Wherdbvsi^ 
if a Right Llni bi €inj tow mf , tkg Sjumm which k 
miA en the wholi Line^ mil be efunl U the Sfttmn^ 
made tm the Segments theretf^ togttbrr with twice H^ 
Re^angle cmrtained under the Segments i whteh wHK 
ib) he dem(Hiftrxted* 

C^e/l. Henoe it is m^nUbft, dmt the I^ni&logiiRtS 
which ifatnd about the IXsLmstcx of 9i Sqioiv, mt 
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PROPOSITION V. 

Theorem^ 

If a Right Line he cut into two equal P arts ^^ arid 
into two unequal ones ; the Reilangle under the 
unequal Pdrts^ together with the Square that is 
made of the intermediate Dijlanee^ is equal to 
the Square made of half the Une. 



L' 



£ T any Right Line AB Ik cut intd two equal 

Parts in C, and into two unequal Parts in D. I 

fay the Re£bingle contained under AD, D B» tc^e^ 

tber with the Square of CD, is equal to the Square 

ofBC. 

t46. I. Forfdefcribe CEFB, the Square of BC* draw 

• 31. 1. BE, and thro' D draw*DHG, paralld to CE, or 

BF, and thr6' H draw KLO, parallel to GB, or 
E F, and AK thro* A, pamlld to CL, or BO. 
t 4.3. !• . Now the Complement CH is j: equal to the Com* 
plement HF. Add DO, which is oonlmdn to both 
of them^ and the whole CO, is equal to the whole 
DF; but CO is equal to AL, becaufe AC is equal 
to CB; therefore AL is equal to DF, and adding 
C H, whkh is common , the whole A H fhall be 
equal to FD, DL, together. But AH is the Red* 

• Cot. 4. angle contained under AD, DB ; for DH is * equal 
^tbiu to DB, and FDj DL, is the Gnomon MNX; 

therefore MNX is equal to the Rcftangle contained 
under AD, DB, and if LG, being common, and 
* equal to the Square of C D be added 5 then the 
Gnomon MNX, and LG, are equal to the Redt- 
angle contained under AD, DB, together with the 
' Square of CD; but the Gnomon MNX, and L G, 
make up the whole Square. CEF B, viz, the Square 
of CB. Therefore the Redbngle under AD, DB, 
together with the Square of CD, is equal to the 
Square of CB. Wherefore, if a Right Line be cut 
into two equal Parts j and into two unequal ones ; 
the RiSf angle under the unequal Parts^ together with 
the Square that is made of the intermediate Dijtance^ 
ii equal to the Square made of half the Line -^ which 
was to be demonftnited« 

PRO- 
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PROPOSITION VL 

V 

T H E O R B Ati 

j^a Right Line be divided into two equal P^tSy ani 
another Right Line he added direaly to tbefame^ 
the ReSt angle contained under the Line^ com* 
founded of the whole and added Line^ {taken as\ 
one Linoj) and the added Line^ together with 
the Square of ha^ the Line^ is equal to the 
Square of the Line compounded of half the Line^ 
and the added Line taken as one Line. 

LET the Right Line AB be bifeaed in the Point 
C, and B D added direfUy thereto. I tw 'thd 
ReiSangle under AD^ and D^^ together With thd 
Square of B C, is equal to the Square of CD. - . 

For dcfcribe ♦CEFD, the Square of CD, ani •4^;,. 
join DE; drawfBHG thro* B, parallel to CEjrt^i.x. 
9r DF, and KLM thro' H, parallel to AD, or 
£F, as alfo AK thro^ A, paralkl to CL^ or DM. 

Then becauie AC is equal to CB^ the Re£bmgle > > 
AL (haU be^cqittlto theRedanglc CH, butCH*36*t* 
isjequal to HF. Therefore ALwill be equal to 143.1. 
HF; and adding CM, which is common to both, 
then the whole Reftangle AM, is equal to the 
Gnomon- KXO. But AM is that Re£bngle which 
is contained under AD, DB, for DM is* equal t&^Cof* 4. 
DB; therefore the Gnomon NXO is equal to^/'^"- 
the Redangle under AD, and DB. And adding 
LQ, which is common, ttf«. t the Square of CB j t cs^r. 4. 
ftnd then the Rfeftangle under ADi DB, together?/''*'* 
with the Square of B C, is equal to the Gnomon 
NXO with LG/ But the Gnomon N X O, and 
LG, together, make up. the Figure CEFD, that 
is the Square of C D. . Thenefore the Redbngle un- 
der AD, and DB, tc^ether with the Square ol 
BC, is equal to the Square of CD. Therefore, if 
Right Line be divided into t%uo equal PartSj ani 
another Right Line be aided direSlly to the fame, the 
ReSf angle contained under the Line, compounded of the 
whole and added Line, (taken ai one Line^) andjhe 

£ added' 
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aided Line^ tegitber utth the Square ef half the Line^ 
is equal to Ae S^re tf the ZtHe eetnpmnded ^ bd^ 
the Line^ and the added Line taken as one Linei 
Which was to be dei^ionftrated. 

PkOPOSITION VII. 
Theorem. 

if a Right Line be any bow cut^ the Square cf 
4bi wffle Line^ tocher with the Square of^ne 
6f the Segments^ is equal to douUeibeReit angle 
tpntained under the ivbole Line^ and the faid 
Segmeni^ together mtb the Squarey made of the 
ether Segment. 

LET Hm R^ht Line A B be any bow cut in the 
f tUnt C I fay the Squares of AB, BC, to^ 
' gether, are ccfual to double the Redaog^e oonlamed 

•dader AB» B Q together with the S<pwQ> made of 
AC. 

*4^. fc For let the Square of AB be ♦ dfcfcribed, viz^ 
ADE B, and <x>nftmflt § the Figure. 

t 43* I* Thto 1xC9M(t the Redangle A 6> is f equal to 
die RsSbuaHf^^ G£^ If CF, which j» ootniKioay hi 
added to both, the whofe Reaangle A^F fiiaS be 
equsd to the whole Reaangle CE^ ^d fo the Rfei^* 
^gles AF, C£, are double |o the ile£bn^ AF^ 
but AF, C£» make vip the Gnomoii KLM» and 
tic Square CF. Thesefore the Gtiomofi KLM^ 
togethtr with the Square C F9 ihaH be double to the 
RedaftgleAF. But dodble the Refiiaiigle under A B» 

t Cir.4* BC, is douUe iihe ReSangle AF, fer BF ki e|utf 
to BC. Therefore the Gnomon ICLM, and dit 
Sqiofe CF, ate equal €0 tx^kt theRedangle 0011^ 
tbt«d under AB» BC And if HFy which iscom- 
mon, being the Square of AC, be added to botb^ 
theft the Gnomon K L M, and the Squaros C F^ 
HF^ an; equal to dgiibk the Re£Ungle contained 

§ ji Figure Js faid fo he ewijhugted, when Lines, drMvn in a Parai" 
iebgmm faralkl to ibe Sidet thereof ait tbe-Dhntiter h^ne Pmu, Mit 
mJke two Farallelpgratm ethout the Diameter, and tvjo X^etnf/emegit, S0 
iiketvije a dauhU Figure is Jaid to he eorfiruSed, vfben two Might Lintt 
parallel to the Sidtt, mah fi» fMrgUdo^em Ohotii the Piameter, «iii 
J09$r GftHftmUti^ 

under 
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lindff AS) 8C, «^ether with did Skjiiane of AC- 

Btttthe Gnpi|M)i| ICLM, tOTOther witfctheSqiiaiw 

CF, HF» %r% «qM4 tQ A DEB, and CF^ %A%. thd 
SqH^ 0f A B, 8 C. Therefore the Squar68 cf A B; 
BC, «r^ together e^ to cioublp the Refbuigk con^ 
takiM liind^r A B, B C, together with the Square of 
A C, Thsr«fow> if $ Right Line he avy hmv cut^ 
thf Sfuare p/ the Vweh l^ine^ Ugeth£r with the Squar$ 
rf0^tf$he $igme$ts^ if efual to dmble the Rt&angU 
(MKiainei under the whple Line^ and the (aid SegmenU 
tegether with the S^arsy made if the other Segment i 
whkb wufi tQ be Kkmonftmted. 

PROPOSITION vm. 

T ti B o a E M« 

tfaRigi>t Z^itff he any ho'o; cut into tw^ Parts^, 
four times the ReSmgle^ contained under ib^ 
whole Um^ and one ofif^e Parts^ together witbi 
the SfUAre ^ the either Parf^ is e^ual to tbf 
Sjuare cf the Line, compounded of the whole 
Line 9 and thefirft Part taken as one Line. 

LET ^ Right Lins AB be Cut any ht>w in C 
I ivf four times the Re£bngle contained undet 
AB, BCj tog^er with the Square of AC, is equal 
|o the Square of A B, and B C taken as one tine. "^ 

For let jdbe Right Line A B be produced to D, fb 
tbt 6D hg equal to BC, defcribe the S(]pare A£ 
FD, on AD, and conftruS the double Figure. 

Mow £nce CB is * equal to BD, and alfo to * Hyp^ 
fGK, and BD.is equal to KN: GK fhall het;34*i* 
likewife equal to iCN ; by the fame Reaibning, PR 
& equal to RO. And iinoe CB is equal to B D, 
and GK to KN, the Reftangle CK will % bet 3<5. i. 
equal to the Redbngle B N, and the Redlangle G R 
to the Reftangle RN. But C K is * equal to R N i * 4-' u 
for they are the Complements of the Parallelogram 
CO. Therefore BN is equal to GR, and the four 
Squares BN, KC, GR, RN, are equal to each 
other ; and fo they are together Quadruple C K, 
Again, becaufe CB is equal to BD, and BD to 
fix, tiiat i$> equal to CG ; and the faid CB is equal 

£ a . alfo 
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alfo to GK, that is, to GP ; therefoie CG (hall 
be equal to GP. But PR b equal to RO; diere- 
font the Re&mgk AG fhall be eqoal to the Reft- 
angle MP, and the Redhngle PL equal to RF. 
But M P ia equal to PL; for they are the Comfde* 
ments of the Parallelogram ML. Wherefi^e AG 
k equal alfo to RF. Therefore the four Paralielo* 
grams A G, MP, PL, RF, are ec;^ to each other, 
and accordingly they are together Quadruple of AG. 
But it has been proved that the four Squares CK, 
BN, GR, RN, are Quadruple of CK. TJieic- 
fore the four Refbngles, and the four Squares^ mak« 
. ing up the Gnomon STY, are together Quadruple 
of AK ; and becaufe A K is a Re£bngle contained 
under AB, and B C, for B K is equal to B C ; four 
times the Re(Ebngfe under A B, B C, will be Qua- 
druple of A K. But the Gnomon S T Y has beca 
proved to be Quadruple of AK. And (b four times 
the Re£bngle contained imder AB, B C, is equal to 
the Gnomon STY. And if XH, being equal to 
t Cor. 4. f the Square of AC, which is common, be added 
^'^"- to both: Then four times the Rcfiangle contained 
under A B, B C, together with the Square of A C, is 
equal to the Gnomon STY, and the Square X H, 
But the Gnomon STY and HX, make A£FD» 
the whole Square of A D. Therefore four times the 
Re£bangle contained under A B, B C, together with 
the Square of A C, is equal to the Square of A D, 
jthat is, of A B and B C taken as one Line. Where- 
fore, if a Right Line be any hew cut inta two Partr^ 
four times the Re^angle emtained under the whole 
Line^ and one of the Parts^ together with the Square 
rf the other Par}^ is equal to the Square of the Line^ 
compounded of the whole Line^ and the firft Part 
taken as one tine ; which was to be demonftratod. 
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PROPOSITION IX. 

Theorem. 

If a Right Line he any bow cut into two equals and 
two unequal Parts ; then the Squares of the un- 
equal Parts together y are double to the Square 
of the half Line ^ and the Square of the intern- 
mediate Part. 

LE T any Right Line A B be cut unequally in D, 
and ecj^ly in C. I fay the Squares of A D^ 
D B, together^ are double to the Squares of AC and 
CD together. 

For let ♦ CE be drawn from the Point C at Right * im- 
Angles to AB, which make equal to AC, or CB, 
and join E A, EB. Alfo thro* D let t DF be drawn 1 3»- «• 
parallel to CE» and EG thro' F parallel to AB, 
and draw AF* 

Now becaufe AC is equal to CE, the Ai^le EAC 
will be X equal- to the Angle AEC> and fmce thet 5« '• 
Ai^le at C is a Right one, the other Angles AEC, 
EAC, together,, ikdl ♦ make one Right Angle, and * 3- CW-. 
are equal to each other ; And fo AEC, i^AC, are each ^** '' 
e<pial to half a Right Angle. For the fan^e Reafon 
are alio CEB, EBQ each of them half Right Angles. 
Therefore the whole Angle AEB/is a Right Angle. 
And fincp the. Angle G EF is half a Right one, 
and E G F is a Right Angle ; for it is + equal to the t *9' «• 
inward and oppofite Angle ECB, the 'other Angle 
E F G will be alfo equal to half a Right one. There- 
fore the Angle GEF is equal to the Angle EF G. 
And fo the Side E G is J equal to the Side G F. Again, j 6. i. 
becaufe the Angle at B is half a Right one, and F DB 
II a Right one, betaufe equal to the inward and* oppo- 
fite Ai^le ECB, the other Angle B F D will be half 
a Right Angle. Therefore the Angle at B is equal 
to the Angle BFD ; and fo Jthe Side DF is ,equal to 
the Side DB. And becaufe AC is equal to CE, the 
Smiare of AC will be oqud to the. Square of £ET 
Therefore the Squares of A C, CE, together, art^deu^ 
bk to the Square of AC; but the Square of ^lEA- 
is i equal to the Squares pf AC, CE, together, 1}n#^ 4. 47^ i. 
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ACE is a Right Angle. Thcrdbre the Scpiare of 
£ A is douUt to the Sciix^rt of AC- Again, becaufo 
EG is equal to GF, and the Square of £ 6 is equal 
to the Square of GF : Therefore the Squares of E G, 
G F, together, are double tb the Scjparc of GF, But 
1 47- !• the Square of E F is t equ^l to the Squares of EG, GF. 
Therefore the Square of 11 F is dod>te the Square of 
GF : But GF is emial to CD; and fo the Square of 
£F double to the Square of CD. But the Square 
of A E is likewife double to the. Square, of AC, 
Wherefore th^ Squares of A E, and E F, are double 
td the Square of AC and CD. But the Sipia^ of 
AF is t equal to the Squares of AE told EF; be*- 
taufe the Angle A£ F is a Right Angles and conft-t 
quently the Square of A F is double to tbe Smnrb^ 
of AC, and CD. But the S(}ti»^.t>f AD, DF, 
afe equal to the Square of AF : For the Ai^le it D 
is a Right Angle. Therefore die Sqilar^ of AD^ 
and D F, together^ ihall be double tp \ht Squires of 
AC and CD together. But DF is equkl to DB* 
Therefore die Squares of AD, ^i D B^ togodier, 
will be double to th6 Squares of AC and CD, to% 
gbther. Whi^refore, if a Right l»ine h art^ bow cut 
into two equaJ^ and two unfqual Pmft^ thin th^ 
Stuarts of thf unequal Parts togitber^ are dottik ## 
tbe Square if tht baVLhu^ and tbe Square kfthi in^ 
$trmediate Part ; Vrhjch was to be dcmonftraM- 

PROPOSITION X. 

) T H S O R £ M. 

^a Right Line he cut into two equal PofiSy Mdto 
it be aireSlly added another •, the S^juare made on 
'^tbe Line compounded of} the ^bole Lincy and 
aided one, together with the Square if the 
\lr.ifdded Line, fiallbe double to tht S^arioftb^ 
' half Line, and the Square ofUhalLinB which is 
' compoundefd of], the ha^, ana the Added fLine. 

f .$T die Riglit Line AB b^ bjfeded in C^ and 
JUmijmy ftraight I^e ^D added 4ire£Uy theieto. I 
^iy:^h^. Squares ^f* AD, D B, together, axt douUo 
l^nft^ Square qS AC> £P) togcdier, 

2- . Fo^ 
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For ikaw ^ C£ fro^. th^ P^int C ait iiiglil Aii#a»* u* n 
19 4B> Mrhkk naialQ^i^qii^l to AC, ^ CB> wi 4raw 
Ai; $8; likewilb tlw' E let EF hcfdrnwupariM 1 3«- ^ 
toAD, widthroQ, DFtwrfdWtoCE, 

Then becaui^ tb^ R^ht Line £F f^ upon th^ 

FtoOl^ EQi FD» the Angks CEF> EPIK wt^^ t ^9- u 
to two Right An^«. ThcFifcre ihr Anglfss F EBi 
£ FP, am toffSim^ kft tha^ two Itkht Angles. Bi«e 
jl^ht Liii^ lining) ymh » likii4 Xine, A^le$ to^ 
fjftbfix kf? th^ two IUgh( A^fs,^ being infinitely 
IirodiiG04 wll inpet*, Whec^fim EB, FD, prp- • -A* ii. 

duced, 1^ mm tQW9f4», BD. Now kt ^npi be 
piQducf4 ^ ia«^ each olbir io the Point G» «fi4 

kt AG bp dn^^ii. 

AM tbea b^cn^ AC is equal to, C£, the Angk 
AUC FiU be 091^ to the Angle EACf: Buttfaet5*<> 
Angle at C is a Right Ai;igle. Tfecrcfoie thf^ An^ 
CA£, or a EC, is half a Right one. By the fame 
way of Re^ibniiu^ the Ai^k C£B> or EBC, is half 
a Right one. Therefore A£B is a Right Angle, 
And fince EBC is half a Right Afi^ DBG will % alfo t H- '• 
be half a Right A^l^ ^^ it is vertical to CB& 
But BD G is a Right Apgle alio ; for it is * equal fio * ^9* '• 
0K akeroate Ai^le D C£. TKatforft the rematning 
Angle D GB is half a Ri^ Andc, and fo equal to 
DBG. Wherefore the Side BD isfequal to thet6. x, 
^DG* Again^hecauftEGFialialfatRightAn- 
1^ and the Angle at F is a Ri^t Ang^c^ for it is 
txfiti IQ the ()ppofile Ai^le at C| the remaining Axir 
gle F£ G will be alfo half a Right one, and is equal 
totteAi^fe SGFi and fo the Side GF is fequal 
to theSid^EF. And fuiceEC is. equal to CA, and 
the S^umof EG equal to the Square of CA; thecef 
fi>ir IJhe Squares c^EC^ CA> tqgether^ are doidile to 
^ &9iim of CA. But the %iare of EA is {equal % 47. u 
to the Squares of £C> CA. Wherefore the S^ee 
tpf £ A ia do&lite to the S^nie of AC- Again, be-* 
fi»ifeGF is equal to FE, th4 Squar^.x^GF alfok 
'i|eiil tq ihfi Squaie ef F£» . ,Whecefose the Squared 
^ GF» F E, are double to the^Sqifate of ¥ £• But 
^ S^iVe of EG laf equal todieSc^aresof GF, F£« 
Theiefiwse the l^iare of EG is imilie ta the Squace 
4* EF : Bi^t.EF :is equal to CD. .Wherefore the 
^Sfl^^ilf EGlbltU bedouU^tottuJ^reof CD. 
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But the Square of £A has bee& proved to he douUe 
to the Square of AC. Therefore the Squares of 
AEy EGy are double the Squares of AC, CD. But 
t47*^ the Square of AG isf equal to the Sqicuesef AE^ 
£G| 9nd confequently the Square of AG is double 
totl^Squaresof AQ CD. But the Squares of A D^ 
D6, are f equal to the Square AG. Therefore the 
Squares of AD, D G, are double the Squares of A C» 
CD. But DG is equal to DB. Wherefore the 
Squares of AD, DB, are double to the Squares of 
A C, CD. Therefore if a Right Line be cut into ttva 
gqual Purttj and to it Pe direifly aided another; the 
S^are made on \thi' Line compounded tf] the whpk 
Line^ and the added one^ together with the Square of 
the added £iney Jhall be £uble to the SfHart of tie 
'^ half Line^ and the Stpiare of [that Lir^e which is 
tompQunded of^ the halfy and the add^ Line. 

PROPOSITION XI. 

Problem. 

- ' fi (ui a given Right Line J^, that the Re^gngk 
: contained under ibe whole Line^ and one &egmeuij 
h equal to the Square of the other Segment. 
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£ T AB be a given Right Line. It is required 
to cut the fame fo, that the Re£buigle contained 
under the wholes and one Segment thereof, be equal 
to the Square (rf* the other Segment, 
f 4^- 1. Deferibc* ABCD the Square of AB, bifeft AC 
in £, and draw BE: Alfo, produce CA to F, fe 
that £F be equal to £B. Defcribe FGHA the 
Square of AF, and produce G H to K. I fajr, AB 
is cut in H fo, that the Re£bngle under A B, B H, 
is equal to the Square of AH. 

For fince the Slight Line A C is hi&Sted in «£, and 

AF 13 dkeSHjn added thereto, the Redangle under 

•CF, FA, together with, the &]uare of AE, wiUbc 

t 6 //^/i.f equal to the Square of EF. But E.F is equal to 

£B. Therefore the Re^angle under CF, FA, to^ 

gether with the Square of A£, is equal to the Square 

t 47. I. <>f EB. But the Sipiares of BA, AE, are :(equ^ to 

- the S^iase of £fi;j ibr: ti^e Angk^t A » a^B^ht A^ 

gfe. 
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gle. Theiefore tiie Re^fauigk under CF, FA, to- 
gedier with the Square of A £» is equal to the S^iaues 
of B A, A£. And taking away the Square of AE» 
which is eommon, the remaining Roftangk under 
CF9 FA, is equal to the Square of A B. ButFK 
is the Reaangle under C F, FA; fmce AFi» equal 
to FG; and the Square of AB is AD. Where&m 
the Refibmgle FK is equal to the Square AD. Anl 
if AK,-which is common, be taken fiom bodi, theil 
the remaining Square F H is equal to the remaining 
Refbngle HD. But HD is th^ Redanrie under 
AB, BH, fince AB is equal to BD, and FH ii 
the Square of AH. Therefore the Redangk unddr 
AB, BH ihall be eqoal to the Square of AH. And 
fo the given Right Line AB is cut in H, fo that the 
Redangle imder AB, BH, is equal to the Squareof 
AH i which was to hi done* 

PROPOSITION XII. 

T H S O R E M. 

In obtufe angled Triangles^ the Square of the Side 
fubtending the obtufe Anglic is greater than the 
Squares ^ the Sides containing the obtufe Angle^ 
by twice the Re ff angle under one of the Sides^ 
coTttaining the obtufe Angle^ viz. . that on wbich^ 
produced^ the Perpendicular falls ^ and the Line 
taken without , between the perpendicular and 
the obtufe Angle. 

LET ABC be sin obtufe angled Triai^, bav« 
ing the obtufe Angle BAC; and* from the*i*. i^ 
Point B draw BD perpendicular to the Side CA 
produced. I iay the S(^are of BC is greater than 
the Squares of B A and AC, hj twiqe ths Rectangle 
famtained under C A, and AD. 

For becaofe the Right Line CD is any how cut in 
Ae Pewit A, the Squsne of CD fliall bcfequal to the t ^€f^ 
Squares of CA, and AD, together with twice the 
Re£tang]e under CA, and AD. And if the Square 
of B D, which is commdn, be added, then the Squares 
ef CD) DB) are equal to the Squares of CA^AD, 

a - api 
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90iJ>Jh^^ tmo9: the Redaiig}f 9(mi;iMiip4 ui^ 
47* '• CA ^< AiP-. But the SifvmpS C9 is^^q^ to 
the Squash pf CD> PB; fi>r tf)e. Angle at Disai 
lUght one, fmce BD i|s p9n)eHdic^)9rf and d|)eScMip 
of AB is "i^equal ta the Sqw^z^ of AD» and IjJit 
Thm&Mthi^ Squai? of CB k fifjaH to the Sqq^ 
of CA atid AB| together wkh twice a Re^i^agleuii'^ 
ijer C A )and AD* Theiqibm /» «te^ «^M Trs0^ 
gki^ t^ jSfU^ri if tie Sidf fukindifig tbi obtufe 4f^ 
gU^ is grMpr titiin tbi Sfuare4 ^ tbi Sidis c^^nin^ 
^ ibU^jhgif^ h ^^' ^^ KsHangU undir muf If 
^iSidis cit^afmng tbe 0itifi JfigU^ vm. ihaf in wbici^ 
ff^cidf tbi PerpindUular falk^ 4nd tbi. Lim tabi9 
witboutj^ hHfifiin tbi pirpfndUukr 0id tbi iloufi Am- 
gk\ ]»^bi^ m^ to hp d^monftrated. 

PROPOSITION XML 
Thborsu'IL 

In acute angled Triangles^ the Square of the Side Jib- 
tending the acute jingles^ is lefs than the Squares 
of the Sides cantaini^ the acute Angle^ by twice 
a ReSan^ ftnder one cfibe Sides about the acute 
An^j viz. on which the Perpendicular falls^ 
and the Line affumed within the Triangle^ from 
the Ptrpendicular to the acute Angle. 
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L£T ABC be an aosfep Mgled Triaogk^ having 
the acute Angle B : And £om A let thcic * be 
drawn A D perpendicular to BC. I fay the Square 
,of A C ij5 l^ than the Scpr^ of CQ and BA 1^ 
twice a ReiSangle under CB and BD, 

For tipcaufe the Itfeht Line CB is cut gny fa^WAI^ 

t 7 sr'^"-D, the Squajss >f CB and-BO wiH be \wtfA t^ 

twice a ll^ataqde under CB and BD, tog^faor w^li 

the Square of D C. Andf if thp Squa*^ of AD b? 

added to, both, then the' Sguare^ of CB, BD, fud 

4 Da, axe ecAial to twice the Redia^i^ iconti^^ i^ 

dqr CB and BD, tGuzether wit^ the Sgiiai:^ ^ A# 

t4>^ and DC .But the Sjuare of AB "isJeqHal to tte 

Scjuares of Bp and DA; for the AjDfk atD j&f 

Right Angle,. And the Sguarepf AC ilt.cai|^» 

the 
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of C^ atvl B A aie equiJ ta the SqiuM of A C^ t»- 
Mtiief, with twice the Redui^ oontiiiiml under CB 
aod BD. Wherafot^ the Sqmre of AC cdjr, k& 
Ihm the Scpiaretof CB and B A» by twte the B«fi* 
^uildef CB «nd BEX ThcnSdre bi ^cttt ai^Jk4 
Triti^Utt tit Sptam of. ihe ^idt fiAin i d hi g fte^acuiif 
in^Sj is Ufs than tbi. Spitvret tf the JSiiis ^€9mNiiiuHg 
tbe McWe diii^^ ty ttuietm RMmgk muUrmt^tbt 
iidet ah6ui m acuH Jf^ki vm. m whieb tbt Perp m 
dicularfailsj and tbe Line ajfunud within tbe "Tvim^ti^ 
frm the perpendicular to tbe acute Angle s which was 
to be demonftrated* 

PROPOSITION XIV. 

Problem. 

7*0 make a Square equal to a given Right-lined 

Figure. 

LET A be the ^ven Right-lined Figure. It » 
required to make a Square equal thereto. 
Make * the Right-angled Parallelogram BCD£*45* '• 
equal to the Kight-h'ned Figure A. Now if B £ be 
equal to £D, what was propoied will be already 
done, fmce the Square BD is made equal to the Right- 
lined Figure A : But if it be not, let cither B£ or ED 
^ the greater: Suppofe BE, which let be produced to 
F ; fo that £ F be equal to £D. This being done, 
let BE be t bifeded in G, about which, as a Center, f 10. z. 
with the Diftance GB or GF, defcribe the Semidnile 
BHF; and let D£ be produced to H, and draw GH« 
Now becaufe the Right Line B F is divided into two 
iqttl Parts in G, and into two unequal ones in £, 
tbe Re£^glc under BE and £F, together with the 
Square of G£, (hall be J equal to the Square of GF.tS •/'*«• 
But GF is equal to GH. Therefore the Refiangle 
under BE, EF, together, with the Square of GE, 
is equal to the Squ^ of GH. But the Squares of 
HE and EG are * equal to the Square of GH. • 47* '• 
Wherefore the Reftangle under BE, EF, together * 
^^ the Square of EG, i$ equal to the Squares of 
^^ £Qt And if th^ Squaiip of £Q^ which is com- 

flion 
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mont be taken from both, the remaming Redangle 
contained under BE and £ F, is equal to the Squam 
of EH. But the Redangle under BE and £F is the 
ParaUdograun BD, becaufe EF is equal to ED. 
Tberefove the PaxaUdogram BD is equal to the 
Square of EH; but the PaialldogrBun BD is equal 
to the Rig^-lined F^ure A. Wherefore the Ri^t- 
lined Figure A is equal to the Square of £ H. And 
fo thore is a Square made equal to the dven Right* 
lined Figme A^ tnx. the Square of Eni iiMikvmi 
Uhdmf* 
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DEFINITION & 

^pAL Circles are fucbwbofeDiameters 
are equal ; or from wbofe Centers ibe 
Right Lines that are drawn are equal* 
II. A Right Line is/aid to touch a Circle 
when touching the fame ^ ana being produced^ does 
not cut it. 

n. Circles are faid to touch each otber^ which 
Touching do not cut one another. 

V. Right Lines in a Circle are faid to he equally 
diftant from the Center^ when 'Perpendiculars 
drawn from the Center to them he equal. 

y. And that Line is faid to he farther from the 
Center^ on which the greater Perpendicular falls • 

VI. A Segment of a Circle is a Figure contained 
under a Right Line^ and a Part of the Or" 
cumferenceof a Circle. 

yil. An Angle of a Segment is that which is con-* 
tained hy a Right Line, and the Circumference 
of a Circle. 

VWl. An 
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VIIL yh yfngle is /aid to be in a Segment^ vAen 
feme Point is taken in the Circumference tberaf^ 
and from it Right Lines are drawn to the Ends 
of that Ri^bt LinCj which is theBafeof the Seg- 
ment ; then the Angle efntainij^ under the pities 
drawn J is faid to be an Angle in a Segment. 

IX. But when the Right Lines containing the An- 
gle do receive any Circumference of the Circle^ 
iten ^eA^gJg is faid to^ J^nd ufon tb^t Cix^ 

* camference. •• • . ^ 

X. A SeSior of a Circle^ is that Figure comprehended 
between the Right Lines drawn from the Center^ 
and the Ctreufnferenee eo ntatneJ 'b etwevn fbun * 

XL Similar S^gn^ents of Qirclfs are thofe which 
include equal Angles ^ or whereof the Angles in 

PROPOSITION I. 

X , - - - 

* • 

Problem. 
^0 find the Center of fi Circle gtn)en. 

ET ABC be the Ciide giVen. It ij it- 
paired t» fcid the Center tfacRof. 
. JUt the Eight Line AB \» mf how 
drawn in it, which * bifea: jn (He P«|int 
l}^ «id M PCJbcfifcawi from the J\>ii^JD ^ 
Right Angles to A B, whid^ let be dkhjIiic^ tp E. 

TJhen.if JEC i?e*bi<;^ed ui /, I fay, the Po^^ 
T^ i$ the QjptiX^ of the Cirple ^B p. 

For if it be not, ii^ Q fe th^ Center, and let G A, 

GD, GB, be drawn. ?srowi)ec«ife DA Is equd to 

DB, and DO 16 comnion, «bo two l^das AD, DG, 

wequaltotlietwo Sidtt GD, DB, cachtocadh; 

JZ)5/:i5.i.and4iiBfiafeGAistcqyal*jthcBafc Gfi;fortbev^ 

« • ^^^J?*"" ^"^^ *e.Ceiito;r Q. TJh«^re th^ A^le 

'• ^- ^ IS * equal to the Angle GD B. But when a 

Right Line ftanding upon'^ Right t^e^ makes tht 

adjacent Angles ^wal to one another, each of the 

^tf 10. 1, equal Angles will f be a Right Angle. Wheijeforc 

theAAgleGDB is a Right Angle. ButFDfiis^lfoa 

« JRight 
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R^ht Angle. Therefore the Angle FDB is equal to 
the Ai^le GOB* it greater to a leTs, wMch is abfurd« 
Wherefore G is not the Center of the Circle ABC 
After the fame Manner we prove, that no other Point, 
unlels F, is the Center. Therefore F is the Center 
of the Circle ABC ; which was to he found. 

GtroU. If in a Circle, any Right Line cuts another 
R^ht Line into two equal Parti, and at Risht An- 
^es ; the Center of the Grck will be in that Gut-* 
dngLine* 

PROPOSITION n. 

T H E o R X M. 

Tf any ifvo Points le ajjumed in the Circumfireffcg 
ff a Circii^ the i^ght Line jrimng . tbfifi two 
Points Jhall fall mtbin the Circle. 

LET ABCbeaQide^ in the CSttumferenoe of 
which kt anjr two Points A, B, be ■ftned. I 
Skjy a Ri^t Line drawn from the Point A to the 
Point B» falls Within tbe Citde. 

For krt any Pdiiit £ be taken in the VHiAlt Line 
AB, mi let DA, DS, DB, be joii>ed* 

Then becaufe DA jsequal to DB» tjie An^DAB 
^ be * equal to the Angle DBA) md^ictt the* 5* ^ 
Side A£ of the Triangk DAE ]$ praduoids tfce An* 
lie DEB will be i^psmt tihaa ^e Ai^e DA£»t i^- <• 
byt die Angle DAE «^«q^ to tb^ Ar^ DB£i 
tlierefoie the Angle D£B is gisater than (die Ainb 
D3£« Butthegiieater£idefiibteiidstbeginiterAn^ 
Wherdbre D3 '^ gceatctr tj^ D£. Bvit £>B oaljr 
tamcB to the Ciromfesence of the' Circfe; tjwrefore 
D£ 49es not i»9ch (b^. And fo t)iePoii|t £ fidOa 
wkhin the Click. . Thiaiefoie, ^ nv$ Pamfs m-e af- 
fomd m thg Oircu^tfertma rf a Cinle^ ihe tti^ , . 
Utu johmg thi^.t^o^^ Points flmll faU wtbm the 
Cinc/f^ which w»8 to i^ ^detaooAn^ 



Hence if a ftigbt 
touch it ia^ePo 
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PROPOSITION III. 

T H £ O R I M. 

If in a Circle a Right Line drawn thro^ ibe Cen- 
ter ^ cuts any other Right Line not drawn thro* 
the Center y into emd Parts ^ it fiaU cut it ak 
Rigf)t Angles \ and if it cuts it at Right An^cSy 
it fbdll cut it into two equal Parts. 

4 

LET AB C be a Gide, wherein the Right Line 
CD,. dPLvrn thro' the Center, bifeOs the Right 
Line AB ncyt drawn thro' the Center. I by^ it cuts 
it at Right An^es. 

• I •ftiih Tot* find £ the Center of the Circle, and let £ A, 

£B, be joined. 

Then b^cauTe AF isequal to FB, and F£ i§ com- 
mon, the two Sides AF, F£ are equal to the two 
Sides BF, FE, each to each, but the Bafe £A is 
equal to the Bafe £B. Wherefim the Angle AFE 

f 1. 1. ihall be fequal to the Angle BFE. But whena Right 
Line fianding i^kmi a Right Line makes the adjacent 
Angles equal to one another, each of the equal Angles 

t X>^ 10. X. is t a Sight Angle. Wherefeie AFE, or BFE, is 
a R^t Angle. And therefore the Right Line CD 
, drawn throf^ the Center, bifecHng the Right Line AB 
notdrawn thro' the Center, cuts it at Right Angles. 
Now if CD cuts AB at Right Angles, I fay, it wiH 
bifeait, that is AF wiUbeequal to FB. Fdr the 
£une Conftnidion remaining, becaufe £A, 
drawn fiom the Center, is equal to EB, the Angle £i 

• 5.1. ihallbe*cquattotheAn|IeEBF. But theR^ht An- 

gle AFE is equal to the Right ArigleBFE; mereforti 
the two Triangles E A F, £BF,have two Angles of 
the one equal to two Angles of the other, and tl^ Side 
£F is common to both. Wherefore the other Sides 
i%6. I. of the one (hall be t opial to the otl^r Sides of the other; 
And fo AF will be equal to FB. Therefore if in a Cif 
cli a Right Line drawn ihrf the Center ^ cuts any other 
Right Line not drawn thr^ the Center^ into two equal 
PartSy itjhallcutit at Right JngUs\ and if it cuts 
it at Right Angles J it /hall cut it into two equal Parts \ 
which uras to be demonftrated, 

PRO- 



\ 
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pkoposixroN IV. 

T tt E R E M. 

If in a Circle two Right Lines ml heittg irawn 
thro* the Center^ cut each other ^ they will not 
cut each other into two epial Parts. 

LET AB CD be a Circle, whepein two Right 
Lines AC, BD^ not drawn thro' the Center, 
cut each other in the Point £• I fay, they do not 
bife£b each other. 

For, if poi&ble, let them hiCeSt each other, fe that 
AE be equal to EC, and BE to ED. LettheCen*, ^ ., 
ter F of the Circle ABCD be ♦ found, and join EF. ' ^T /W*. 

Then becaufe the Right Line F E drawn thro' the 
Center, bife6b the Right Line AC not drawn thro' 
the Center, it will f cut A C at Right Angles. And 1 3 •/ '*'«• 
fo FEA is a Right Angle. Again, becaufe the 
Right Line F £ bife£b the Right Line B D not drawn 
thro' the Center, it will f cut BD at Right Angles* 
Therefore FEB is a Right Angle. But FEA has 
been Ihewn to be alfo a Right Angle. Wherefore 
the Angle FEA will be equal to the Angle FEB, 
a lefs-to a greater ; which is abfurd. Therefore AC, 
BD, do not mutually bifeft each other. And fo ijT 
in a Circle two Right Lines, not being drawn thr&' 
the Center^ cut each other j they will net cut each 
ether into two equal Parts ; which was to be demons 
ibated* 

PROPOSITION V. 

Theorem. 

If two Circles cut one another , they fhall not 

hafue the fame Center. 

LET the two Circles ABC, CDG, cut each 
other in the Points B, C. I fay, they have not 
the lame Center. 

For if they have, let it be E, and join E C, and 
draw E F G at pleafurc. 

F Now 
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V ^Now beCaule E is the Center of the Circle ABC, 
CE will be te]Uad to £F. Agaif^ .becaufe £ is thf 
Center of the Circle C D G, C E is equal to E G. 
But CE has been iheWa to be equjJ t» EF. There- 
fore E F ihall be equal to E G, a lefs to a greater, 
which cannot be. Therefore the Point E is Tiot the 
Center «f bdth the Circles ABC, C I>G. Where- 
/ore, if two Circles cut ^ne another j tieffialf not have 
the fame Center \ which was to be demonflratcd. 

PROPOSITION Vt. 

• "I 

Theorem. 

If two Circles touch one another tftwarMy^ they 
will not have one and the fame Center. 

1 

LET two Cird« ABC, CDE, touch oneanr 
other inwardly in the Point C. I fay, they will 
npt have cAe a^d die fame Center. 
> For if they have, let it be F, and join F C, and 
* 4«iw F B any how. 

Then becaufe F i« the Center of the Circle A B Cj 
CF is equal to FB. And becaufe F is only the 
Centi^of the Circle CDE, CF (hall be equal to 
£F. But CF has been (hewn to be equal/to FB. 
Therefore FE is equal to FB^ a lefs to a 'greater; 
Ivhich cannot he. Therefore the Point F is not the 
Center of both the Circles A B C, C D E. Where- 
fiM», if two Cireksy tmch one another inwardly^ they 
will not have one and the fame Center -y which was to 
be demonftrated. 
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PROPOSITION VII. 

ffin the Dtameter 0/ a Circle fome Point be taken^ 
which is not the Center of the Circle^ and from 
that Point e^tain Right Zines fall on the Cir- 
cumference of the Circle^ the greateji of thefe 
Lines Jbkll be that wherein the Center of the 
Circle is '9 the le^^ the Remainder of the fame 
Line. Aid ^ aU the other Lines ^ thenearejtto 
that which was drawn thro* the Center, is al- 
Vfays greater than that more remote, and only 
two equal Lines fall from the abovefaid Points 
upon the Circumference^ on each Side of the 
leaji or greatejl Lines* 

LET ABCD be a Circk, wfaofe Diiuneter is AD^ 
in winch afliune fome Point F, wliich is not the 
Cento: of the Circle. lAt the Center of the Cirde 
be £; juid from the Point F let ocrtain Right Lines 
f B> FC, FG, fall on the Qrcumferoncc : f fay, FA 
is the gceateft of thefe U^t&p and FD the leaf): \ and 
jof the others FB is gioater than FC, and FC 
greater than F G. 

For Jet BE, CE, GE, be joined. 

Then becaufe two Sides of eireiy Triangle aie 
* greater than the third.; BE, £F, are greater than* ao. x. 
BF. But A£ is equal to BE. Therefoxe B E and 
£F are equal to AF. And fo AF is greater than 
FB. 

Again, becaufe BE is equal to CE, and FE is 
common, the two Sides B l» and F £, are equal to 
the two Sides CE, £F. But the Angle BEF is 
greater than the Angle C E F. Wherefore the Bafe 
BF is greater than the Bafe FCf. For the famef 24. x. 
Reafon, C F is greater than F G. 

Again, becaufe GF and FE are* greater than* jmx 1. 

GE, and GE is equal to ED; GF and FE fhaU 

be greater than ED ; and if FE, which is common, 

. be taken away, then the Remainder G F is greater 

than the Remainder FD. Wherefore FA is the 

F a greate.t 
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grcateft of the Right Lines, and F D the leaft : Alfo 
B P^is greater than F C, and F C greater than FG. / 
I fay, moreover, that there are only two equal 
Right Lines that can fall fiiom the Point F on 
'* ABCD, the Circumferejfice of the Circle on each Side 
the (horteft Line FD. For at the given Point E, 

t ^3- I- with the Right Line E F, make % the Angle F E H 
equal to the Angle G E F, and join F H. Now be- 
caufe GE is equal to EH, and EF is common, 
the two Sides GE and EF, are equal to the two 
Sides HE and EF. But the Angle GEF, is equal 
to the Angle H E F. Therefore the Bafe F G fhall 

t 4- I- bet equal to the Bafe FH, I fay, no other R^t 
Line falling from the Point F, on the CiixJe, can 
be equal to F G. For if there can, let this be F K, 
Now fincc F K is equal to F G, as alfo F H, F K 
will be equal to F H, viz. a Line drawn nigher to 
that paffing thro' the Center, equal to one more re- 
mote, which cannot be. If, therefore^ in the Dia-- 
fneter of a Circle^ fome Point he taken^ which is not 
the Center of the Circle j and from that Point certain 
Right Lines fall on the Circumference of the Circle^ 
the greateji of thefe Lines /hall he that wherein the 
Center of the Circle is ; the leafiy the Remainckr of the 
fame Line, And of all the •other Linesy the near eft to 
that which was drawn through the Center j is always 
greater than that mqre remote ; and only two equal 
Lines fall from the abovefaid Point upon the Circunt-- 
. ferenccy on each Side of the Itajt or greateft Lines j 
whicji was to be demonftrated. 
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PROPOSITION VIIL 

T H £ O R E M. 

If fome Poiftt be ajfumed without a Circle ^ and 
fr<mi it certain Right Lines be drawn to the Cir- 
clcj one of which pajfes thro* the Center ^ but 
the other any how ; the zreateji of thefe Lines ^ 
is that pajftng thro* the Center y and falling upon 
the Concave Part of the Circumference of the ^ 
Circle ; and of the others , that which is neareji 
to the Line pajfing thro* the Center is greater than 
that more remote. But the leaji of the Lines 
that fall upon the Convex Circumference of the 
Circle y is that which lies between the Point and 
the Diameter \ and of the others y that which is 
nigher to the leafiy is lefs than that which isfur-- 
iher dijlant ; and from that Point there can be 
drawn only two equal Lines ^ which fball fall en 
the Circumference on each Side the leaJi Line. 

LET A B C be a Circle, out of which take any 
Point D, From this Point let there be drawn 
certain Right Lines DA,. DE, DF, DC, to the 
Circle, whereof D A poffes thro' the Center. I iay 
D A, which pafles through the Center, is the great- 
eft of the Lines falling upon AEFC, the Conca\ne 
Grcumference of the Circle, and the leaft is D G, 
vix. the Line drawn from D to the Diameter G A: 
Likewife DE is greater than DF^ and DF greater 
than D C. But of thefe Lines that fell upon HLG K 
the Convex Circumference of the Circle, that which 
is neareft the leaft DG, is always lefs than that 
more remote; that is^ DK is leis than DL, and 
DL lelsthanDH. 

For find * M the Center of the Circle ABC, and # 1 ^Ai% 
let ME, MF, MC, MH, ML, be joined. 

Now becaufe AM is equal to ME} if MD, 
which is common, be ^dded, AD will be equal to 
EM and MD... But EM and MD are f greater t»o 
ttmn £D> ther^ore AD i» atfo greater tbaa ED. 

F 3 Agaii^^ 
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Again^ becaufe ME is equal to MF, and MD is 
common, then £M, MD> ibdl be equ^l to MF, 
MD ; and the Ancle £MD is greater than the An- 
t 24. 1, gk F MD. Then^re the Safe ED will be fgreater 
than the Bafe F D. We prove, in the fame Manner 
that F D 19 greater than CD. Wherefore DA is the 

geateft of the R^ht Lines fidlil^ from the Feint 
; D£ is greater than DF, and IXF is greater 
than DC. 

• 20. z« Moreover, becaufe MK tnd KD are * greater than 

MD, and MG is equal to MK; tfien the |(.emain- 
t A» 4- der K D will t be greater than the Remaindef G D. 
And fo GD is lefs than K D, and confequently is the 
leaft. And becaufe two Right Lines M K, K D, are 
drawn from M and D to the Point K, withm the 
t»Z'i' Triangle MLD> MK, and KD, arei^l^' ^^ 
ML^md LD; biitMK is equal to ML. Where- 
fore the Remainder D K is leis than the Remainder 
DL« In like Manner we demonftrate that DL is 
lefs than DR Therefore DG is the leaft. And 
PK is lefs than DL, and DL than DH. 

I fay, likewife, that from the Point D onljr two 
«qu^ Right Lines can &H iq)on the Circle on each 

• »3. ». Side the leaft Line. For make * the Angle D M B at 

the Point M, with the fe%ht Line M D, equal to 

the Angle KMD, and ^ DB. Then becaufe 

MK is equal tcr MB, and MD is common, the 

two Sides KM, MD, are equal to the rwo Sides 

B M, MD, each to each ; but the Angle KMD is 

equal to the Angle B MD. Therefore the Bafe DK 

f-4. X, is t equal to the Bafe D B. I fay no oth^r Line can 

be drawn from the Point D to the Circle equal to 

DK ; for if there can, let DN. Now fmce DK is 

equd to DN, as alfo to DB, therefore DB fhaH bo 

^qual to DN, viz. the IMe drawn nea;r«ft to the 

leaft equal to tbit mc^e remote, which has been fliewn 

to be mipoiHUe. Therefore, if firm Pmt bs ajpifmd 

Tvitbout a Circkj and from it certain Right Lmei ig 

drawn to the Circle^ one of which fajfes through the 

Center^ tmt the others any how j the greattjt ^ thtft 

LineSj is that pajjing through the Center^ and falUng 

upofi the Concave Part of the Circumference of the Cir* 

cle\ and (f the others^ that which is neei-efl to the 

Line faffing through the C^tery is greater than that 

more 
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more remote. But the leajt (f the Lines that fall up^n 
the Convex Circumference cf the Circky is that which 
Res between the Pnnt and thi Diameter; and cf the 
€tbersy that which is nighir t9 thiteaji^' is kjs than 
that which is farther dtjlant ; and frtm that Point there 
can he drawn only two equal Liiks whieh Jhedl fall om 
the Circumference on each Side the Uajl Line; which 
was to be demonftrated. 

PROPOSITION IX, 

T H £ O R 2 M. 

If a Point ht affumed infaCircle^ and from it more 
than two eqnal Right Lints he drawn to the Cir'- 
cumfrrence^ then thai Point is the Center of the 
Circle* 

LE T the Point D be affumed within the Circle 
ABC; and from the Point D, let there £dl more 
than two equal Right Lines to the Circumference, viz» 
the Right Lines D A, DB, DC. I fay theafiiimed 
Point D is the Center of the Circle ABC. 

For if it be not, let E be the Center, if poffible, 
and join DE, which produce to G and F, 

Then F G is a Diameter of the Circle ABC; and 
To becaufe the Point O, not being the Center oi the 
Circle, IS afliimed in the Diameter FG, DG will 
* be the grcateft Line drawn from j^ to the Circumfe- •??/***'* 
rence, and D C greater than D B9 and DB than DA$ 
but th^ are alfo equal, which is rf>fiird. Therefore 
£ is not the Centerof the Qrde ABC. And in this 
Manner we prove that no other Point except D is the 
Center j therefore D is the Center of the Cirde ABCi 
v^hich w^s to be dem/onjlrated. 

Oiherwije^ 

Let ABC be the Circle, within which take the 
Point D, from which let more than two equal Right 
Lines fell on the Circumference of the Circle, viz^ 
the three equal ones DA, DB, DC: I fay^ the Point 
P is the Cent^ of the Circle ABC. 

F 4 For 
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• lo. I. Euc. For join A B, B C, whiph bifea * in the Points 
£ and Z; as alio join ED> DZ; which produce to 
the Points H, K, O, L ; then becaufe A £ is equal to 
£ B, and £D is comnion, the two Sides A£, £ D, 
ihall be equal to the two Sides BE, ED. And the 
Bafe DA is equal to the Bafe DB: Therefore the 

•8. I. Angle AED will be *equal to the Angle BED; 
And fo [by Def. i.o. i.] each of the Angles AED^ 
BED, is a Right Angle: Therefore HK bifeamg 
AB, cuts it at Right Ai^ks. 'And becaufe a Right 
Line in a Circle, bifedting , another Right Line, cuts 
it at Right Angles, and the Center of the Circle is in 
the cutting Line, [by Cor. i. 3.] the Center of the 
Circle ABC will be in HK. For the fame Rea« 
fbn, the Center of the Circle wiU be in OL. And 
the Right Lines HK, OL, have no other Pqint 
common but D : Therefore D 19 the Center of the 
Circle ABC; which was to be denrnfiratid* 

PROPOSITION X. 

Theorem. 

A Circle cannol cut another Circle i» more (ban 

two Points. 



F 



OR if it can, let the Circle ABC cut the Circle 
P E F in more than two Points, viz. in B% G, 
F, and let K be the Center of the Circle ABC, 
andjoinKB, KG, KF. 

Now becaufe th^ Point K is ^fTumcd within the 

Circle DEF, from which more than two equal Right 

Lines KJB, KG, KF, &11 on the Circumference, 

1 9 •/ this, thq Point K fhall be f the Center of the Circle DEF. 

X By Hyp. ^ut K is t the Center of the Circle ABC. Therefor^ 

K will be the Center of two Circles cuttmg each other, 

which is abfurd. Wherefore a Circle cannot cut a 

Circle in more than two Points i which was to be de^ 

^mflratcdn 
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PROPOSITION XL 

Theorem. 

Jf two Circles touch each other on the Inftde^ and 
the Centers le found j the Line joining their 
Centers^ will fall on the [Point of^ ContaSl 
of thofe Circles. 

LET two Cirdes ABC, ADE, touch one an- 
other inwardly in A, and let F be the Center of 
the Circle ABC, and G that of ADE. I fay, a 
Right Line joining the Centers G and F, being pro-* 
duced, will fall in the Point A. 

K this be denied, let the Right Line, joining F G, 
cut the Circle in D and H. 

Now becaufe AG, GF, are greater than AF, ^ 
* that is, than F H ; take away F G, which is comr * ^^' '• 
]»on, and the Remainder AG is greater than the 
Remainder GH. But AG is equal to GD; there- 
fore GD is greater than GH, the lefs than th« 
grB^er, which is s^bfurd. Wherefore a Line drawn 
duo' the Points F, G, will not &11 out of the Point 
of Contaift A, and fo neceflarily muft M in it; 
ti^ich v^x iQ be demonftrated^ 

PROPOSITION XIL 

Theorem. 

If two Circles touch one another on the Outfide^ 
a Right Line joining their Centers will $afs 
thro* the [Point of] ContaH. 

LET two Qrcles ABC, ADE, touch onean5- 
ther outwardly in the Point A ; and let F be the 
Center of the Circle ABC, and G that of ADE. 
J fay, a Right Line drawn through the Center F, G, 
will pafs thro* the Point of Conta£l A. 

For if it does not, let, if poffible, FCDG &11 
without it, and join FA, AG. 

Now fince F is the Center of the Circle ABC, AF 
will b^ e^ t9 F Q, And b^caufg Q is the Center of 

4(he 
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the Cirde ADE, AG wffl be cmwl to GD:, but AF 
has been.flicwn to be equal to ¥C^ thcrdbre FA» 
AG, are equal to FQ DG. And fo the whole FG 
* 20. I. is greater than FA, AG$ and alfo lefs, * which is 
abfiird. Therefore a Right Line drawn from the Point 
F to G, will pafs tjirough the Point of Contaft Aj 
which was to be demonfiratid. 

PROPOSITION xin. 

■ * • 

Theorem. 

One Circle camtot tomb another in, more Points 
than Me^ whether it be inwardly ^ orottPwardly. 

FOR, in the firft Place, if this be denied, let the 
Circle ABDC, if poflaWe, touch the Circle 
£BFD inwardly, in more Points than one, viz. in 
B, D. 

And let G be the Oenter of the Circle AfiDQ 
andH thatof EBFD. 

• Then a Right Line drawn from the Point G to H, 
t II r//ir/i.'wfll t ftll in the Points B and D. Let this Lim be 
BGHD. And becaufe G is the Center of the Circle 
ABDC, the Line BG will be e<}ual to GD. There- 
fore BG is greater than HD, and BH mudf greater 
than HD. Again, fmce H is the Center of the Cir- 
cle EBFD, the Line BH is equal to HD. But it 
has been proved to be much greater than it, w^ich is 
abfiird. Therefore one Circle cannot touch another 
Circle inwardly in more Points than one. 

Secondly, let the Circle ACK, if poflible, touch 
the Circle ABDC outwardly in more Points than 
one, viz. in A and C, and let A, C, be joined. 

Now becaufe two Points A, C, are aflumed in the 
Circumference of each of the Circles A B D C, A C K, 
XiLofthis. a Right Line joining thefe two Pc^ts, wffl fall J 
wjthin cither of the Ciicfcs. But it ialls within the 
Circle ABDC, and without the Orde ACK, wh^ 
- is ahfurd. Therefbre one Circfe cannot touch an- 
other- <5rde in more Pohits than one outwardly. But 
it has been proved, that' one Circle cannot ,tou«^h an- 
other Circle inwardly, [in more Points than one.] 
Wherefore one Circle cm^^ towcb another in more 

Poit^s 
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Pdintt than tfmr, whithr it bi iiiwMrdly or cutumrdfyi 
wbidi iir» to be demonftratwl; 

PROPOSITION XIV. 

Theorem. 

Eqnal Right Lines in a Circle are e^ally ctijlant 
from the Center y and Right Lines f which are 
epcally difiant from the Center^ are efud bcr 
Meen (hemfdves, 

LBT ABDC be a Grde, wlieitinaie the equal 
Right Lines AB» CD. I hy th^e Liaea afc 
equallj difbnt from the Center of the Ciitle. 

For let E be the Center of the Circle ABDC; 
from whid) let there be drawn EF, EG^ perpendi- 
cular to AB, CD, and let A£, EC, be join^. 

Then becaufe a Right Line EF, drawn thro' the 
Center, cuts the Right Line AB, not drawn thro' 
the Cb^r at Right Angles, it will * bifeft die fame* * ^ 0/ thi^ 
Whenkfft AF is ecjual to FB, and fo AB k double 
toAF. Foi: the fame Reafon CD is double to CG, 
but AB is equal to CD. Therefore AF is equal to 
CG ; and becaufe A£ it e^ual to EC, the Square of 
4lE Ibdl be equal to the Square of EC. But the 
SqufffW of AF and FE arefe^al to the Sipiare oft 47- »• 
A£. ^ For the Angle at F is a Right Angle ; and the, 
Squanss of EG, and GC, are equal to the Square of 
£G» finer the Angle at G it a Right one. Tfaefe<^ 
fine the Squares of AF and FE, are equqj^ to the 
Sqaztcs of CG and GE. But the Square of AF 
is ecpial to the Squai^ of CG i foe AF is equal to 
CG. Therefinpe the Square of FE is equal to the 
Square of EG; and fo FE equal to EG. Alfo 
Moes in a Cir^ are]:f^'d to be equally diflant from} Dtf, 4. 
tKe Center, when Perpendiculars drawn ^o them fmm^f^^''* 
Ae Center are equal. Thereftre AB, CD, are equally 
£ftant from the Ccnttn 

But if AB, CD, are eqtudly diflant from the Cen- 
ter, thfttn, if F£ be ecpjal to EG: I hy AB, is 
equd to CD. 

F>or the fame Conftru^on bring fuppofed, we de« 
mofiibate as aboiire;, that AB is d^le tso AF, and 

CD 
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CD to CG; and faccaufe AEisequal to £C, the 
Square of AE will be equal to the Square of EC 
1 47' '• But the Squares of E,F and F A, are t equal to the 
Square of AE, and the Squares of EG, and GC, 
equal f to the Square of EC. Therefore the Squares 
of EF and FA> are eqml to the Squares of EG 
and G C. But the Square of E G is equal to the 
Square of EF; for EG'is equal to EF. Therefore 
the Sqiare of AF is equal to the Square of C G ; 
and fo AF is equal to CG. But AB is double to 
AF, and C D to C G. Therefore equal Rigbt Lines 
in a Circle are equally £ft ant from the Center i and 
Might Linef^ which are equalfy Aftant from the Cen^ 
tOTj are equal between them/ehes -,' which was to be 
demonftrated. 

PROPOSITION XV. 

The or e m. 

^ Diameter is the greateji Line in a Circle ; and of 
all the otker Lines therein^ that which is nearefi 
to the Center is greater than that more remote. 

LET ABCD be a Circle, whofe Diameter is 
AD, and center E; and let,BC be nearer to 
the Diameter than F G. I fay, AD is the greateft, 
and B C is greater than F G. 

For let the Perpendiculars EH, E K, be drawn 
from the Center E to B C, F G. Now becaufe B C 
is nearer.to the Center than F G, E K will be greater 
than £ H. Let E L be equal to E H ; draw L M 
through L at Right Angles to £ K, which produ^ to 
N, and let EM, EN, EF, EG, be joined. 

Then becaufe £ H is equal to £ L, the Line B C 

* 14. 0/f(>zj. will be equal to MN^. And, fince AE is equal 

to EM, andDEtoEN, AD willbeequaltoME 

t 20. I. and EN. But ME and EN are t greater than MN : 

And fo AD is greater than MN ; and NM is equal, 

to B C. Therefore AD is greater than BC. And 

fince the two Sides £ M, £ N^ are equal to the two 

Sides F E, EG, and the Angle MEN greater than 

J 24- I- the Angle FEG, the Bafe MN (hall be f greater 

than the Bafc F G. But MN is cqfjal to BC The»» 

for« 
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fore B C is greater than F G. And jTo the Diame- 
ter AD is the grcateft, and B C is greater than'FG. 
Wherefore the Diameter is the greatefl Line in €L 
Circle \ and of all the other Lines therein, that which 
is neareft to the Center is greater than that inore r^^ 
xwr^i which was to bedemonftmted. * . 
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PROPOSITION XVL 

I. 

Th bore M. 

A Line drawn from the extteme [Peintl tftbeDid^ 
meter of a Cireie at Right Angles to that Diame^ 

' ter^ Jhall fall mthout the Circle \ and between 
the faid Right Line^ and the drcumferefice^ n& 

\ other Line can be drawn j and the Angle of a Se^ 
micircle is greater than any Rigbt-Iin^d acute An- 
gle i and the remaining Angle [without any Cir^ 
cumference'] is lefs tkan any Rigbt-limd Angle. . 

LET ABChe a Circle, whofe Center is D^and 
Diameter AB. I fay, a Sight Line'drawn from 
the Point A at Right Angles to AB, falls withoi^ 
the Circle* 

For if it does not, let it fall, if polfible, within 
the Circle, as A C, and join D C. 
< Now becaufe DA is equal to D C, the Angle DAQ 
ihall be* equal to the Ajigle ACD. ButDAC is* 5.1. 
, a Right. Angle; therefore ACD is a Right Angle: 
And accordugly the Angles DAC, ACD, are 
«]i4al to two Right Angles $ which is abfiird f. There- f 17. 1^ 
ibre a Right Line drawn from the Point A at Right 
Angles to B A, will not £dl within the Circle ; and 
fo hkewife we prove, that it neither falls in the Cir- 
cumference. Therefore it will neceflarily fall without 
the fame ; which now let be A £• 

Again, between the Right Line A£, and the Circum- 
ference C H A, no other Right Line can be dravm. 

For if there can, let it be FA, and let J D G be Jiz. 1. 
drawn at Right Angles from the C^ter D to FA. . 
•Now becaufe A G D, is a Right Angle, and DAG 
, iJefe than a Right Angle, D A will be greater thaai 
D G f ; >But DA 19 .equal to D H. Ther^prp D H i^ * 19 i- 
"■'«^ 2 greater 
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F G is not perpcndicuhr to DE. And in the^fame 
Manner we prove, that no other Right Line but F C 
is perpendicular to D E. Wherefore F C is perpendi- 
cular to D E. Therefore, if any Right Line touches 
a C trek J and from the Center to the Point of Conta£i 
a Right Line be drawn ; yhat Line will be perpendi- 
cular to the Tangent \ which -^fm to be demonftrated. 

PROPOSITION XIX. 

Theorem. 

If any Rigbi Line touches 4 Circle^ and from the 
Point of ContaSl a Right Line he drawn ai 
Right Jngks to the Tangent^ the Center of the 
Circle fhall be in the faid Line. 
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ET any Right Line DE touch the Cirde ABC 
in C, and let CA be drawn from the Point C 
at Right Angles to D E. ^ I fay, the Circle's Center i^ 
in AC. 

For if It be not, let F be the Center, if poffible, 
andJoinCF. 

Then becaufe the Right Line.DE touches the 

Circle ABC, and F C is drawn from the Center to 

the Point of Contact; FC will be perpendicular ID 

• iSo/zi/i.DE*. And fo the Angle FCE is a Right one. 

•\rmm /i* But ACE is alfo a Right Angle f: Therefore the 

^^ Angle F C E is equal to the Angle A C E, a lefs to 

a greater ; which is abfurd. Therefore F is not the 

Center of the Circle ABC. After this Manner we 

prove, that the Center of the Circle can be in no 

other Line, unlefs in A C. Wherefore, if any Right 

Line touches a C ire ley and from the Point of Contaff 

a Right, Line be drawn at Kigit Angles to the Tangent^ 

the Center of the Circle Jhall be in the faid Line i 

which was to be dcmonftrated. 
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PROPOSITION XX. 

Theorem. 

the Angle at the Center of a Circle is double to 
the Angle at the Circumference^ when the fame ' 
Arc is the Bafe of the An^es, 

LET ABC be a Circlej^ at the Center whereof 
is the Angle B £ C, and at the Circumference 
the An^e BAG, both of which ftand upon the fame 
Arc B C. I fay» the Angle BEC is double to the 
Angle BAC. 

For join AE and produce it to F. 

Then becaufe E A is equal to EB, the Angle EAB 
fhall be equal to the Angle EBA*. Ther^re the* 5. x« 
Angles EAB, EBA, are double to the Angle EAB; 
but the Angle BEF is f equal to the Angles EAB, t 5*. «• 
EBA; therefore the Angle BEF is double to the 
Angle EAB» For the fame Reafon, the Angle F EC 
is double to EAC* Therefore the whole Angle 
BEC is double to the whole Angle BAC. A^in, 
let there be another Angle BDC, and join DE, . 
which produce to G. We demonftrate in the fame 
Manner, that the Angle GEC is double to the Angle 
GDC; whereof the Part GEB is double to the Part 
GDB. And therefore BEC is double to BDC 
Confequently, an Angk at the Center of a Circle is 
double to the Jngle at the Circumference ^ when the 
fame Arc is the Bafe of the Angles -, which was to be 
dcmonfirated. 

PROPOSITION XXI. 

Theorem. 

Angles that are in the fame Segment in a Circle^ 

are equal to each other. 

LET ABCDE be a Circle, and let BAD, BED, 
be Angles in the fame Segmient B AED. I by^ 
thofe Angles are equal. 

G ♦ For 
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For let F' be the Center of the Circle ABCDE, 
and join B F, F D. 

Now becaufe the Angle BFD is at the Center, 
and the Angle BAD at the Circumference, and they 
ftand upon the fame Arc BCD; the Angle BFD 

* ao s/^/^/V. will he ♦double to the Angle BAD. For the fame 

Reafon, the Angle BFD is alfp double to the Angle 
BED. Therefore the Angle BAD will be equal 
to the Angle BED. 

. If the Angles BAD, BED, are in a Segment lefi 
than a Semicirclfe, let AE be drawn; and then all 

f 32. 1, the Angles of the Triangle ABG aref equal to all 
the Angles of the Triangle D E G. But tJie Angles 
ABE, ADE, are equal, finom what has been before 
proved, and the Angles AGB, DGE, are alfo e- 

J 15' !• qual J, for they are vertical Angles. Wherefore the 
remaining Angle B A G is equal to the remaining An- 
gle G E D. Therefore, Angles that are in the fame 
Segnunt in a Circle^ are equal to each other i which 
v^'as to be demonftrated. 

PROPOSITION XXII- 

Theorem. ' 

The oppofite Angles of any ^adrilateral Figure de- 
fcrihed in a Circle y are ejual to two Right Angles. 

LET A B DC be a Circle, wherein is defcribed the 
quadrilateral Figure A BCD. I fay, two oppo- 
fite Angles thereof are equal to two Right Angles. 
For join AD, BC. 
Then becaufe the three Angles of any Triangle ard 

* 32. 1. * equal to two Right Angles, the three Angles of the 

Triangle ABC, viz. the Angles CAB, ABC, BCA, 
are equal to two Right Angles. But the Angle ABC 
t*io/^i&«'istequal to the Angle ADC; for they are both in 
the fame Segment A B D C. And the Angle A C B-k 
f equal to the Angle A D B, becaufe they are in the 
fame Segment ACDB; therefore the whole Angle 
:^DC is equal to the Angles ABC, ACB; and if 
the common Angle B A C be added, then the Angles 
BAC, ABC, ACB, are equal to the AnglesBAC, 
BDCj but the Angles BAC, ABC, ACfe, are 
. ;7 ? . ♦equal 
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* equal to the two Right Angles. Therefore likewife^ * 3»« »• 
the Angles BAC, BDC (hall be equal to two Right 
Angles. And after the fame Way we prove, that the 
Aisles ABD, A CD, are alfo equal to two Right 
Angles. Therefore the oppojiie Angles of any ^adri-* 
lateral Figure defcribed in a Circle^ are equal to tw» 
Right Angles ; which was to be demonftrated. 

PROPOSITION XXIIL 

r 

. T H 2 O R B M^ 

two Jimilar and unequal Segments of two Circles^ 
cannot be fet upon the fame Right Lincy and 
on the fame Side thereof 

FOR if this be poffible, let the two fimilar and un-^ 
fequal Segihents ACB, ADB, of two Circles fland 
upon the Right Line AB on the fame Side thereof. 
Draw ACD, and let CB, BD, be joined. Nowbe- 
caufe the Segment ACB is fimilar to the Segment 
ADB, and .fimilar Segments of Cirdes are* fuch* ^^ ix« 
which receive equal Angles; the Angle ACB will*-' ^*'*' 
be equal to the Angle AD B, the outward one to the 
inwauxi ohe ; which is t abfurd. Therefore ftmilar 1 16» x* 
and unequal ^ Segments of two Circles^ cannot be fet 
upon the fame Right Line^ and on the fame Side there^ 
ofy which was to be demonftrated. 

PROPOSITION XXIV* 

T H E 6 R fi M* 

Similar Segments of Circles being upon equal Right 
Linesy are equal to one another . 

LET AEB, CFD be equal Segments of Circles 
fianding Qpon the equal Right Lines AB, CD. I 
iay, the Segment AEB is equal to the Segment CFD. 
For the S^ment AEB being applied to the S^- 
ment C F D, fi> that the Point A co-incides with C^ 
5md the Line AB with CD ; then the Point B wift 
co-incide with the Point D, fincc AB and CD are^ 
equal. Aod fmcc the Right Line A B co-incides with 

G a CI), 
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Ci), the Segment AEB will co-incid« with the 
Segment C F D. For if at the feme Time that AB 
co-incidcs with CD, the Segment AEB fiioukl not 
eo-incide with the Segment CFD, but be atherwife, 
as COD ; then a Orcle would cut a Circle in tcicsg. 
Points than two, viz, in the Points C, G, D j which 
* lo of tbir. is * impoffible Wherefore • if the Right Liftc A B 
co-incides with CD, the Segment AEB will co-in- 
cide with and be equal to the Segment C F D^ There- 
fore fimilar Segments of Circles being upon equal Right 
Linesy are equal to one another ; which was to be dc- 
moiiftrated. 

PROPOSITION XXV. 

Problem. 

A Segment of a Circle being givm% to defcribf the 
Circle whereof it' tJ the Segment 
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ET AB C be a Segment of a Orcfe ghwi. It 
is required to defci^ a Circle, wheraof. ABC 
is a Segment. 
• \1' ;• Bifea* AC in D, and let DB be dra\»^ f from 

' ' the Point D at Right Angles to AC, and join AR. 
Now the Angle ABD is either greater, equal, or ]e& 
than the Angle BAD. And firft let it be greater, and 
J *3- «• make J the Angle BAE at the given Point A, with 
the Right Line B A, equal to the Angle ABD j pro- 
duce DB to E, and join EC. .^ 

Then becaufe the Angle ABE is equal to the An- 
« 6. 1. g'c BAE, the Right Line BE will be * equal to EA- 
And becaufe AD is equal to D C, and DE common, 
the two Sides AD, DE, are each equal to the two 
Sides CD, DE; and the Angle ADE is equal to the 
Angle CDE; for each is a Right on6. Therefore 
thfe Bafe A E is equal to the Bafe EC But AE has 
been proved to be equal to E B. Wherefore B E is 
alfo equal to E C. And accordingly the three R^bt 
• Lines AE, EB, EC, are equal to each other. There- 
fore a Circle defcribed about the Center E, with ti^ 
ther of the Diftances A E, E B, EC, (hall pafs thro* 
the other Points, and be that required to be defcribed. 
But it 18 manifeft that the S^meiit A B-C is lefs than 

a Semi- 
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a Semicircle, beicauib the Center thereof ts Without 
the fame. 

But if the Angle ABD beequ^ to the Angk BAD; 
Aen if AD be made equal t9 BD, or D C, the three 
Right Lines AD, DB, DC, are equal between 
themfelves, and D will be the Center of the Circle 
to be defcribed ; and the Segment AB C is a Semi- 
circle. 

But if the Angle ABD is lefs than the Angle 
BAD, let the Ande BAE be made, at the given 
Point A with the Kight Line B A, within the Seg- 
ment ABC, equal to the Angle ABD. 

Then the Point E, in the Right Line D B, will be 
the Center, and AB C a Segment greater than a Se- 
micircle. Therefore a Circfc is defcribed, wh«teof a 
Segment is given; tubicb was t9 bedwf* 

PROPOSITION XXVI. 

Theorem. 

In equal Circks^ eqnal Jrtgles Jiand upon equ^l 
Circunferences, whether they be at their Centefs^ 
(fT at their Circumferences. 

LET ABC, DEP, be equal Circles, atrfkt 
BGC, EHF, be equal Angles at their Centers, 
and B AC, EDF, equal Angles at their Circumfe- 
rences. I fay the Circumference B K C is equal to 
the Qrcumference ELF. 

For let B C, E F, be joined. Bccaufe ABC, DE P, 
Me equal Circles, the Lines drawn from their Ceftters 
will be equal. Therefore the two Sides B G, G G, 
are equal to the two Sides EH, HF ; and the Angle 
G is equal to the A^gl^ ^ H« tVherefore the Bafe 
HC is* equal to the Bafe EF. Again, beaiufe the* 4- 1. 
Angle at A is equal to that at D, the Segm^t BAC 
Fill bef ftmikr to the Segment EDF j and they ai^e t ^^fi "• 
upon eqiial Right Lines BC, EF. But thofe fimflar 
Segments of Circles, that are upon equal Right Line$, 
are ]: equal to each other. Therefore the Segment t ZA-f^^ff- 
BAC, will be t equal to the Segment EDF. But t Def. xi, 
the whole Circle ABC, is equal to the whole Circle 
Pl^f. Therefore th^ remaining Qrcuprfwnc^ BKC* 

P 3 ' m 
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fliall be equal to the remaining Circumference ELF. 
Therefore in equal Circles^ equal Angles Jiand upon 
tifual Circumferences^ whether they he at their Centers^ 
or at their Circufrferemes -, .which W2|s tp he demonr 
Ibated, 

PROPOSITION XXVIL 

T H E O R E Mt 

\4»gleSj that Jland upon equal Circtfmferences in 
equal Circles^ are equal to each other^ ivbether 
they be at their Centers or Circumferences. 
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ET the Angles BGC, lEHF, at the Centers 
of the equal Circles ABC, PEE, and the An^ 
gles BAC, EDF, at their Circumferences, fland 
upon the equal Circumferences BC» £F. I fay the 
Angle BGC is equal to the Angle EHF, and the 
Angle BAC to tjie Angle EDF, 

For if the Angle BGC be equal to the Angle EHF, 
}t is manifeft that the Angle BAC is alfo eqpjal to the 
Angle EDF : But if not, let one of them be the 

•ajt !• greater, as B G C, and make ♦ the Angle B GK, at 
the Point G, with the Line B G, equd to the Angle 

t ^ ^f^^^ E HF. But equal Angles fl?md t upon ^qi^al Circum- 
ferences, when they are at the Centers. Wherefore 
the Circumference BK, is equal to the Cirgum^ 
rence £F. But the Circumference EF is equal to 
the Circumference B C. Therefore B K is equal to 
B C, a lefe to a greater i which is abfurd. Where- 
fore the Angle BG C is not unequal to the Angle 
£ H F ^ and fo it muft be equal to it. But the An- 
gle at A is one half of the Angle BGC ; and the 
Angle at D one lialf of the Angle E H F. There- 
fore the Angle at A is equal to the Angle at D. 
Wherefore Anglesy that Jland upon equal Circunfe^ 
rences in equal Circles^ are equal to each other ^ whe- 
ther they be at their Centers or Circumferences 'y 
which ^as to be dcmonftrated, 
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PROPOSITION XXVIII. 

T H E O R E M. 

In equal Circles, equal Right Lines cut off equal 
Parts of the Circumferences ; the greater equal 
to the greater^ and the leffer equal to the leffer. 

IET ABC, DEF^ be equal Circles, in which 
\j are the equal Right Lines BC, £F, which cut 
off the greater Circumferences BAC, EDF, and 
the lefler Circumferences BGC, EHF. I fay the 
greater Circumference BAC, is equal to the greater 
Circumference EDF, and the lefler Circumference 
BGC, to the lefler Circumference EHF. 

For aflume the Centers K and L of the Circles, 
andjoinBK, KC,EL, LF. 

Becaufe the Circles are equal, the Lines drawn 
from their Centers arc * alfo equal. Therefore the * Dtf, i. 
two Sides BK, KC, are equal to the two Sides 
EL, LF ; and the Bafe B C, is equal to the Bafe EF. 
Therefore the Angle BKC, is f equal to the Angle t 8. '• 
ELF. But equal Angles ftand J upon equal Circum- Xi^^f ttiu 
ferences, when they are at the Centers. Wherefore 
the Circumference B G C, is equal to the Circumfe- 
rence EHF, and the whole Qrcle ABC, equal to 
die whole Circle DEF 5 and fo the remaining Cir- 
cumference BAC, iball be equal to the remaining 
Circumference EDF. Therefore in equal Circles, 
equal Right Lines cut off equal Parts of the Circumfe-* 
J^ncesi which was to be dcmon/hrated. 

PROPOSITION XXIX. 

Theorem. 

In equal Circles^ equal Right Lines fuhtend equal 

Circumferences. 

LET there be two equal Circles ABC, DEF; 
f and let the equal Circumferences B GC, EH F, 
Be-'aamcd in them, and B C, E F, joined. I fay, 
the Right Line BC is equal to the Right Line EF. 

G 4 For 
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• I of this. For find ♦ the Centere of the Circles K, L, and 

join BK, KC, EL, LF. 
. Then becaufe the Circumference B G C is equal to 

the Circumference EHF; the Angle BKC Ihall be 
'\'^7^f ^*"- 1 equal to the Angle ELF. And becaufe the Circles • 

ABC, DIEF, are equal, the Lines drawn from their 
t Def. I. Centers fhall be J equal. Therefore the twp Sides 

BK, K C, are equal to the two Sides £L, LF ; and 

they contain equal Angles: Wherefore the Bafe BC 
4-4* !• is^eqM^to the Bafe £F. And fo in eqvial Circles 

ec^l Circumferences fubtend equal Right Lines i 

whkk mas to be derMnftraUd. 

PROPOSITION XXX. 

Problem. 

To cut a given Circumference into two ejual Parts. - 

ET the given Circumference be ADB. It is 
required tp cut the (^me into two equal Parts. 
Join A B, which bifefi * in C j and let the Right; 
Line CD be drawn from the Point C at Right An« 
gles to AQ> ^d join AD, DB. 

Now bo^ufe AC is equal to CB, and CD is 
common, the two Sides AC, CD, are equal to the 
two^id^ BC,^ CD; but the Angle ACD is equal 
to tjie Angle' BCD; for each of them is a Right 

* 4- !• Angle: Therefore the Bafe AD is t equal to the 
t a8 *//&>. Bafe BD. But equal Right Lines cutJofF equal-. 

Circumferences. Wherefore the Circumference A D> 
fhall be equal to the Circumference BD» Th^ie*. 
fore a given Circumference is cut into two equal 
Parts ; which was to be done. 
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PROPOSITION XXXI. 

T H £ Q R K M. 

In a Circle^ the Angle that is in a Semicircle^ is a 
Right Angle j but the Angle in a greater Segment^ 
is Ms than a Right An^e \ and the An^e in a 
kjfer Segment y greater than a Right Angle : 
SfyrcQver^ the Angle of a greater Segment^ is 
fir eater than a Rigbu Angle \ and tbs^ Angle of 
(t lejfer Segment^ is lefs than a Rigbi Line. 

LET there he a Circle ABCD, whofc Dia- 
meter is BC, and Center £j and job BA» 
AC^ AD, DC. I &y, the Angle which is in the 
Semicircle B AC is a Right Angle, that which is in 
the Segnjient AB C being greater than a Semidrdei^ 
vi%. the Angle AB C^ is Ids than a Right Angle & 
and that which is in the S^ment AD Cy being lefs 
than aSemicircle, that is^ the Angle ADC is greater 
than a Right Angle. 
For join A£, and produce BA to F* 
Then becaufe BE is equal to E A, the Angle £ AB 
fliall be ^ equal to the Ai^le £ B A. And becaufe * 5. i, 
AE is equal to EC, the Angle ACE will be* equal 
to the Ajngle CAE. Therefore the whole Angle 
BAC is equal to the two Angles ABC, ACB; 
but the Angle FAC being without the Triangle 
ABC, is fequal to the two Angles AB C, A CB : 1 32* !• 
Therdfbre the Angle B A C is equal to the Angle 
FAC; and fo each of them is|a Right Angle, t i>^ 10. i. 
Wherefore the Angle B A C in a Semicircle is a Right 
Angle. And becaufe the two Aisles ABC, BAC, 
pf the Triangle ABC*, aw lefs than two R^ht*'7'- 
Angles, and BAC is a Right Angle; then AB C is 
lefe tteut) a Right Angk^ a«d is in the Segment ABC 
giesMr than aSemieudt^. 

And fince ABCD is a quadrilateral Figure in a 
Cirde, and the oppofite Angles of any quadrilateral 
FigMTe delcrihed in a Circle, sref equal to two Right f ^^(ftbiu 
Andes; the Ai^le ABC). ADC are equal to two 
Ri^ Angles, and the An^ ABC is Icis than a 
Rttht Angle : Therefore the remaining Angle ADC 

J will 
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will be greater than a Right Angle, and is in t5e Seg* 
ment AD C, which is lefs than a Semicircle. 

I fay, moreover, the Angle of the greater Segment 
cx>ntained under the Circumference ABC, and the 
Right Line AC, is greater than a Right Angle; and 
the Angle of the lefler Segment, contained under the 
Circumference ADC, and the Right Line A C is lefs 
than a Right Ar^le. This manlfeftly appears ; for be- 
caufe the Angle contained under the Right Lines B A, 
A C, is a Right Angle, the Angle contained under the 
Circumference AB C, and the. Right Line AC, will 
be greater than a Right Angle. - Again, becaufe the 
Angle contained under the Right Line CA, AF, h 
z Right Angle, therefore the Angle which is con- 
tained under the Right Line A C, and the Circum- 
ference ADC, is lefs than a Right Angle. There- 
fore, in a CircUy the Angle that is in a SenucircUy is 
a Right Angle ; but the Angle in a greater Segment^ is 
lefs than a Right Angle \ and the Angle in a lejfer Seg- 
ment^ greater than a Right AngU: Moreover^ the Anr 
gle of a greater Segment y is greater than a Right An- 
gle ; and the Angle of a lejfer Segment j is -^s than a 
Right Angle 'y which was to be demonftratwL 

PROPOSITION XXXII. 

Theorem. 

If any Right Line touches a Circle^ and a Right 
Line be drawn from the Point of Contaii^cut- 
ting the Circle *, the Angles it makes with the 
^Tangent Line, will be equal to thofe which are 

^ made in the alternate Segments of the Circle. 

LET any Right Line EF touch the Cirde ABCD 
' in the Point B, and let the Right Line B D be 
any how drawn from the Point B cutting the Cirde. 
I fay, the Angles which BD makes with the Tangent 
Line EF, are equal to t)iafe in the alternate S^ments 
of the Cirde ; that is, the Angle FBD is equal to an 
Angle made in the Segment DAB, vi%. to the Angle 
D AB^ and the Angle DBE equal to the Asigle 
PCB, made in the Segment DC B. For 

Draw 
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Draw*BA from the Point B at Right Angks to* "• ^' 
£ F ; and take any Point C in the Circumference 
3P, and join AD, DC, CB. ^ 

Then becaufe the R^ht Line EF touches the Cir- 
ck ABCD in the I^oint B ; and the Right Line B A 
is dra^wn from the Point of Contad B at fi^ht An- 
gks to the Tangent Line; the Center of the Circle 
AB CD, will t be in the Right Line B A; and fof 19. 3* 
BA is a Diameter of the Circle, and the Angle ADB, 
in a SeQiicircle, is ^ a Right Angle. Therefore the t 31 ^phiu, 
other Angles BAD, A B D, are * equal to one R%ht * 32. i. 
Angle. But the Angle A B F, is alfo a Right Angle : 
Therefore the Angle ABF, is equal to the Aisles 
BAD, ABD; and if ABD, which is common, be 
taken away, then the Angle DBF remaining, will 
be equal to that which is in the alternate S^ment of 
the Cirde, viz. equal to the Angle BAD. And be- 
puife ABCD is a Quadrilateral Figure in a Circle, 
and the oppofite Angles thereof are f equal to two f 22 of this. 
Right An^: The Angles DBF, DBF, will be 
eqpd to the Angles BAD, BCD. But BAD has 
been proved to be equal to DBF \ therefore the An* 
gle DBF, is equal to the Angle made in DCB, the 
alternate S^ment of the Circle, vix. equal to the 
Angle DCB. Therefore, if any Right Line touches 
4i Circle^ and a Right Line be drawn from the Point 
of ContaSf cutting the Circle ; the Angles it mak$^ 
with the Tangent Line^ will be equal to thofe which 
are tna4e \n the alternate Segments of the Circle^ 
f^hi^ was to be demonftrated. 

PROPOSITION XXXIIL 

Problem. 

Xo iefcribe^ upon a given Right Line, a Segment 
of a Circle^ which J& all contain an Angle ^ equal 
io a given Right-lined Angle. . ' 

LET the giv^ Right Line be A B, and C the given 
Right-lined Angle. It is required to defcribe the 
S^ment of a Circle upon the given Right Line A& 
xoi)taiiun^ an Angle, equal to the Angfe C. 

At 
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At the Point A, with the Right Line AB, make 
t 23. 1. :tthe Angle BAD equal to the Angle C, voA draw 

• II. I. *AE from the Point A, at Right Angks t» AD. 
t la X. Likewife bifeA f AB in F, and let F G b« diawn 

from the Point F, at Right Angks, to AB^ aid 
join G B. 

Then becaufe AF is equal te FB, and FG is com- 
mon, the two Sides AF, FG are equal to the t\ivo 
Sides BF, FG; and the Angle AFG, is equal to the 
J4- »• Angle BF G. Therefore die Bafc AG is % equal 
to the Bafe G B. And fo if a Ckxrle be defcr3ied 
about the Center G, with the Diilance AG, this fhall 
, par» through the Point B. DeTcribe the Circle, which 

let be ABE, and join EB. Now becuife^ AD is 
drawn from the Point A, the£xtremit]Pof theDiame* 

• Cor. 16. tcr A E, at Ri^t Angles to AE, the feid A D will « 
•-^'*"* touch the Circle. And fince the Right Line AD 

touches the Circle ABE, and the Right Line AB, it 
drawn in the Circle from the Point of Contaft A, 
+ 32 oftbiu the Angle DAB is f equal to the Angle made m the 
alternate Segment, vrz. equal to the Angle AEB. 
But the Angle DAB, is equid tt> the Angle C. Th«e* 
fore the Angle C wiH be equal to the Angle A E B. 
Wherefore the Segment of a Cirde AEB is de* 
fcribed upon the given Right Line AB, containmg an 
Angle AEB, equal to a ghren Angle C; ^Mch fOOf 
to be done. 

PROPOSITION XXXIV. 

Theorem. 

7i cut off a Sementfrom a given Circle^ that Jbdl 
contain an/ingle^ ^qual to agiv^n Right -tin* dAn^e. 
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ET the given Circle be ABC, and the R^ht- 

lined Angle given D. It«is required to cut off a 

Segment from the Circle ABC, containing an An^ 

gle equal to the Angle D. 

X If cf this. Draw J the Right Line EF, touchii^ the Cirde 

* n- 1- in the Point B, and make* the An^FBC at the 

Point' B equal to the Angle D. 

Then becaufe the Right Liner EF toudics tfic Cir*- 
cle ABC in the Point B, and BC is drawn from 

thQ 
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the Point of OmtsaEtBy die Angle FBC will be*equal* 2* '/^t"* 
to that in the alternate Segment of tbe Ctrde; but the 
Ai^k FBC is equal to the Angle D, .Thereforethe 
Ai^k in the Segment BAG, will be equal to the 
Angle D. Therefore the Segment BAG is cut off 
jiom the ^ven CiDcle ABC, containing an Angle 
equal to the given R%bt*lined Angle D ; tubich was 

PROPOSITION XXXV. 

Theorem 

If two Right Lines in a Circle mutually cut ecich^ 
other .^ tbe Re5langle contained under the Seg- 
ments of the one^ is equal to the Rectangle Ufh^ 
der tbe Segments of tbt other. 

IN die Circle AB CD, Jet two Right Lines mutu- 
1 ally cut each other in the Point £. I (ay thtf 
Re£bngle contained under AE, and EC, is equal 
to the Re£bngle contained under DE, EB, . 

If AC and DB pafs thro' the Center, fo that E b9 
the Center of the Circle ABCD ; it is manifeft, fincc 
AE, EC, DE, EB, are equal; that the Rectangle, 
under AE, E C, is equal to the Re£bngle under D E, 
EB. 

But if AC, D B, do not pafs thrO* the Center, af- 
fiime the Center of the Grcle F j from which draw 
FG, FH, perpendicular to the Right Lines AC, DB, 
and jcrin FB, FC, FE. 

Then becaufe the Right Line GF, drawn through 
the Center, cuts the Right Line AC, not drawn thro* 
die Center at Right Angles, it will alfo bife<9 .♦ the* 4 */^^'^ 
fsatMd. .Wherefore AG is equal to GC: And be- 
caufe the R^ht Line AC is cut into two equal Parts 
vx the Point G, and into two unequal Parts in £, the 
Reflangle under AE, EC, together with the Square 
of E G, b t equal to the Square of G C. And if 1 5- * • 
the common Square of GF be added, then die Red- 
angle under AE, E C, together with the Squares of 
£G, GF, i& equal to the Squares of CG, GF. But 
the Square of F E is f equal to the Squares of £G> 

Gfy and the Square of FC equal t ta tbe Squarest 47* >* 

of 
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of CG,GF. Therefore tjie Reaangle under AE^ 
EC, together with the Square of FE, is equal to the 
Squarcof F C, but CF isequaltoFB. Therefore 
the Rcflangle under AE, EC, together with the 
Square of EF, is equal to the Square of Ffi^ For 
the fameReafon, the Re£hnglc under DE, EB, to'* 
^ther widi the Square of F £, is equal to the Square of 
/FB. But it has been proved, that the Reflangle undar 
AE, EC, together with the Square of FE, is alfo 
equal to the Square of FB* Therefore the Redan- 
gle under AE, EC, together with the Square of FE, 
is equal to the Redangle under D E, E B, together 
with the Square of F E. And if the common Square 
\ of F E be taken away, then there will remain the* 

Rcftangle under AE, EC, equal to the Reftangle 
under DE, EB. Wherefore, if two Right Lims in 
a Circle mutually cut each other ^ the Rectangle con- 
tained under the Segments of the one^ is equal to the 
Re^angk tinder the Segments of the other j which 
was to be demonftrated. 

PROPOSITION XXXV4. ^ 

, Theorem. 

If fotne Point he taken without a Circle^ and front 
that Point two Right Lines fall to the Circle^ one 
of which cuts the Circle , a?td the other tOHches it ; 
the Re£iangle contained under the whole Secant 
LinCy and its Part between the Convexity of the 
Circle and the affumed Pointy will he equal to 
the Square of the Tangent Line. 

E T any Point D be affumed without the Qrde 

ABC, and let two Right Lines DC A, DB, 

fall from the faid Point to the Circle; wh«eof DCA 

cuts the Circle, and DB touches it. I fay the Redan- 

gle under AD, DC, is equd to the Square of DB. 

Now DCA dther pafles thro* the Center, or not. 
In the firft place, let it pafs thro' the Center of the 
Cirde ABC, which let be E, and join EB. Then 
• 18 tf this, the Angle E B D is * a Right Angle. And fo fmcc 
the Right Line AQ is bife&ei in E, and CD is added 
thereto > the Re6tangle under ADy DC| togfsther 

, with 
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with the Square of E C, fliall * be equal the Square * ^« »• 
of ED. But EC is equal to £B; wherefore the 
Reflangle under A D, D C, together with the Square 
of £ B, is equal to the Square of ED. But the Square 
of ED isfequal to theSquare of EB, and BD. Fort 47« »• 
the Ande EBD, is a Right Angle: Therefore the 
Refbn^e under AD, DC» toget&r with the Square 
of EB, is equal to the Squares of EB and BD; and 
if the <x>inmon Square of EB be taken ^way, the 
Re6langle under AD, DC, remaining, will be equal 
to the Square of the Tang^t Line B D. 

Now let DC A not pafs through the Center of the 
Circle ABC; and find :|: the C^ter £ thereof, andt t •ftbt:^ 
draw £F perpendicular to AC, and join EB, EC, 
ED. Therefore EFD ie a Right Angle. And be- 
caufe a Right Line £ F, drawn through the Center, 
cuts a Right Line AC at Right Angles, not drawn 
through the Center, it will * bifeft the fame at Right *2^ff^^ 
Angles; and fo AF is equal to FC. Again, fince 
the Right Line AC is bifefted in F, and CD is ad- 
ded thereto, the Rectangle under AD, DC, together 
with the Square of F C, will be * equal to the Square of 
FD. And if the conamon Square of EF be added, 4 

then the Re£bngle under AD, DC, together with 
the Squares of" FC and F E, is equal to the Squares 
of DF and FE. But the Square of DE, is equal 
to the Squares of DF and FE; for the Angle EFD ' 
is a Right one : And the Square of CE is f equal to 
the Square of CF and FE. Therefore the Redan- 
^e under A D, D C, together with the Square,of C E, 
is equal to the Square pf E D ; but C E is equal to 
E B. Wherefore the Reilangle under AD, D C, to- 
gether with the Square of E B, is equal to the Square 
of E D. But the Squares of E B and B D are f equal 
to the Square of E D ; fince the Angle EBD is a Right 
one. Wherefore the Redbmgle under AD and DC, 
together with the Square of £ Q , is equal to the 
Squares of EBand BD. And if the common Square 
of E B be taken away, the Re£bmgle under ,AD and 
DC, remaining, will be equal to the Square of DB. 
Therefore, if any Point be taken without a CircV, and 
from thai Point two Right Lines /all to the Circle^ one 
tf which cuts the Circle^ and the other ' touchet it; ths 
Re&angle contained under the whole Secant Line, a 2d 

its 
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hi Part htWeen the Convexity of the Circle ami the 
ajfufltd Pdittt^ ivill be equal to the Square of the ^f «- 
gent Line \ which was to be demonftrated. 

PROPOSITION xxxvn. 

Theorem. 

If fome Point be taken^ without a CircUy and tm 
Right Lines be drawn from it t& tb^ Circky fi 
that one cuts ity and the other falls upon it \ 
and if the ReSl angle Under the whole Secant Line^ 
attd the Part thereof without the Circle y he 
equal to the Square of the Line falling upon the 

' Circle J then this laji Line will touch the Circle. 

£ T fome Point D be aflSimed without the Circle 
f AB Cy and from it draw two Right Lines D C A, 
D B, to the Circk in fuch Manner that D C A cuts 
the Circle5 and D E iails upon it : And let the Ro^v 
angle under AD, DC, be equal to the Square of 
D B. I fay, the Right Line DB touches the Circle. 

• ij$ftbis. For let the Right Line DE be drawn * touching 
the Circle ABC, and find F the Center of the Circle, 
and join EF, FB, FD. 

1 18 2f 'it'** Then the Angle FED isf a Right Angle. And 
Becaufe DE touches the Circfe ABC, and DC A 
cuts it, the Re£bngle under AD, and DC, will be 
equal to the Square of D E. But the Redan^e un- 

X ^y^yf- der AD and DC,> J equal to the Square of DB, 
Wheie&re the Square of D £ fhall be equsil to the 
Square of DB^ And fo the Line DE wiU be equal 
to the LineDB. But EF is equal to FB : There- 
fore the two Sides DE, EF, are equal to the two 
Sides DB, BF; and the Bafe FD is common« 
Wherefore the Angle DEF is equal to the Angle 
DBF J but DEF is a Right Angle; wherefore DBF 
is alfo a Right Angle, and F B produced is a Dia- 
meter. But a^ Right Line drawn at Right Angles, on 
the End of the Diameter of a Circle, touches the 
Circle; therefore BD neceflarilj touches the Circle, 
We prove this in the fame Manner, if the Center 
of the Circle be in the Right Line CA. Ifther^ore 
any Point be ajfumtd without a Circle^ and two Right 

Litus 
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Lines hi drawn from it ii tht Circle^ fi that oHS ciiti 
it J and the other fatts upon it; and if the Re£fangU 
lender the whole Secant Line^ and the Part thereof, 
^tbout the Circle^ be equal to the Square of the Ltni 
fallim 1^ iJfe^ Cirtle; ttin tKs la/t Line wUl tmcB 
the Circle; which was tohedemoidfaatdGli 

Coroll. Hence, if from any Point without a Gidc^ 
fovcral Right Lines AB, AC, are diawn cutdnr 
die Circle; thk RcAangles compidiendeJ tind^ 

^ thewttoleLifte$AB, AQ and their cxtwilPkrtp^ 
AE, A F, are equal between thcmfdves. For if 
the Tangent AD be drkwn, the Rcdangle under 

.^A and AE, is equal to the Square of AD| a^d 
the Rcaangle under CA and AF, is equal to tiie 
£une Square of AD2 Therefore the Redangte 
ibaQ be eoual* 



f^ End 9/ theTHijait B o4k. 
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P E F I N I T I O N S. '^ 

I. A Right-lined Figure is /aid to be infcrihed 

/\ in a Right-lined Figure^ when every one 

' A *^. ^f ^^^ Angles of the infcrihed Figure j 

touches every one of the Sides of the Ft- 

gurey wherein it is defcribed. 

XL In like Manner ih Figure is faid to be defcribed 

about a Ftgire^ when every one of the Sides of 

the Figure^ circumfcribedy touches every one of 

the jingles of the Figure about which it is cir- 

cumfcribed. 

III. A Right-lined Figure is faid to be infcribed in 
a Circ^y wherT'^ery one of the Angles of thai 
Figure which is infcribed^ touches the Circunife^ 
rence of the Circle. 

IV. A Right-lined Figure is faid to be defcribed a- 
bout a Circle^ when every one of the Sides of the 

I ^^SV^^^h^ Pig^^^% touches the Circumference 
of the Circle. 

V- So 
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V . So JAewife a Circle is /aid to he infcrihed in a 
Rigbt4imd Fiffire, when the Circumference of 
the Circle touches all the Sides of the Ftffire in 
winch it is infcribed. 

yi. A Circle isfaid to he defcribed about a Ftgure% 
when the Circumference of the Circle touches all 

, the Angles of the Figure which it circumfcrihes. 

f\l. A Right Line is fud to he applied in a^ircle^ 
when its Extremes are in the Ciroamftfcence q 
the Circle. 

PROPOSITION I. . 

» » 

P R * £ E !ir. 

fo apply a Right Line in a ffi^en CircUy tqual to 
a ffuen Right Lifk^ ^bofe Lon$fb dines not ex^ 
ceei the Diameter of the Circle. 




ET ^ Ciitte ^veii be ABCy sMi the gjvie* 
R^ht Line not gi«ittr tiian the Diunettr w D« 
It k Tocfitti to a^ a Right Liilb ih the QigIib 
[ABC, equal' to the Right Line D. 

Dtr^ B C the DiameM* of the GiKJe; then iTBG 
he equal to D> i^hat vn^ reiqi^ied, is done : for ill 
the Ciide ABC there is applied the RightLine BC^ 
«qual to the Ri^t Line D: But H not, the Diameter 
B C is greater than D, and pM^ C£ equftl to D$* 3- u 
and about the Center Q with the Diftance C£, let 
the Circle A£F be defcribed; and join CA« 

' Then becaufe the Point C is the Center of the 
Orcle A£F, CA will be eqiud to C£; but D is 
equal to C£. Wherefore AC is equal to D. And 
£> in the Circle ABC, there is applied a Right Line 
A C, equal to the given Right Line D» not greater 

I than the Diameter i which was to he done* 
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PROPOSITION II. 

Problem; 

In a ghiin CitcUy td defcHb^ d THangle equtangfi^ 

lot to a gvoen Triangle. 

L£T A]^C be i Cixde givdi, arui OEF a giveA 
Triangle. It b required to defcribe a Triangle^ 
in the Grdc ABC> equiangular to the Triangle DEF. 

* <7- 3- Draw the Right Line G AH touching * the Cirdef 
ABC in. the Point A, and with the R%ht Line AH 

**S '• at the Point A, make + an AngleHAC, equal to the 
Angle D£F. Likewife at the fame Point A, with 
the Line A G» make the Angle GAB equal to the 
AngkDFE, and joi/l BC 

Then becaufe thft Right Line HAG touches the 
Circle ABC, and A C is diawn fron^ the Point of 
Contaa in the Circle ; the Angle HAC ihall be 

t 3^ 3- $cqual tb ABC, the Angle in ti^ alternate Sqgment 
of the Cirdc. But the Angle HAC is equal to the 
Ax^ D£F ; therefore alfo the Angle ABC9 is equal 
to the An^ DEF : For the fame Reafon, the Aqglc 
ACB b likeWiie equal to the Angle DFE. Where* 

L^r *' ^^ ^ ^^*^ ^^^ BAC, ihall be t equal to the 
^^* '* other Angle EDF. And confequtntly, the Triangle 
ABC b equiangilar to the Triangle DEF, and it 
^' ^fcribed in the Circk ABC i which was to bi dom* 

PROPOSITION III. 

P R O lb L £ M^ 

' -'^. About a given Circle to defcribe a friang/e^ equt^ 
_ angular to a Trian^e given* 

L' ET ABC be the given tirde, and DEF di» 
given Triangle. It b required to defcribe a Tri- 
angle about the Circle ABC equiangular to the 
Triangle DEF. 

Produce the Side EF both Ways to the Points Q 
.and Har' and find the Center of ^ Circle K, and any 
{iow daw the hv^ K B. Then at the Point K, with 
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KB fiiakei*^the Angle BKA equal tq the Apgle* n* >* 
D£6$ ^d the Aj^le BKC at the fame Point ^ 
on theoltber Side the Line K^^ equal to thp Angle 
DF H J anji thro' the Points A, B, C, let the Right 
Ljnes LAM, MPN, NCL, be drawn toi«:;liing t|ip 
Click AQ C. 

Thenbecaufe the Lines LM, MN^ NL, toudh^ 
thp Qr^ AB C in the PpijitsA^ B, C, and the Lines 
ICAi KB, KCy m^ d^wn from the Center K to the 
Points A, B» C } thd^ Angles at the Points A, B, C» 
lirill b^ t R^l^t APS^^ And be9;uire the ft^ Ao-t it> i 
gip of ifjie quadrilateral FigMie AM^K fu^ Ifqual to 
fcur R^t Angles* (for it nuiy bf( divide4 ipto two 
Trimgt^,) ;|nd the Angks K^M^ KBM, are each 
R]|^ A^jgl^; therefor^ the other Aiides AKB, 
AMB v^oqu^to tWo Right Angles. But DEG^ 
DEF, are pag:^ p two {Li^t Angles; tberefor^ the 
Aogks AK9, AMB, arp tsfoi to the Angl^ DEG» 
DEF, whopof AICB i8nu?ltoCi£Gt Where- 
j^^retheothqr Angle AMB 19^9^1 tQ the other An-* 
^ DEF. In like Mannsr we dfmoni|fate^ that tbp 
Ai^k LNB is equal to the Angle DFE, Tkcanefoie 
the other An^ML^ ist«j^ to the other Angle tCtfr-m. 
JEDF. Wherefore the Triangle LNM ifcequian-^S*- h 
guhr to the Triangle DEF, and is deferibed about 
fhp Qrde AB C; wkifb Vi^s t^ bt dm. 

PROPOSITION IV. 
Problem. 

ft 

fi infcribe a Circle in a given Triaf^U. 

LET A B C be a Triangle given. It it required* 
to infcribe a Circle in the fame. 

Cut *the Aisles ABC, BCA, into two equal*), u 
Parts by the Right Lines BD, DC, meetii^ och 
other in the Point D. And from this Point draw 
D£, DF, DG, t perpendicular to the Sides AB»ts««V 
BC,Aa 

Now bcoauib the Angle E B D is eqnial to the An* 

j^eFBD, and the Right Ai^k BED is equal to the 

Right Angle BFD; then the two Triangles EBD, 

.pBF> have tvo^ Angle? of the onc^i equal to tseiD 

V . H 3 Angkw 
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iftjigieaof thc.othcr, and pne.Sidc DB common to botS, 
'tJiz. that which fubtejnct Ac equal Angles ; therefore 

J 26. X. the other Side? of the one Triangle fhall ht j: equal «» 
the other Si(kstof the o^er ; and fo DE fllall be equal to 
DF. And for the fame Rwfon, D G is esqual to DF : 
7"hcrefcire DJE is alfo ,equal to DG. And fo the 
thijcc Kgbt Lines Wt^ D F, D G, are equal between 
tJ;>emfclves. Wherefore a Circle defcribed about the 
"0ntcr t>j widtj other of the Difhmces DE, DF, l>Gy 
will alfo^pafs thro' the qdier ^oin^. And the Sides 
a5, fiC, AjCf vfJH touch it J ibecftufe Ac Angles at 
% y , atid p axe Jsight Anj^lcs, Fc^ if it Aoidd at 
^ " them, a Right ii^c .drawn on the Extremity of thfc 
5[2a^cter pf a Gii^le at Right And^, will feB with- 

* x^ 3' in ^e Clr(^ ; w^ch is * ahford. '^,hcrefore a Cirdc 
dffcrib^ atiout Ac Center p, with cfther of the Dl- 
Hp^ces DE, DF, DG, wiH nojt cut the iSWcs AB, 
« C, ,C A; vJifi^f<5ilP it ^ffl tQudi. them, and wfll 
beaCirclc defcriMint^T4?3tffiJcAB<;. tbcrth 
fore the Circle EPO is defcribed m tfcc jpv^fe Tiiaft* 
gle A B C J wi/Vi w<?^ (^ ii done^ 

FRpPOSITION r. 

jP Jl Q B t E M. 

7(7 defcribe a Circle about a given Triangle. 
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ET ABC be a given Triangle. It is required to 

defcribe a Cirdb about the &n^e. 

• »«• !• Bifea * the Sides AB, AC, in the Points D, E; 

t iz. i« from which Pointt let DF, £F, be drawn fat Right 

Angles to A B, A C, which will meet either within 

tlK Triangjie ABC^ or in the Sidb BC, or without 

the Triangle. 

'u ' Firft let them Jtoeet in the Point F within the Tri« 

\ ai^c^ and join BFj FC, FA. Then bccaufe AD ic 

fqual to DB, and D F is common, and at Right Ai>- 
X^ I. riesto AB; thcBafeAF wiH betaqual.tothe Bafis 
FB. And after the fame Manner we prove, that die 
Safe CF is isqnal to the Bafo FA. Thetefoie alfo is 
BF equal to CF: Andfo the time Right Lines FA, 
FB, F C, aie equal to each other. Wherefomea Cir«^ 
de ddcribod about the Center F, nitb other of the 

Difiances 



DSbuices FA5 FB, PC, wffl pafi dfotiux)' dit ckSmt 
Faults, and will be a Qrdeddcribed about the TrW 
sti^IeABC TJbodbitdclbibetkcCkdeABCi 

Secondly, let DF, EF, Meet eachodier in tiie 
Point ¥y in the Side B C, at in ife ieoond Figme^ 
and join AF. Then^v^ prbve, as before, that thb 
Pomt F is^tbe Cemer off a Ciide defcribed dsoiit the 
Triangle ABC. 

LalUy, let the Ri^t Lines DF, EF, meet one 
another s^ain in the Point F, without the Triangle^ 
as in the ddrd Figui?? ; and join AF, FB, FC. And 
becaufe AD is equal to D B, and D F is common, 
and at Right Angles, the Bafe A F fhall be equal to 
thQ Bafe BF. Sp likewife we. prove, ths^ CF is 
alfo equal to AF. Wfaei^fore B F is equal ^ CF. 
And fo ^^» if a Circle be defcribed on the Center 
F, with dthprtrf the Diftan<» FA, FB, FC, it will 
pais tbrot(gh.the other Points, and will be ddcribcd 
about the Triangle AB C ^ tvbich was U be-dohe. 

CvrM. li k t'riaf^ be Right-angled, the Center of die 
Circle ftlls in Se Side oppofite to the Right Angle ; 
if acoe^-ini^ed, it faHs witbin the Triangle \ and 'i 
«bcufi^fangled, it &Hs without the Triangle. 

V 

PROPOSITION VI. 

Problem. 
7b mfcribe a Square in a j^iven Cirtk. 

LET AS CD be a Cirde given. It is lequired 
tt> infcffte a S^re within the (ame. 
Draw AC, BD, two Diameters of the Circle cut^- 
^Ag oihe another at Right Angles, and join A B, B C» 
CD, DA. _ 

Th^ becaufe BE is equal to ED, (for E b the 
Center) and £ A is common, and at BJght Angles to 
3D, die Bafe B A Ihall be^equal to the Bafe AD ; t 4. i^ 
and for the &meReafon BC, CD, as alfo B A, AD, 
are a9 equal to each other. Therofore the quadri- 
lateral Figure A BCD, is equilateral. I fay it is alfo 
re&angukn For becaufe the Right Line D B is a 
Diameteri^ftbeCirclcABCD^BAD, wiUbeaSe- 

H 4 micirclc 
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^^^P fliictide. Wheidbie the AnckBAD is*a R«iit 
Angle. And for the fame Reakm every one of the Anr 
gtes ABC, BCD, CDA, is a Right Ajigk. Theier 
fore A BCD is a xpEtfingahx (fadmUtfoi Fi^ire: 
Bii.t it has alio faficn proyqc} to be (equilater^L Wbeier 
fore it Oi^m neoddarily be a Squaie, and k deferibed ia 
j^ Cirde ABCDi wbicb was $o bt dem. 



PROPOSITION VII, 

F RO9 L S M. 

Xp defcribe a Square about a given Circle. 

T £T ABCD be a Cirdt given. It iiiequiief) 

rJLj to deiTcribe a Sffliare about the fame. 

Draw AC, BD, two DiamcfterB g^ t)ip Grdp 

flitting each other at Right Angles, apd thxxiugb the 
oints A, B, C, D, iiiiw»FG, 6H,HK;KF, 

^ '7- 3- Tangents to the Circle Afi C D. 

. Then becaufcFGtOMchf^ the Circle A ^PP,an^ 
ILK is drayrh fix>m th^ Center £ JEo tbf Point of Con- 

f is. 3. ja^ A, the Angles at A will be t flight Angles, f'or 
the iameReafbn, the Aiides at the Points B, C>Dt 
are Right Angles. And Tince the Angle A£]3 is a 

%%%. s. Right Ax%le, 9& dfo £BO, (jH iball bpt parallel 
(o A C} and for the laine Reafon, A C to KF. In 
this Manner we provj^ likewife, that GF and HK 
axe parallel to BED;' and fo'GF' is parallel to HK. 
TherefomOK, G C, A EI, F B, B K, aie Paralklo* 

t 34 '• giuns; and {o GF is * equal to HK, and GH to 
I^K. Andfince^Cis eipj^ toBD, i^ AC*pqu9d 
to either GH, orFK* and BD equal to either GF, 
pr HK ; GH, or FK, is cmial to GF, or {IK. There- 
fore F G H K is an equUatend Quadrilateral Figurp : 
t by it is alfo equiangular. For becaufe GB£ A is 
^ Parallelograj^n, a^^ ^^B is a Right Angle, then 
A G B ilfiall lie alio a Right Angle. In like manner 
we demonftrate, that the ^gles at the Points H, K, ^^ 
are Right Angles. Therefore the quadrilateral Figure 
FGHK Is reAangular; but it has been proved tabe 
jBquilateral likcwlfe. Wherefore it muft nece&rily be 
a Square^ juiA is deferibed §bout ^ Qircle AB CI^^ 
which was to bi done. 



PROPOSITION vm. 

4. • • t • 

Problem. 
if!t^ defcrihc a Circh in a gjfven Square. 



LET the given Square be ABCP, It is 
t0 <ldcri& a Circle wif^ tl^ fame. 
afta*the Sides AB, AD, in jtl)c Points F, E;* '«• ^ ' 
and draw t EH t)ut>'£, panJlelto AB, or i;;)C| andt 3>- h 
FKthio%F, paxali^ttoQCorAD. thenAK, 
KB, AH, HD, AGi GC, QQ, CD, axe aU P;^aUelo. 
grams^ and tl^ oppoiite Sides aiej^qua). And be^t 34* *f 
catiffe DA is equal to A^y ^d AE is half of ADy 
and AF half of AB,A£ (ball be equal to AF$ but 
the oppofile Sides are ^ equal* T|ierefbip F G is 
equal |o G£. In lilge manner we demfonftrate, that 
GH, lor GK» is eqMfl tp either F G, or G E* There- 
jfoue G^ GF, GH, GK, are equal to each other: 
And (o a. Gude beiitt; defcribed ^bout the Center Q^ 
with either of the Difoiices GE, GF, GH, GK, 
will alfo pods thro* the other ^oint^ and ^hall touch 
the Sides A B, B C, CD, DA, becaufe the Angles at 
£, F, H, K, are JR^ght Andes. For if the Girde 
fhould pit the Sides of the Squue, a R^ht Line, 
^wn from the End of the Diametitr of a Circle %t 
Right Angles, will fidl within the Cttde; which 
is* abfurd. Wherefore a Circle defcribed about the* ti^-^ 
Center G, with father of the Diftances GJ^, GF, 
GH^ GK, will not cut AB, BC, CD, DA, the 
Sides of the Squgtip. WherdEbre it ihall necd&rilf . 
louch them, and will be defopbed in the Squ4i^i(yBC{)i 
»tbicb was tc be d^if. 

PROPOSITION 135. 

P R O B L X M. 

ffy d4(/crtbe a Circh about a Square given. 

LET ABCD bp a Square given. It is required 
to circumfcribe a Circle about the fiune. 
Join AC) 3Ds flWtM^y cuttixigonf ^tber in 
.rt»P Point E, And 



t, 
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And fince D A is equal tD AB, and A C is com* 
mon, the two Sides DA, A C, are equal t^ the two 
Sides BA, AC; but the Bale DCis equal to the Bafe 

•S.I. BC. Theidbre the Angle DAQ will* be eipxal td 
the Angle BAC: And conieqqendy the Angle DAB 
is hikSbsd by the R%ht Line ACL In the'£ii»e Man- 
ner we prove, that each of the Angles ABC, BCD, 
CD A^ are bife^sd hj die R^'Line^ AC, BB. ; 
Then becaufe^he Angle D^BJs equal Jfe^tbe A^ 
ABC, and tile An^eBABb half of Ae Angle 
^A^, mi the Af^Ie £ B Acfaalf dT the Ans^ AUC; 
the Ai^gle' £ AB Audi he eqfaal 4x>^ Ai^ fiB A>: 

t^'^i. And fo the Side EAisf equal to Ik: Side Eli. & 
like, manner 'W« demcmftrafife, thateaxsk of ^beit^gUl 
Lines, E€, £ D, k equal tb each of dieKSgfaJt I^m 
£ A, £ B. Th^foie the fe^r -Right Lines £ A, EB, 
EC, ED, are equd between themfetvas. Wliiw- 
fere aCircIe bemg defcribed about 49ie Center £, widi 
either of die Dffiances EA, £ B, EC, £D, wUl aiib 
pafs thn/ the otfier P^ts, and ^H be ddcobed about 
the Sqioie ABCD jt wbieiwas H ki Ane. 

PUOPO5ITI0Jf X. 

Problem, 

To mate m Ififcdes Triandet bamng gacb ^ ti» 
jingles di ihe Bafe domble to the otbo' An^» 



• 11. ». /^UT ♦ aigr grven Right Line AB in the Pbfait C, 
V^ <b that the Redangle €ont»ned under AB^ BC, 
be equal to the Square of AC ; thai about tbe Cen^ 
4er A, with the Diflance AB, let tiie OfdeBDE 

t irfthii.ht defcribed; and fin the Cirde BDE apply the 
Right Line BD equal to AC; which is not greater 
than the Diameier. This being done, join D A, DC, 

X 5 £/•'*/*. and dcfcribej a Ciidc A CD about the Triangle 
ADC. 

Then becaufejthe Redangle ABC is equal to the 
Square of AC, and AC is equal to BD, the Re£bui- 
gle under. A3) B C , ihall be equal to the S(piare of 
BD. Andb^uie fome Point B is taken wkhoiit 
the Circle ACD, and from that Point there £dl two 
Right Lihesr BCA, BD> to the Glide, one of which 
z cuts 
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cuts tte Cirde, aad the odier feUs on k. And finct 
the Re£bng]e under AB, B C, is eqiuil'to the JSquat^ 
of B D, the Right Line KD (hall « touch the Ciidt • 37- 3- 
A CD. And fince B D touches it, andDCisxhawn 
from the Point olF Contafift D, the AngfeBDC is 
equal to the Angle in the alternate Segment of the 
Cirde, vi%. equal f to die Angle D AC. And fince t 3** > 
the Ajig^e BDC is equd to die Af^fe DAC; if 
CD A9 which 18 common, be added, the wliole An*- 
^BDAis^equal to the two Angles CD A, DAC. 
fiutthe outwftid Angle BCD is % equal to CD A, 112^^-^ 
DAC. TherefoK BDAis equalto BCD. But 
the Afi^BDA^isequaltothe Angle CBD, be-* 5*x* 
aaaSt tfe Sde AD is equal to the Side AB. Where* 
feieDBA fliafl be^ equal toBCD: Andfothedvec 
An^gles BDA, DBA, BCD, are equal tp each other. 
And finee the Ai^le D B C is equal to tbe Angle 
BCD^ the Side BD isfequal ^ die Side DC. But ^ ^ '* 
^D « put equal to CA. Therefore C A is equal to 
CD. AxA (o the Angk CDA is equal to die Angle 
DAC Thcrcfefc the Ang^ C D A, D A C, taken 
together, are double to the Ang^e DAC. But the 
An^BCDisuquai to the Angles CDA, DAC. 
Therefore the An^ BCD is double to the Angle 
DAG. But BCD is equal to BDA, or DBA. 
Wherefore BDA, or DBA, is double td DAB. . 
Therefor the Ifofcdes Triangle ABD is ^nade, hav** ' 

ing one of the A^les atthe Bafe, dodble to the^ther 
Angles wbkh was to hdcnt. 

PROPOSITION XI 

P R O B L E M. 

To defcribe an equilateral and equiangular Penta- 
gon in a given Circle. 

LET AB CDE be a Circle ghrcn. It is required 
to d^ribe an equilaterai and equiangular Penta* 
^n in die fame. 

Make an Ifofceles TriangleFGH, having * each* 10 •ftbiu 
of the Angles at the Bafe G H, double to die other 
Angle F; and ddcribe^the Triai^ ADC in the Circle 
ABCDE, equiangular tt<^ the Triangle FGH3 fo that t * •/ ^*'*- 

the 
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Ae An^ CAD fe equal to itat ^ F, and A CD* 
CDA, each equal to the Angles G or H* Wbcrefeif 
the Angbs ACD, CDA^ juecaich double tpfb^ Aiw 
^9r»- glcCAD. Thiibeiiigdoncbiftflr*ACD, CDA, 
by the Rig^ Lines QE, DB, and jom AB^ BQ, 
^OE,. EA. 

'^ Then becaufteap^^f die Ang^ ACOfCDA, tt 
double tp C A P, and they are bUe^M hj the Righ| 
Lines CE, DJB ; the fiye Ai^ks DAC, ACE, EO), 
CD By BDA, are equal to eai^h oiIkv. But(X}ua( 

• j6. 5- Angles fbnd * upon equ^.Circui|iieienoe$» There* 

fiw tbe fiveCirpum&rencqs AB, BC, CD, DE, ^A^ 
are equal to each other. But equal Circuinfimnoei 
t »9- 3- iubteml t equal Right Lines, Ther^rp the five 
R^ht Lines ABy BC» CD, D£» £A^ wpfoi ^ 
(Bach other* Wherefore A B C D E is an equ|]ateni} 
•Pentagon. . I fay, it is alfo ecptiangiilar; for be^auie 
* ' the Circuinference A B is equal to tbe Grqunferenct 
D£» .by adding the Grcumferoice BCD, which ii 
conupoo, the whole Qj^ounfeience ABCD is fxpai 
$o the whole Circumfeim^ ED CB, but the A^gk 
AED flands Qq the Circumference ABCD, mi 
BA£ on the Circumferenpe E D C B ; Tks^^^h^ the 
Angle BAE is equal ibotb^A^leASP. For the 
^^me Re^n, egpb of the Angles ABC, BQp, C DE, 
k equal to BAE, pr AED. ^hei«fore thePenta- 
fQflt ABCDE is equiangular; but it has been proved 
tp be iJfo QjuilateraL And fXMifequently there is ^ 
equilateral and equiangi;]^ Pentagon -infcrib^ in jl 
given Ciide; which was U be dont, 

PROPOSITION XIL 

P H O 9 L E M- 

To defcrihe an (quilateral and equi^Hffflar Fenia-^ 

gott about a Circle given* 

E T ABCDEbe the given Circle. It is raquired 
to defcribe an equilateral and eipiiangular Pent^r 
gon about the f^nie. 

• 2J" Let a, B, C, D, E, be the angular Points of a Penr 
^ ' "' tagon fuppofed to be infcribed * in the Circle; ib that 

tb? Cir<;u(pf?r^cc5 AB, BC, CD, DE, EA, 1* 

eq^l; 



L 
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equals and le^ the Right Lines GH, HK, KL, LM, 
M G, be drawn touching t the Cirdc in the Paints t «7* 3* 
A, B, C, D, E : Let F be the Center of the CSrcle 
ABODE, and >)iiiFBvFKiFC,FL, FD. 

Then becauik fli^ Right Line K L touches the Cir- 
cle ABCDE ill the Point p, and the Right Line FO 
is dravm from the Center P to C, the Point of Con-^-^ 
tBuSt ; F C will be % perpendicular to K L : Arid (at ««• J* 
both the Angles at C are Right Angles. For the fame 
Reafon, the Angles at the Points B$ D, are Right 
Angles. And becaufe F C K i^ a Right Angle, the 
Sqime of FK wiUbe^e^ fo the ^aresof FC,*47-<' 
CK : And ^r^^ ^^^^ii^ Reafon, the Square of F K 
k equal to dielSquares cff F B, B K. Ther^rt the 
Sqitiunes of F C, C K are equal to the Square of F 6, 
BK. But the S^fuate of F C is equal td the Square 
«f F B. Wherefore the Square of CK IhaB be equal 
Id the Square BK; and fd BK isequaltoCK. And 
becaufe FB is eqml to F C, and FK is commofi | 
die two Sides B F, F K, are equal to the two CF, 
F K:,and the BaftBK, is et^zl to theBafe KC; and 
fo the Angle BFK ihall be f equal to the Anglet^ >^ 
KFC, and the Angle BKF to the Angle FKC. 
Therefoie the Angle B F C is double to the Angk 
XFC, and the Angle iKC double to thd AngU 
FKC: For the fame Reafon^ the Angle CFD is 
double to the Angk CFL, and the Ande CLD 
doidde to tiic! Ai^e CLF; TVnd be^ti^ the Cir* 
Qunferenoe BC is equal to the Circumference CD^ 
the Angle BFCfhall be^equal to the Angle CFD.tftr-a^ 
But the Angle BFC is double to the Angle KFC» 
and the Ande DFC douMe to LFC. Therefore 
the Angle KF C is equal to the Angle CFL. And 
lb F K G, F L C, are two Triangles, having two An« 
gks of the otie equal to twb Angks of the other, 
%ach to each, and one Side of the one equal to one 
/Side of the other^ viz. the common Side F C ; where* 
lore they fiudl have f the other Sides of the one equal f 26. r» 
to the other Sides of the other; and the other Angle 
e( the one, equal to die other Angle of the other.- 
Therefore the Sight Line K C is equal to the Right 
Lrine GL, and the Angle FKC to the Angle FLC 
And fuv^ KG isequal to CL, KL ihail be doubk 
w^KC4 And by the £im« R^on, we prove that 

.4 HK 
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HK is double t<> BK. A^% becaufc BK has been 
proved equal to KC, aadlCL thedouUeto KC, m 
alfo HK the double of BK, HK ftall be equal to 
KL. So likewife, we prove tihat GH, OM, and 
M L, aie each equsil to H K, or K L. Therefore 
the Pentagpn GHKLM la equilateraL I %aU<H 
it k eqUKuiguhr ; for becaufc the Angle FKC isequal 
to the Angfe FLG; and the Angk HKL has beea 
proved to be douUo to the Angle FKC; and aUo 
KLM double t(> FLC: Therefore the Ai^e HKL 
Ihall be equal to the Aiigk KLM. By the famt 
Reaibn we demonftmtei' cluit eviery one of the Angles 
KHG, HGM,6ML, » equal to the Angle HKL, 
or KLM. Thei^ie the ive Angles GHK, HKL, 
KLMy LM G, MGH, ase e<yial bthveen them- 
felvcs. And ib tfaePentagdn GHKf^M iiT equm* 
gular, and k ba3 been pioVed likewife to be d{uih^ 
leral, and defcribed about tiie Click ABCDE; 
I wbkb wot Ut bijionei 

PROPOSITION XIIL 

P R O B L B Bf . 

^0 defcribe a Circle in an equilateral and equian" 

pilar Peniagon. 

LET ABC£>£ be an' equilateral and eyiiai^ukff 
Pentagon. It is vecpiiied to infcnbe a Ciide in 
the fame. 
« 9- X* IBiieSt* the Angles BCD, CDE, by the R^ 

Lines CF, DF, and from the Pomt F whereki CF, 
DF, mert eaeh other, let the B%ht Lines F B, FA, 
F£, bednwm Now bec^aufe BC is:equsd to.CDi 
and CF is Gommon, tbe two Sides BC, CF, am 
equal to the two Sides DC,' CF| and the- A>%k 
BCF. is equal to the Ai^leDCF. Ther^^uce the 
1 4* I- Bafe BF isfeqiial to the fiafe FD y and tbe Tm^fe 
BF C equal to tbe Tiiatigle DCF, and tbe ether 
Angles of the one equal to tlie et]^ Apgfes §4 die 
, other, which are fubtended by the top^l SMes : Th^re^- 
fore ijie Angle CBF (hall be equal to tbe Angle 
CDF. And becaufe the Ai^Ie CDE isdoi^k to 
thtAngleCDF;, andthe >A|i^€D£isequa}tothe 

Angle 



/ 
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Angle ABC, as alfo CDF equal toCBF; the 
Angk CBA will be double to the Ai^le* CBF; 
and fo the Angle ABF equal to the Angfe CBF. 
Wherefore the Angle AB C is bifeaed by the Right 
Line BF« After the fame Manner we prove, that 
eUiePof tiie Angles BAEor AED ii biTeaed by 
the Right Line^ AF, FX Fiom the Point F draw 
♦FG, FH, FK, FL, FM, perpendicular to the* «. i. 
fi^btLnsiABl..fi£^ G£VD£,:EA. Xhiilfinoe 
ffae An|^ HCJ is>te^ to^th^ Angle KG F;; and 
the Right Angle FHC equal to th» SSgbti Andb 
FKC^ tlic!t#aTtiaf^iFKG^ FKCAaBJiive 
«#o A^te^ <if. chili Gl|6.e9jftt. lo tiM Ang|i6»of Ofe 
ecbov^dd one SiAsof^the^one ecjital to bneSide.of 
tlisot&tfr^ «fi&i liie Sitle FCc6tntai6ki toreach of then 
ibid fothe^odk^ Sides of throne wiB befeqniitet^^ '• 
tbe idwif SUes of (Die ffymt'. And the PerpeqAlii^ 
FH dquia to the P^tM^edar F K. Bi the ikhie 
MhMct w» demohftrstte^ tliit FI^ F M^ dr F Q, is 
equtt to FH^ or FK. Therefhre the fiv^ Right Lin^ 
FG^ FH, FX FL, FM, 2St ot|ual to ^uzh odien 
Andib arCirde ddcribed ote the Gtntnr Fy With either 
t£ the Difttias FG; FH, FK, FL, FM^ wiS 
pb thtnT tfte other Poiilt^^ and Audi touch the Right 
Uats AB, BC, CTD, DE,. £ A; fince the An^ 
arG^H, K,.L, M» a^ Right An^: For if it dbe* 
Bot touch thbm, butcuts them, a Right Line . drawn 
fifom the Exilreihity of" the Diameter o^f a Circle at 
Right Angles to the Diameter, will fidl within the 
Onde; tvhich is X abfurd. Therefore a Grde de-t <& 3* 
fcribed on the Center F with the Diftance of anvone 
of the Points G, H, K, L, M, will not cut the Right 
Lines AB, BC, CD, DE, EA; and fo wiU necef- 
6iily touoh them 9 vMch was u be dom. 

CoroIL If two of the neareft Angles of an equilateral 
Aod ei|uiangMkr Figure be bifeAed, and from the 
Poiijt in which the Lines biA£Kfig the Angles meet, ' 
there be drawn Right Lines to the other An^es Of 
the FigUr#j» ^ the AJigbs of the Figure will be 
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PROPOSITION xrv. 

P S.0 B t 4 tfi 

To defmbe a Circle ahui u ffvin equtlata^al and 

equiangular Pentagon. 

LET ABODE be an «quilateial and cqiAmguhr 
PentaMir. It is requoed to defidbe a Circle 
about the fame. 

Bifeai betit the Angles BC D^ G D Ey by the Right 

Lines GF,' FD, and draw FJ^ FA, F^ ^m the 

Point F^ in Which thev mec^ Then each of the An« 

^c^. «/ gks CBA, BAE, AED^ fliaU be bifeaed^by the 

''^e^ Rkht Lines BFy* FAy FE, Andfinoe the Angb 

BCD, is equad to the Angle CDE; and thi^ Aim 

, F GD^ b half the Angle BCD, as likewife CDF^r 

half GDE; the Angle FCDj: will be equal fx> the 

t ^* I* Angle FDC; and fo the Side CF f, equal to theS^B 

FD. We demonftrate in like Manner, that FB^ 

FAy or F£, equal to FC, or FD. Theiefere the 

fiveR^ht Lines, FA, FB, FC, FD, FE, are equal 

to each other* And fo a Cixde being defirribed cti 

the Center F, with smy of the Diflahces FA, FB, 

FC, FD, F£, will psds thrp'^th^ otUbr Poij^ and 

will be defcribed about the equihteral and equttngiifaur 

Pentagon AB C D£ ; whi^b was to be imt. 

PROPOSITION XV. 

P R d B t E M^ 

uo infcrihe an equilateral and equiangftlarHexapn 

in a given Circle. 

LET ABCDEF be a Orde given. It is requhtd 
to infcxibe an equilateral and equiangular Hexagon 
tfaerrin. 

Draw AD a Diameter of the Circle A B CDEPf 
and let G be the Center ; and about thePomt D^ a» 
a Center, with the Diflance DG, let a Cirde £GCH^ 
be defcribed ; join EG, GC, which produce to the' 
Foints^B, F : Likcwifc join AB, B C, CD, DE, EF^ 

FA^ 
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FA. I iky ABCDEF is an equilateral and equi- 
iuigukr Hexagon. 

For fince die Point . G is the Center of the Circle 
ABCDEF, GE wiH be equal to GD. Again, 
becaufe the. Point D is the Center of the Orde ' 

EGCHi PE Ihall be equal toDG: ButGE has 
been proVed equal to GD. Therefore G E is etfizl 
to ED: And fo EGD is an equilateral Triangle j knd 
cohfequcntly the thrfee Angles thereof, EGD, GDE, 
DEG, are ♦ equal between themfelves: But thc*^'^*^''* 
three Angles of a Triangle are t equal to two Right + **• *' 
Angles. Therefore the Angle EGD, is a third Part 
bf two Right Angles. In the fame Manner we de- 
inonftrate, that DGO is ' one third Part of two Right 
j/^ngks : Ai\d fmc^ the Right Line CG, ftanding' up^n 
the Right Line £ B, makes { the adjacent Angles 1 1> <* 
EGC, CGBi the other AngleCGB, isalfoonc 
third Part of two Right Angles. Therefore the An- 
gles EGD, DGC, CGrB, are equal between dkcni- 
lelves : And the Angles that are vertical to' thetfl, viz, 
the Angles BGA, AGF, FGE, are* equal to thi^ ^S- «• 
Angles EGD, DGC, CGB. Wherefore the fi^ 
Angles EGD, DGC,CGB,BGA,AGF,FGE, 
are equal to one anothef . Biit fequal Angles ftand f on t *€• 3* 
equal Circunj^endes. Therefore the fix Circumferences, 
AB, BC, CD, DE, EF, FA, are eaual to each otherl 
But equal Right Lines fubtend % equal Girtumferen- 1 *5- 3» 
ces. Therefor^ the fix Right Lines are equal.between 
themfelves ( Und accordingly the H^agoh ABCDEP 
is equilateral : I fay i^ is alfo eqdiangular.. For, be- 
taufe the Circiiinftrence AF is equal to the Circum- 
ference ED, add the cWnmon feirtuftiferenie ABCD^ 
ind the whole Circuniference FAB CD, is equal to 
the whole Circumference E D C B A. But the Angle 
Fed, ftands on the Circumference FAB CD rand 
the Angle AFE, on the Circumference EDCBA. 
Therefore the Angle AFE is * equal to the Angle ♦ »7- 3* 
DEF. In the fame Manner we prove, that the 0'* 
ther Angles of the H^agoA ABCDEF, are fcfve- 
rfally eouaf to A F E, or F E D. Therefore the Hexa- 
feon ABCDEF is equiangular. But it has been proved 
to be aUb equilateral, and is infcribed in the Cifd^e 
ABCDEF 5 whUb w^s to h ^#»/?\ 

* I OroB^ 
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Cmll. from henoe it is manifeft, tha* the Side of the 

/ K(cxagOniseqiialto theSariidiameterof theCirdc^ 

/A|id if wefdra^vthio* the P<Hiit? A, B, C, D, E, F, 

Tangents to the Circle^ an equilateral and equian- 

^gular Hexagon will he defcribed about the Circle, 

^ as is manifeft front what has been iaid conceriing 

ihe Pentagon. And fo likewife niay a Girde fa^ 

infcribed and ciicuMcribed about a given Hexa- 

gpni wbub uias-tA be i(nu4 

'proposition XVI. 

P It O B L S M. 

* . • 

^0 defcribe an equilateral and eqtdangular ^in^ 
dieagon in a given CiriU. 

LET ABCD be a Ciide givoi, Itis^iirrf 
to defcribe an equilateral and equiangular Quin« 
ciecagon in the lame. 

Let A C be the Side of an equilateral Triangle in^ 
fcribed in the Circle A BCD, and AB the Side of ii 
iPentagon. Now if the whole Circumferertce of the 
Circle ABCD be divided into fifteen equal Parts^ 
tfie Circumference ABC, one third of the whole, 
iDball be five of the faid fifteen equal Parts ; and the 
Circumference ABtj one fifth of the whole will be 
three of the faid Parts^ Wherefore the remaining 
Cif cumference B C, will be two of the faid Parts. 
And if BC be bifeaed in the Point E, BE, or E C, 
willbe one fifteenth Part of the whole Circumference 
ABCD. And fo if B E, EC, be joined, and either 
)£C, <>r £B» be condnudly applied in the Circle, there 
fliall be an equilateral and equiai^ular Qi|ihdecagdn de- 
fbribed in the Circle ABCD s which wai to be dont^ 

If, according to what has been faid of the Pentagon,' 
Right Lines are drawn thro' the Divifions of the 
CSrde touching the lame, there will be deicribed 
about the Circle an equilateral and equiangular 
Quindecagon. And, moreover, a Circle may ba 
infcribed, or.circi^mfcribed, about a given equilate^ 
nl and equiangular Qi^iAdecagon. 
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PAR T^ ua Maffiitudi hfdMalfiu 
tudi^ tbi iefs ^ thi ff eater ^ xvberi 
/be leffer measures toe ^eatef. 
II. But a Multiple is a Magnitude of 
a Mapntiide^ ibe ffeMer of the iejer^ ^bed 
^ tbe leffer mea/iires ibe greaUr. , 
ni. Ratio^ is a certain mutual Habitude of Mag- 
nitudes <ftbe fanie kind, according to ^antity. 
fV. Magnitudes are faid to bave Proportion td,, 
eacb oiberj tvbicb being multiplied can exceed 
i one another, 

V. Magnitudes are faid to he in tbe fdffie Ratio ^ 
ibe firfb to tbe fecondy and tbe third to tbe. 
fpurtby toben the Equimultiples of tbe firft and 
tbirdy compared with tbe Equimultiples of tbe 
fecond and fourth^ according to any Multipli-^ 
cation whatfoevery are either both together 
greater^ equaly or lefsy than the Equimultiple 
of the fecond and four thy iftbofe be taken that 
anfwer eacb other. 

I 2 Thar 
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That is, if there be four Magnitudes, and you take 
any Equimultiples of the firft and third, and alfo any 
EquimultipleK of the fecond aiid fourth. And if the 
Multiple of the firft be mater (ban the Multi{>le of 
the fecond, and alfo the Multiple of the third greater 
than the Multiple of the fourth : Or, if the Multiple of 
the firfl be. equal to the Multiple of the fecond; and alfo 
the Multiple of the third equal to the Multifde of the 
foifrth : Or, laflly, if the Multiple of the firft be lels 
than the Multiple of the fecond $ and alfo that of the 
third lefs than that of the fourth, and thefe Things 
happen according to ^very Multiplication whatfbever; 
then the four Magnitudes are in the fame Ratio, the 
firft to the fecond, as the third to die fourth, 

VI, Magnitudes that have the fame Proportion^ arc 
called Proportionals. 

Expounders ufuatly lay down here that Definition 
which Euclid has given for Numbers only, in his 
feventh Book, viz. That 



Magnitudes are faid to be Proportionals^ when thi 
firjl is the fame Equimultiple of the fecond^ as the third 
ii^of thi fourth J or the fame Partj or Parts. 



But this Definition appertains onhr to Numbers and 
commenfurable Quantities ; and fo finoe it is not uni- 
verfal, Euclid, did Wjell to rejcd it in this Element, 
which treats <]f the Properties of all Proportbnals ; 
and to fubfiiitute another general one, agreeing to all 
Kinds of Maghkudes. In the mean time. Expounders 
very much endeavour to demonftrate the Definition 
here laid down by Euclid^ by the ufual received Defi- 
nition of proportional Numbers ; but this much eafier 
flows from that, than that from this ^ which may be 
thus demonfkted: 

Firfl^ Let A, B, C, D, be four Magnitudes which 
are in the fame Ratio, according to the Conditions 
that Magnitudes in the fkme Ratio moft have laid. 
1 down in the fifth Definition. And let the firft be a 
Multijffe of the fecond. I fay, the third is alfo the 
ft'jTjc Multiple of the fourthi, For Exaif pie : Let A 

far 
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he equal to 5B. Then C (hall be equal to 5D. Take 
any Numben For Example, 2; by which let 5 be 
multiplied, and the ProduiS: will a p r> 
be 10: And let 2A, zC, be A: IS:: C: u 
Equimultiples of the firft and « -o n r% 
third Magnitudes A and C: *^' '°^^ *^» '"^^ 
Alio, let loB and loD be EquimultifJes of the fe- 
cond and fourth Magnitudes fi and D. Then (by 
Def. 5.) if 2A be equal to zoB, 2C fhall be equal 
to I oD. But fince A (from the Hypothe/is) is five 
Times B, 2A ihall be equal to loB ; and fo 2C equal 
to loD, and C equal to 5D ; that is, C will be five 
Times D. W. W.D. 

Sicmdfyy Let A be any Part of B ; then C will be 
the fame Part of D. For becaufe A 15 to B, as C is 
to D ; and' fmce A is fome Part of B ; then B will be 
a Multiple of A : And fo (by Cafe i.) D will be the 
fame Multiple of C, and accordingly C (hall be the 
feme Part of the Magnitude D, as A is of B. W.W,D, 

Thirdly^ Let A ht equal to any Number of what- 
ibever Parts of B. I fay, C is equal to the fame 
Number of the like Parts of D. For Example : Let 
A be a fourth Part of five Times B ; that is, let A 
be equal to .^B. I fay, C is alfo equal to ^D. For 
becaufe A is equal to ^B, each of them being mtdti- 
plied by 4, then 4 A will be equal to 5B. And fo 
if the Equimultiple of the firft . , g , . q . t% 
and third, viz. 4A, 4C be af- 
fumed; as alfo the Equihiuldpl^ a .0 aC* rT% 
of the fccx)nd and fourth, vi%. ^^' ^^' ^^' ^^' 
5B, 5D, and (by the Definition) if 4 A is equal to 
5B ; then 4C is equal to 56. But 4A has been proved 
equal to 5B, and fo 4C (hall be equal to 5D, an4 
C equal to -^D. W.W.D. ^ 

And univerfally, if A be equal to — B , C will be 

mm 

pqual to — D, For kt A and C 
m 

be multiplied by m^ and B and 

D by If. And becaufe A is equal 



A: B:: C; D 



AM 

to— B; mA i[hall be equal to 
m 



iirA, nQj mCy nD 



n& ; wherefoitt (by Def. 5.) mC will be equal to ?|D, 



n 



MC equal to~D. W.W.D, 
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V|I. ff^en of Equimultiples, the Multipk of th 

ji'rft exceeds the Multiple of the fecondj but the 

Multiple of the tbitd doei ffof exceed the MuU 

j tiple of fii fourth ; then the firfi to ibe fecond 

' ifj faid to have a greatet Propottidti than tbf 

third to the fourth. ' % 

y III. Jnalogj is a Similitftde if Proportions. 

IX. Analogy at kaft conftfis of three ^ermf* 

X. fflfen three Mdghitudes ire Proportional fi the 
' frji is faid to havt W the third ^ a Duplicate Ra- 

jfip to what it has to the Jkeond. 

XI. But wb^hfour Magnitudes at'e Proportiontdfi 

the firfi fiall have a triplicate Ratio to the 

fourth (f what it has to the fecund ; and fo aU 

ways One fniore in Ordery as the Proportion's 

Jbnll Be extended. 

Xll; Homologous MifgHiittdesj or Mapiitudei of a 

likekatio, ate faid to be fucb whoje Aniecedehts 

are to the Antecidefits^ iarid Confepents to the 

tlonfequents. 

Xin. Alternate Rafio^ is the comparing of the Jif^ 

' teceasnt with the !dntecedenty and the Cohfequent 

' kvitb the Confequent. 

JflV fyyerfe R,atioy is itohen tb^ Confequent ^ 
' takfp as the Antecedent^ ind fi com^rtd' tiriii 
the Antecedent as a Confequent. '' *' 

XV. Compoundfid Rafioy is when the AHteceient 
' and Confequent taken both' as one y is comparei 

to the Confequent itfelf. ' ' 

^Vf . pividea Rdlio^ is when the Excefs whereiff^ 
^ the Antecedent exceeds the Confe^ent^ \s com- 
^dred with the Confequent. 
XVil. Converfe Ratidy is when the Antecedent ii 
con^afed with the Excefs ^ by which ibe Antece- 
dent exceeds the Confequent. • ' ■ 
XVIIL Ratio of Equality^ is where tber^ are taie^, 
more than two Magnitudes in qhe Order ^ and 4 
like Number of Magnitudes in another Orderl 
comparing two h two bein^ in the fame Pro- 

■ '^ ' ' portions 
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PROPOSITION IV. 

T H £ O R £ Mt 

If the jprfl hope the fame Proportion to the fecond 
afibf third to the fourth ; then alfofhall tbeEqui- 
multifles of the firft and third have the fame 
Proportion to the Equimultiples of the fecond and 
fourtb^aceordingto any Mult tf ligation whatfoever^ 
ifth&j be fo taken as to anfiver each other. 

LET the firft A bs^^e the fame Proportion to the 
fecond B as the thir4 P hath to the fouith Di 
andlctEandF,the£qui- 
imikipks of A and Q be 
any bow taken; asalfoG, 
H, the Equimultiples of B 
andD. I ftv J£ isto Qas 
FistoH. 

For take K apd L, any 
Equimultbles of E and F ; 
and alfo M and N of G 
and H. 

Then betaufe E i6 the 
fiune Ik^Utiple <^ A, as F 
is of C and K, L ate 
taken Equimultiples of E» 
F, K Will be "(^ the lame 
Multble of A) as L is (yf 
C For the fame Reafon, 
M is the lame Multiple of 
B,a3NisofD. Andf^nte 
A is to B, as C is to D^ 
and K and L ate Equimul- 
idples of A and C ; and alfo 
M and N Equimultiples of 
B and D. If K exceeds 
M, then t L will exceed Nj 
|f equal, equal ; orlefs, lefs. 
Jfj^d K, L are Equimultiples 
fff E, F, and M, N, any 
ptSer Equimultiples of GH, 
Therefore, as £ is to Q> f<i( 
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J ^^5- &all t F be to H, Wherefore, if the firjf have the 
fame Proportion to the fecondj as the third to the 
fourth ; then alfo Jhall the Eauitnujtiples of the firfl 
and third have the fame Proportion to the Equimultiples 
fff the Jecond and fourth^ according to any Multiplicettioti 
whatjoevery if they he fo taken a^ fp fffffr^cr each\ 
which was to be aemonffrated, 

Becaufe it is demonftrated, if K exceeds M, then/ 
L will exceed N ; and if it be equ^ tQ it, it will 
be equal ; and if lefs, lefler. It is manifbft likewife^ 
if M exceeds K, that N fhall <^csed L ; if equal, 
equal ; but if lefs, leis. And therefore as G is to £, 

*^!/-5. fois*HtoF., 

CorolL From hence it is manifeft, if four Magnitudes 
be proportional, that they will be alio inverfel^ 
proportional* 

PROPOSITION V. 

T H E O R E U. 

4 

If one Magnitude be thefamt Multiple of another 
Magnitude y as a Part taken from the one i^ofa 
Pari taken from the other ^ then the Refidue of 
the onefhall he the fame MuUipktf the Refidm 
of the other y as the whole is of thi whale. 

LET the Magnitude AB be the fame Multiple 
of the Magnitude CD, as the Part taken away 
A E is of the Part taken away C F. I 
^ fay that the R^fidue E B is the fame B 

Multiple of the Refidue FJ), as the 
whole A B is of the whole C D. 

For let E B be fuch a Multiple of 
CGasAEisof CF. E 

Then becaufe A E is the fame Mul- 
tiply of CF, as EB is of CG, AE 
* ; tf f^/>. will be t th^ fame Multiple of C F, 

' as AB IS of GF. But AE and AB AD 

are put Equimultiples of CF and CD. 

Therefore A B is the fame Multiple of G F as of 

t-/^^*""^ CD; and fo GF is f equal to CD. Now let CF, 

?^' "* whicji is common, be taken awayj and the Rcfidiie 

• GC 
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G C is equal to the Refidutf D F« And tjien be- 

caufe AE'is the fame Multiple of GF, 9s EB is 

of CG, and CG is equal to DFj AE ihali U 

the fame Multiple of CF, as EB is of FD. But 

AE is put the fame MuWplcof CF as AB is of CD. 

Therefore EB is the fame Multiple of FD, as 

AB is of CD: and fo the Refidue EB is the fame 

Multiple of the Rofidue FD, as the whole A B is of 

the whole CD. Wherefore, if onfi Magnitude be the 

fame Multiple of anether Magnitude^ a» a Part taken 

from the one is (f a Part taken from the other ; then 

the Refidue rf the onejhall be the fame Multiple of the 

Refidue of the other ^ as the whole is of the whole i 

which was to be demonflrated. 

PROPOSITION VL 

Theorem. 

If two Magnitudes be Equimultiples of two Mag- 
nitudes^ and fotne Magnitudes Equimultiples of 
the^ fame he taken away y then the Refidues aft 
either equal to ihofe MagnitudeSy or elfe Equi* 
multiples of them. 

LET two Ma^tudes AB, CD, be Equimidti- 
plesof twoIi£ignitudes E, F, and let theMs^* 
nitudes AG, C H, Equimultiples of the fame E, F^ 
be taken from AB^ CD. I fay, the Refidues GB, 
HD, are dther equal to E, F, or are Equimultiples 
of tl^m. 

For firft, Let GB be equal to £. I fay, HD is 
alfo equal to F. For let CK be 
equal to F. Then becaufe AG 
is the fame Multiple of £, as CH 
isof F; and GB is equal to E; 
andCKtoF;ABwmbe»the 
fame Multiple of E, as KH is of I I ^ 
F. Bu£ABand CDareput ^ I I „ 
Equimultiples of E and F. ^ " I I 

Therefore KH is the feme Mul- till 

tiplcof F, asCDisofF. B D E F 

And becauie KH and CD are 

Equimultiples of F;^ KH will be equal to CD. 
4 Tak^ 
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^akc away GH wliich is com- 
mon; th^ the Refidue KC is 
kqfi^ to the Refidue H D. But 
K C IS ecfjol to F, Thcrcforg 
HD IS equal to F^ andfoGB 
AaU be equal to £, andHDto 

F. G fH 

In like.Mannerwa demons 

ftrate if G B vms a Multq^kof 

E, that ItD is theUke Multiple 

- tf F. Therefore, if two Mag- 

mtudis be EjmmiMpUs (f tm B D £ ^ 
magmtudiSj and finu Magtu-^ 
iudes Equimultiples of the fame he taken awey ; then tHe 
Rejidues are either equal to thofe Magnitudes^ eir elfi 
EquimdtifUs of them ; which Was to be denK)nfirat&i«' 

PROPOSITION VII. 

Problem. 

Equal MagmtUdes have the fame Proportion to thi 
fame Magnitude ; an4 P^ and the fame Magm- 
tude has the fame Proportion to^d Magnitudes. 

LET A» B^ hi equal Magiittu^ and kt;C be 
any odicf Magnitude. I fay, A aiui ll hasrd 
<ihe iame Proportion to £; and 
MswiSb C Jhas lObe iame Erapor- 
tkm id A as to £. 

For take D, £, Equimultiples 
of A capd B9 and <fet F hi any 
other Multiple of C. 

Now becaufe D is ^the iame 
Multiple of A, 9s £ is of B, and 
A is equal to B, D ih^ be alio 
tqual to £ ; but F is a Magnitude 
taken at Pleafure. Therefiiit if 
D exceeds iF, then JE jevillexoeed 
F; if D be equjjl to F, £ will be 
equal to F ; and if lefs, lefs. But D^ £ are Equimul-' 
tiples.of A, JB ; and F is any Multiple of C. Thero^' 
* Mi^ fore it will be*at A is to C, fo is B to C. 

I %4 moreover:! that Q had th^lame Pxopordop^' 

A 
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A as to B. For the iame Conftnidion remaiiung^ 
we prove, in like manner, that D is equal to £. 
Therefbie, if F exceeds D, it will a^ exceed £ ; tf" 
it be equal to D, it will be equal to £ } and if it hd 
JeTs than D, it will be leis tlian £. But if F is Multiple 
of C; and D, £9 any other. Equimultiples of A, B« 
Therefore as C is toA,fofliali*C be to B/ Whc»-*i*5/S ^ 
fore equal Magnitudes have the fame Proportion to 
the fame Magnitude j and the fame Magnitu(fe <0' 
£gual ones i vjbich was to bg itmn^raud. 

PROPOSITION vni. 

T *[ 1 o u E M. 

the ff eater of any two unequal Ma^tdtudis^ has 
a greater ProforUon to Jome third M^nitude^ 
than th lefs has % and that ibird Magnitude 
hath a greater Proportion io iheleffer ofthetwtf 
MagmtudeSi than it has h the greater. 

LET^ AB and C be two unequal ]ti^itude% 
-whtkeof AB is the greater: and let D beairf 
^^d Magnitude. I fay, AB has a greater Proportbii' 
to D9 thui C has to D^ and D has a greater PrqpoJr- 
don to Q than it has to AB. 

Becauie AB is greater than C,- make BE djual tm 
Gi thatisy let ABexceed C 
Iqr A£ ; then A£ multiplied F 

fome Number of Times, will 
be greater than D. Now let 
A£ be multiplied until it ex- 
ceeds D, and let that Multiple 
of AE, greater thanD,beFG, 
Mak^ GH the fame Multiple 
of EB, andKofC, asFG 
'Is of AE. Alio, ailume 1/ 
double to D, P triple, and ib 
:6n, until fuch a Multiple of 
D is had, as is the neareft 
greater than K; let this beN, 
and let M be a Multiple' of 
Dthe neareft lefs than N. 

Now becaufe N is the I 

iMreftMdiiipteofDgiwteir N M P' L Tf 

than 



6 



K H B 



I 
O 



133 Euclid'^ Elements. Btx)k V; 

thkh iC, M will riot be greater than K, that i^ fe 
win not be leis than M. And fince.FG is. the feme 
Multiple of AE; ^' 6H is of EJSf ; F G (hdl be 

•itfihit. * the fame Mul4)l^^f AE," asFHis of AB; but 
F G is the fame Multiplef of A E, ^ K is of C; 
wherdbfe FH is the fame Multiple 6f AB, ate K is 
of Ci that is, FH, K, are Equimiilfiples of A B and 
C. Again, becaufe G H i^ the fame Multiple of 
E6, as Kis o^ C, aJid EB is equd to C; GH fBall 

t -Af. 1. be t equal to K. But K is not le(s thain M. Thert^- 
' fore GH fhall not be lefs than M; but FG is greater 

than D, Therefore the wh6le F rf will be greater 
than M and D ; but M and D together,^ are equal to 
N ; becaufe M is a Multiple of D, the neareft leffer 
thin K : Wherefore FH is grd&ter than N. And fo 
fm^ F H exceeds N, and K dots not, ind FH and 
iC ^re Equimultiples of A B and C, aiid N k another 

i Difi 7. Mbkiple of D ; therefore A B will^ have % z greater. 
Ratio to D, thsui C has to D. I fe]r, moreover, thaf 
D has a greater Ratio to C, than it has to AB ; for the 
fame Conftru6Hon remaining, we demonfbate, as be- 
fore, that N exceeds K, but not F H. Arid N is a 
Mukiple of D, and FH^ K,- are Equiniultiples of 
A B and C. Therefore D has t ^ ^eater Propor- 
tion to C, than D hath to B. Wherefore thi greater 
$f any two unequal Magnitudes^ has a gf eater Pr(h 
portion to fome third Magnitude^ than the lefs has; 
and that third Magnitude hath a greater Propofrtioh 
to the lejfer of the two Magnitudes^ than it has to the 
greater. 

PROPOSIlTION IX. 

Theorem. 

Magnitudes which have the fame Proportion toorte 
and the fame Magnitude^ are equal to one an- 
other ; and if a Magnitude has the fame Pro- 
portion to other MagnitudeSy tbefe Magnitudes 
are equal to one another. 

L%T the Magnitudes A and B have the fame Prc^ 
portion to C. I fav, A \% equal to B. 

For 
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For if it was ndt, AzhiB \trould not * have the* ^ ^'^"^^ 
fime Proportion to the lame Magni- 
tude Cj but they tiave. Therefore A 
is equal to B. ' 

Again, let C have the fame Propor- 
tion to A as to Btf I fay^ A is equal 

For if it te noi^ C Wijl npt have the 
fame Pfoportioi^ to A as tp B ^ but it 
hath : thercfoi^' A is neceflariiy equal 
to B* Thefefettc, Magmtuaei that 
have ihifame Proporiim to one and tie 
fame Magnitude^ are equal th one another \ and if d. 
Magnitude has the fame Proportion to other. Magnitudes^ 
thefe Magnitudes are ^qual to one another j which was 
to be demdhftrat^« 

PROPOSITION X. 

T H E O R S M< 

Of Magnitudes having Proportion to the fame Ma^ 
fAtMe-i' that which has tbt greater Proportion^ 
is the greats Magnitude; And thi Magnitude 
to 'otfhbh '^thi fame bears a greater Proportion^ 
is tk^ lejfer Magnitude. , 

LET A have a greater Proportion to C, than B 
has to C I fay, A is greater than B. 

For^f iriRTriot greater, it will either be eqo* <yt 

lefs. But A isnot equal to B, becaufe , , 

then both A aftd^B' Would ha\re '^ the 
fehte" Piiopaitioii to th^ f^me Riagnf- 
ttrie C ; bOjt theyf have not. Therrfore 
A IS riot equal' t6 B : NeitHer ii if fefs . 
ttem Bf for flidtt A Would have t alefe 
PfoportidiJ to C th^ B would have; 
Bat it halhTibt a lefe Proportion : There- 
fore A is not lef^ than B. But it has , 
been pro^feS likewife ftot to be equal to 
it : Therefoit A fhall bd giiKttef than B. ' ; 

Again, let fc have a greater Proportipn to B tKirft<r 
A; I fay, B ia lefs than A, ' * 
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For if it be not kfs, it is greater, or equal. Now 
• 7 sT ^^'* B is not equal to A ; for then C would have * the 
fame Proportion to A as to B ; but this it has not. 
Therefore A is not equal to B ; neither is B greater 
than A ^ for if it was, C would have a lefe Propor- 
tion to B than to A ; but it has not : Therefore B is 
nqt greater than A. But it has allb been proved not 
to bt equal, to it. Wherefore B fliall be kfs than 
A. Therefore of Magmtudts havini Proportion to 
the Jam Magnitude , that ivhicb has the greater 
Proportiony is the greater Magnitude : And that Mag- 
nitude to which the farm hears a greater Propoffiony 
, is the lejfer Magnitude \ which was to be demon- 

Arated. 

» - ' 

PROPOSITION XI. 

Theorem. 

Proportions that are one and the fame to any tbird^ 
are alfo the fame to one another. 



LET A be to B as C is to D, and C to D as £ 
to F. I fay, A is to B as E is to F. 
For take G, H, K, Equimultiples of A, Q £ ^ and 



G « ■■■' ' • H 111 K« 

A c— — E' 

B— ^ D F- 

I, M. N. 
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X, M, N, other Equimultiples of B, D, F. Then 
becaufe A is to B as C is to Dy and there are taken 
G, H, the Equimultiples of A and C, and L9 M any 
Ll^'^ '^ Equimultiples of B, D j if G eccceds L, ♦ then H wiU 
. exceed M ; and if G be equal to L, H will be equal 
to M; and if lefs, leflTen Again, becaufe as C is to 
D, fo is £ to F ; and H and K are taken Equimulti* 
pies of C and E ; as likewife M, N, aiw {Equimulti- 
ples of D, F ; if H exceeds M *, then K will exceed 
N ; and if H be equal to M, K will be equal to N; 
■ ^3^(i if left, lefler. But if H exceeds M^ G will alfo 
exceed L ; if equal, equal ; and if leis, leis. Where- 
fore if G exceeds L, K will alfo exceed N ^ and if 

O 
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6 be equal t6 L^ K will be equal to N; iuid if lefi, 

)els. But G, K are Equimultii^ei of A, E, and L, N, 

are Equimttldpksof B, F. Confisquendy, as A is to 

B, lb * is E to F. Therefore, Proportions that are^i ^«^ ^ 

OHi and the fame to any thirdy are alfi the fame to one '^"* 

another I which was to be demonftrated. 

P^ROPdSITION XIL 

Theorem* 

Jf any Number of Magnitudes he proportionalj as 
one of the Antecedents is to one of the Confequents^ 
fo is till the Antecedents to all the Confequents. 



L 



£ T theft U ftny Numbtr <^ praportionsd Mag- 
nitudes, A, B, C, D, £, F ; whemrf'as A isto B> 




E. 

£. 

F- 
N. 



fo C is to D, and To £ to F. I fay, as A Is to B9 
fo are all the Anteced^ts A, C, £, to all the Confe* 
quents B, Dj F. 

' For let G, H, K, be Equimultiples of A, C, E; 
and L, M, N,.any Equimultiples of B, D, F. 

Then becaufe as A is to B, fo b C to D, and 
to E to F J and G, H, K, are Equimultiples of A*- 
C, E, and L, M, N, Equimultiples of B, D, Fj 
if G exceeds L5 H ♦ wiH alfo exceed M, and K^D^s-rf" 
wai exceed K j if G be equal to L, H will be equal^*"- 
to M, and K to N ; and if lels, leis. Wherefore 
alfo, \£ G exceeds L, then G, H, K, together, will 
Mkewiie exceed L, M, N, together ; and if G be 
equal to L, then G, H, K, toeether, will be equal 
Id L, M, N, together ; and if leS, lefs : But G, and 
G, H, K, are Equimultiples of A ; and A, C, £ ; 
becaufe, if there are any Number of M^nitudes Equi- 
mult^les to a like Number of Magnitudes, each 
to the odier, the fame Multiple that one Magnitude 
it of one, fo fliall f all the Magnitudes be of aH fi ^ tkiu 
And for the fame Reafon, L^ and L^ M^ N, are 

- K a V Equi- 
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Eqiuixiultipks ^ B) 9x4 B, £^ F. Therefore, 9S 
fsDcf.of AitoB, fofis A) C, £, to B, P,;F. Whcic-i 
'^^'' fua^ if there, be iVff Number ef Mn^ikH4f^ pr^pot" 

ttfiml\ as one of the kntecedeiUs is to 0fi4 of tLt Con/e-'' 

fuentSjJiarealithe/fftteceJents to aUtbi(!otf^fiiiHfSi 

which was to 1^ 4cqimfti^tfd^ 

PROPOSITION xai. 

T.H sail B M. 

^ tbefrfi bai the farm Profortiofi^ fothefecond^ 
ai the third to. the. fourtby and if the thdrd has 
' a g^reater Proportion to the fourth than tk^ fifth 
to the ftxth ; then alfo Jhall the fir ft have a 
greater Prmrii<m tQ tk^ fi<;oMd, itott tbefift^ 
has to the path.: . 

LET thc£jBft A have the £une PvoferOoa ta tbe 
^ fecond B> as the third C han to thc^fiauthD.; 
and let the third C have z^ greater Proportion, to th^ 
fourth D. than the fifth £ to the fixth F. I fay«: 






B D Et-r 






T^« 



lU^iic^ that the &*{( A to the fecQiidB has a greater 
Prop^tion tLiLthe fifth £ to the fixth F. . 
'*For bccaufe q has a ^ter/ Propqrtioft to Ji^ 

*'7 ^5/^ / thfui^E has to F ; there arc * certain BqujjnHltip]e$.(^' 
' ■^^an^Era9Aoth<yj^9fDa^^^^^^^ 

Uple (^ O may exceed t^h^ Multiple of D^; but th% 
fdultipleiof E xx>t thatpf F. Now. let |hefe £^^ 
mMltjpIes of C and £, jbe^ G uA H; and K and L^ 
^ofe of' Bi and F ^ £0 that G exceefla K, W Hrnot^ 
\si A^e M t^e fame Multiple of A, s)a O is of C^; 
an4 N the fame of B, as K is of D. 
, Then, becauf? AistoBasCisfio D, and M andi 
Q afe EqHunuItifdes of A, Q ; .^uid N, K, of B, D a; 

1 5 ^e/^ lif M exceeds N > then t G wUl exceed K y and if M^ 
be equal to N ; G will b^ ^ual ta K; and if lef%, 

fir 
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To exceed N. But H does not exceed L. And M^ 

H, are Equimultiples of A, £ ; dnd N, L, any otbert 

of B, F. Therefore A has a* greater Proportion \x^* j Df.tf 

B than E has to F. Wherefore, if the firft has thV^''^ 

fame Proportion to the fecondy as the third to the fourth \ 

and if toe third has a greater Proportion to the fourth 

than the fifth to the fixth ; then alfojbaU the fir fi have 

a greater Proportion to fhe fecond^ than the fifth has t$ 

ihejixthi which was to be demonfbated* 

PROPOSITION XIV, 



/ Th £ O R S M« 

Jf tbifirfi has the fame Proportiw to the ficokd^ 
as the third has to the fourth ; dnd^ if the firfi be 
greater than the third \ then will the feconS be 
greater tbatt the fourth. But ^ the firft be equal 
to the third y then the fecondfi>all be equal to the 
fourth % and if the fiift be Ufs than the thirds 
then the fecond will be Ufs than the fourths 

LET the firft A have the fame Proportion to tliS 
fecond B, as the third C has to the fouith D : 
And tet A Be gitater than C. I fay, B is a(lib.great^ 
thanD. 

F6r hecaafe A is greater than C, and 
It h any otiier A&gnitdde: A Will 
have * a greater Proportion tc^ B than 
C has tb fi ;: ht^ as A is to B, fo is 
e t6J>; .therefore,^ alfo, Cihalff 
^Ve ^ ^^er Proportion to 'ftan 
e h^tW tp B. • Bfut that Magnttude to 
wWcIt t!hfc fame bdtrs a gf^tw Pro- 
pbtA>ft, is X the Icflir Ma|;mtudfe i 
Whlprefore D'is lefsthanB; andcon^ 
fequently B will be greater than D, In 
like Maniief we demonftrate, if A be 
equal to C, th^t B will be equal to D ; and if A be 
fcfs than C, that B will be lefs than D. Therefore, 
if the firft has tke fanu Proportion to the fecond^ as 
the tbtra has to the fourth^ and if the firft be greater 
hraii tmf thirds tUn will the fecond be greater than 
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tbi fourth. But if tbijlrji h iqual U tbi thirds then 
tbi Jicmi JbaU he equal to tbe fourtb\ and if tbi fir/l 
be hf% than tbe tbirdj tben tbe Juend will he kfs tk^t^ 
the fourth i which was to be dbnooftrafiBd. 

PROPOSITION XV. 

Theorem. 

Parts bdve tbe fame Proportion as their Hke Mnl^ 
liplesj if taken correjpondently. 

LET AB be the fame Multiple of C, as DE is 
of F. I fey, as C is to F, fo is AB to DE. 
For becauft Ab and Q E are 
Equimultiples of C and F, there A 
fhall be as many Magnitudes 

ajal to C in AB, as there are 
agnitndes equal to F in DE. 
Now, let A B be divided into 
the Magnitudes AG, 6H, HB, 
each ecpial to C ; and £ D into 
the Ms^itudes DK, KL, LE, 
each equal to F. Then the Num- 
ber of the Magnitudes AG, GH, 
HB, will be equal to tbe Num- 
ber of the Magnitudes DK, KL, 
LE« Now, becaufeAG, GH, HB, are equal, as 

•7sr'*''.likewifeDK, KL, LE, it (haU bc*asAGista 
DK: So is GH to KL, and fo is HB to LE. But 
as one of the Antecedents is to one of the Confe^ 

tx*/f^/i.quen|s, fo t all the Antecedents to all the Confe- 

Sents. Therefore, as AG is to DEL, fo is AB Co 
E. But AG js ecpxal to C, and DK toF. Whence, 
as C is to F, fo fliall AB be to DE. Therefore, 
Parts have the fame Proportion as their Hie Mubi* 
plesj if taken (orrej^dentfy i which wsis ^ bcdemon* 
f^ated* 
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PROPOSITION XVI. 

Theorem. 

If four Magnitudes of the fame Kind are proper^ 
lionalj tbey Jhall alfo he alternately proportional. 

LET fixir Magnitudes ABC D, be proportional ; 
whereof A is to B as C is to D. I iay likewife, 
that they will be alternately proportional, vix. as A 
is to C, fo IS B to D; for take £, F, Equimultiples 
of A and B, and G, 
H, any Bquimulti* E. G ■ , ^ 

pies of C, D. A C 

Then becaufe E is B D 

the fame Multiple of ^ ' ^ 

A, as F is of B} ^md 

Parts have the fame Proportion * to their like Mul- • 15 ^ tbis^ 
tiples, if taken correfpondendy ; it fhall be as A is 
to B9 fo i^ E to F. But as A is to B, fo is C to 
D. Therefore alfo as C is to D, fo f is E to F. t " rf^^*^ 
Again, beciufe G, H, are Equimultiples of C and. 
D, and Parts have the fame Proportion with their 
,like Multiples, if taken correfpondently, it will be 
as C is to D, fo is G to H i but as C is to P, fo 
16 E to F. Therefore alfo as E is to F, fo is G to- 
H; and' if four Magnitudes be proportional,^ and the 
firft greater' than the third, then the fecond will be Xli^of ehiu 
greater than the fourth ; and if the firft be equal to 
the third, the fecond will be equal to the fouith ; and 
if Icfs, lefs. Therefore, if ilTexcceds G, F will cx-^ 
ceed H ; and if £ be equar to G, F will be equal, 
to H ; and if lefs, leis. But E, F are aey Equi- 
multiples ^ A, B ; and G, H any Equimultiples oC 

C, D. whence, as A is to Q, fo mall B be 4 to 4. D^/: 5. 

D. Theircfore, if four M^nitudes of the fame Kind 
are proportional^ they alfo Jhall he alternately propor-* 
tionaL 
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PROPOSITION XVII. 

T H ? O H E M> 

Jf Magnitudes compounded^ are propQrtio^ai I tbey 
Jhall alfo be proportional when divided. 

LET thccomix>imdedMagnkud$? APx-PJf* CD, 
D iF, be proportional, that is^ lef AB'be to B JE 
as C D is to D F. I f^, thcfe Mi^imitufles divided arQ 
proportional, vi^ as A^ is to £Q, lo is CF to ^Q< 

For let GH, HK, LM, / ^ 

M N, be Equimultiples of AE, X 
EB, CF, FD,ahdKX,NP, 
any Equimultiples* of "" E B, 

FD. 

Becaufe GH is the fame 
Multiple pf AE §s HK is of B 



K 



f i c/^Wj.EB.; therefore GH * is the 



H 



P 



N 



F 



M 



G A C L 



fame Multiple of A 1$, as GK 

fc of AB. But GH is the 
i^me Multiple of A E, as L M 
is. of C F. Wheref9re G K 
is the fame Multiple of A'B, 
as L M IS of C F. Agal^i fcecaufe L M is the fame 
Multiple of CF as MN is of FD, LM wijl be the 
♦ the fame Multiple of CF, as LK is of CD, 
Therefore GK is the lame Multiple of AB, a^ L^. 
iso^CD. And foi GK, LN will be Equimulti- 
ples of A B, CD. Again, bec;iufe fl K is the fama 
Multiple ofEB, as MN is .of FD; a^likewifeKX 
the fame Multiple of EB, as NP is Qf FD, the 

f 9 ^/M. compounded Magnituide UX isf alfqt^e f^me Mu}r: 
tiple of EB, as MP is of F D. Wherefore,. fijR^ce it 
is as. AB is to BE, fo is QD tp DF; ^d GK,. LN 
gre Equimultiples of A B, CD;, a^d alfo IJ.X,' M P 
any Equimultiples of EB, FD ; If G K exc^aedp H ^^ 

t ^5^ 5- then LjM will % exceed m^ : and if G K be eqi^ ta 
H X, then L N will be equal to M P ; if lefs, lefs. 
Now let G K exceed HX j then if HK, which is 
common, be taken away, GH jQiall exceed KX, 
But when GK exceeds HX, then LN exceeds MP; 
•therefpre LN does pxceed MP, If MN, which is 

common. 



common, be taken away, then LM will exceed NP. 
And fo if GH exceeds/KX, then LM wijj exceed 
N P. In like manner we demonftrate, if G H be 
equal to KX, that LM will be equal to NP; and if 
Jefs, lefs. But GfH, LM, are Equimultiples of 
AE, CF; and KX, NP, are any Equimultiples of 
jpB, FD- Whence, *asr»AEisto EB, foCEto»l?e^s. 
FD. Therefore, if Msgukudes cimfwnd$iiyare fr^ 
portionah, they fiaualfo be prapinrtimal when divided i 
iribicb WM to be dfinjHWl^tilt - -'^ • '^ 
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PROPOSITION XVHR 

• r 

ff 

T H £ e It £ M; • i • • 

'ff McfgnitMctes aivid^ ie pr^ortioftalp tb^ fatm 
^' alfo beingcompQundedy^J^m-bipr^p&riiMd. 

T ET* the divided proportion;!! Msgnituiks^bQAE^' 
JL EjB, CF, FDi that is, a$ AE iito EB> fai$ 
GF to FD. I fay^t thcy^ajrc a)fo ptoppr- 
ti4nal when QQ9ipouade4, 't^z^ 9s AB iff 
tc^RE, foisQDtaQF. . 

; For;if ABbe not to »©» ga CD i$ 
tp^DFj; ABflwUb^to^^BE ^ CQis 
to a Magnitude, eith^ gsoaitar oi leT^ * -£. 

than FIX ^ 

Firft,;lft it be to a kfler, vi%* to G DL . 
Tht^b^i^vifcr AB i9 to< B£^ CD is (ip 

P Gr ^^P^unded Mijgfiijbudet^ are pror 

portiooaJ j . and joonfeqiu^ntly ^ iihey wiQ 

be. propprtfq^ whet^ di^id^. Tb€refi)ee.A£;is to 

£B,a^ Q0 is to QD. ftit (by the i&5^):as AElK to 

EB, fois.<PFtoFDi Whqrrfow alfo as e G is to 

G 0, if>i^ is. CF to FD... But the firft CG isisriBater ^ „ ^ftbh. 

t^ th|9 tilled CF i f^en^t the fecoisd DG fliaUbe 

1 greater thw thp foujcth.D F..\But it is le&» wUcb is 1 14 0/ <&/5« 

abfurd, Therefore AB is nfl>t to BE, as CD is to DG. . 

We demonftrate in the &me manner^ that AB^to BE, 

is not 2^ CD tQ a gr^iaier tb^n DF. Thersfom AB td 

JB £, inuft noc^ilarily be aa CD is to DF; And fo i^ 

Magnitudes divide^ be proportional, thefrtwill alfo be 

pfY^ortipnal wb^n Qompoimded » vA^ '^as u be dey 

manfir^tefi 

PRO- 
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PROPOSITI ON XIX. 

Theorem. 

Jftbe whole he to the whole ^^ as a Part taken away 
is to a Part taken away ; tbenjhall the Refidue 

be to the Refidue, as the ff^hok is to the TVhok. 

. - , ' "^ •.••■••••• •■ . ■ ^ 

LET the whole AB be to the whole CD, « the 
Part taken away A£ is to the Part taken away 
CF. I fay, the Refidue £B is to the Refidue FD, 
as the whole A B is to the whole C D. 

For becaufe the whole AB is to the whole CD, 

• ii$ftbiufis A£ b to CF ; it fhall be ^alternately as AB is to 

A£, fo is CD to CF. Then becaufe compounded 

Magnitudes, being proportional, will be 

t »7 ef '*"• f dfo proportional when divided. As 

BEisto EA, fo kDF to FC: And 

again,< it will be by Alternation, as BE to 

DF, fo is EAto FC. Butas EA to FG, p 

fo (by the Hy^) is AB to CD. And ^ 

Uwi^M^ the Rdidue EB, fliall be to the 

lUBdbe FD, as the whde AB td the whole 

CD* WlmeSxt, if the WbpU be to tbt B D 

Pndty as a Part taken away is Jo a Part 

taken away ; then Jhall the Refidue he to theRefiiue,^ as tie 

whok is to the whole ; which was to be demonftrated. 

^orolL if four Magnitudes be {H^oportional, they wiD 

be likewife converfely proportional. For let A B 

be to BE, as CD to DF; then (by Alternation) 

it fiiall be as AB is to CD, fo is BE to DF. 

Wherefore fince the whole A B is to the whole 

CD, as ilie Part taken away BE is to the Part 

taken away DF ; the Refidue A E to the Refidue 

CF, (hall be as the whofe AB to the whole CD. 

And again (by Inverfion and Alternatbn) as AB is to 

AE> fo is^ CD to CF. Which is by converfe Ratio. 

T'he Defnonfiration of converfe Ratio, laid down in 

this Corollary, is only particular^ For jStemation 

(which is ufed herein) cannot he applied hut when the 

four proporAmal Magnitudes ate all of the fame Kind, 

as Will appear from the 4th and ijth Definitions of this 

Book. But converfe Ratio may be ufed when the Termf 
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^ ibefirjl Rath an not 9f the fame Kind with the Terms 
rfihe ktt^. Therefore tnfteaa of thaty it may not be im^ 
proper to add this iJemonftration following : IffourMag^ 
nitudes are proportional^ th^ will he fo cow erf dy : For 
letAB he to BEy as CD ta DF. And then dividing 
it isyos AE is toBEjfoisCF toDF : Jnd this inverfefy 
isy as^ BE is to AE^fo is DF to CF; which by compound^ 
ing becomes^ as KB is ta AE^fois CD to Cr ; which by 
the 17th Definition is converfe Ration By S. Cunn* 

PROPOSITION XX. 

T H I O R E M. 

If tbete hi ihrei Magnitudes^ and others equal to 
tbem in Number ^ which being taken two and two 
in each Order ^ are in the fame Ratio. And if the 
Jfirfi Magnitude be greater than the thirds then the 
fourth will be greater than tbeftxtb: But if the 
firfi be equal to the tbirdy then the fourth will be 
equal to tbeftxtb-, and if the firfi belefs than the 
tbird^ the fourth will be lefs than tbeftxtb. 

LET A, B, C, be three Magnitudes, 
and D, £, F) others equai toithem 
in Number, taJcen two and two id each 
Order, are in the fame Proportion, viz. 
]etAbetDB,asDisto£,andBtoC,as 
£ to F ; and let the iirft Magnitude A be 
gneater than the third C- I lay the fourtfa 
V is aifo greater than the fixth F. And Jf* 
A be equal to C, D isequal^b F. But 
if A be lefs than C, D is lefs than F. 

For becaxife A is greater than C, and B 
isany other Magnitude sand fincea great- 
er Magnitude hath * a. greater Proportion 
to the &me Magnitude than a leiler hath, 
A will have a greater Proportion to B, 
than(^toB. ButasAistoB^foisDto ]> £ F 
£;andinverihr,asCistQB,foisFto£. 
Therefore alio D will have a greater Proportion to £, 
than F has to £• But of Magnitudes having Piopor- 
^OQ to the fame Magnitude, that which has the greater 

Proportion 
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• loc/tbft. Pit)portion is * the ffnter MagAttude* Therefel 

is greater than F. In the feme Dnanner we dena 
finite, if A be equal to C, then D Will be aifd ei 
to F9 and if A be kfs tbm Q then D nHD be 
than F. Therdbr^ ifiberi he il^rse Magniimles, 1 
0tbers equal t9 them in Number: which being taken . 
and two, in each Order, are in the fame Ratio. If 
firft Magnitude be greater than the third, iben the fink 
wiUhe greater than thejixtb : Bkt if thefirfl he i^ 
to the third, then the fourth will be equal to the fxt 
and if thf iirji be left than the third, the fourth will 
Ms than thefixtb\ which was tb be demonftiated. 

PROPOSITION XXL 

T H 2 O R £ M. 

Jf tbire he three Magnitudes, aftd others epal t 
them in number, which taken two and two, an 
• in the fame Proportion, and the Proportion h 
perturb at e\ if the firji Magnitude he greater than 
the third, then the fourth will be greater than tk 
ftxth ; hut if the firfl be epal to the tbifd, then 
is the fourth equal to the ftxth ; if lefs, Ufs*. - 

LET three Magnitudfet, A, B, C| be propoirtlbfBl; 
and others D, £, F, txpai to. thenk kt Komber, 
Let their Analog fikewife be pcrtorfttte, ' 
tri£. asAistoB, IbisEtpF; anda^Bx^ 
to C, fo is D to £; if the ftrtt Magnitude 
Abegreatet-thaiithethirdC. I §7, the 
fcurthD is. alfo greater than the fixth F. 
And if A be equal to C, them Z> is equal to 
F; biftif A be Ids than C, then J5 is 
lefsthinF. 

Fojf iince A is greater thanC, and B » 

• * iT'^"' ftme ^ther ^Magnitude, A wjtt have * a 

gteatef Proportid^ to'B, than* C has to B. 
But ast A is to B^ fo is £ to F ; and in^ 
vcrfly, is C is toB, 6) is i: td D. Wherc- 
Ibxe alfo £ fhall hxtve a gteater Proportion' 
to F than E to I>. But that Magnitude to 
Vhkrfa the fame Magnitude hi^ a greater 
1 10 0fihi,, proportiop, is.f the. Icffcr Ma|moid^ 
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thereforeF is Ids than D; »d fo D ihtU be greater 
tl^ F. After th^ faqie mamier we deoionihate, if 
A be equal to C^ B wiH be alfo equal to F ^ and 
if A be leis than Q D will alfp be lefs than F. If, 
theiefor^ tber^ argthne Magnitudes^ anJsthers equal 
U them ifi Number y t^bicb tahn tW9 0ud twa^ are m 
the fame Prep^rtim^ and the Prdportim be' perturhate 9 
^tbe firfi Mugmtude be greater than- the tbirdy them 
tbefmrth wHl be greater Aan the fixth ^ but ifthefirji 
be equal t$ the third, then is the fourth equal ta tb0 
fixthi if lejij lefii iw^iii^ W9$ tQ be demoxiftrited, 

^PROPOSITION XXH. 

T H £ O E £ M. 

^ there be any Nupthjtftf Magnitudes^ attd»tbert 
equal to them in^ NupAet, wincb taken Jmt and 
fway are in the fame Proportum yjbtftiSbeyJball 

be in the fame Proportion by Equality^ . 

LET there be any number of Magnitudes A, B, C» 
and others D, £, F, equal to them in ^omber^ 
which taken two and two, are in the fame Proportions 
that i% as A is to B, (b is D to Eai and as B i» to ^ 
fo is E to F. I fay, they 
arealippn^rtional by Equa- 
lity, viz. as A is tp C, (o is 
Dito F. 

For kt G, H, beEquimuI- 
i tiples of A,D ; and K, L, any 
Eqpmttldples of B^ £) and 
lil^iie M, N, any Equi'^ 
; mmlt^es of C, F* Then bc- 
caiife A ist to B9 as.D isi to £, 
andGi, H) are Eqiiimiiltiplet 
of A,.D, and K, L, Equi-* 
multiples of B, £; it ihalir 
be^as G istoK, ibisUL 
tpX. For the fkmc Reafon 
alio itirill be, as K is to Mf 
ib is. L to N. Ajod fmce 
tfaete ai^ three Mag;i;utudesy 

Gi Ky 1^ aiuj (Hjhai Hj jL| N, equ4 to ttan iOkNiim- 
i + ber. 
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hexy which bdfng taken two and two in each Otitc^^ 
• 20 of this, zrc in the fame Proportion. If G exceeds M, ♦^H 
will exceed N ; If G be equal to M, then H iball be 
equal to N ; and if G belefsthan M, H ihaQ be kg 
than N. But G, H, are Equimultiples of A, D, and 
M, N, any other Equimultiples of C and F. Whence 
as A is to C, fo (hall f D be to F. Therefore, if 
there be any Number of Magnitudes^ and others eptal 
to them in Number^ which taken two and twOy are tH 
the fame Proportion^ then theyjhall he in the fame Pro- 
portion by Equality ; which was to be demonftrated. 

PROPOSITION XXIII. 

T tt E 0*R E M. 

If there he three MagnitudeSy and others equal to 
them in Number^ wbicby taken two and twoy are 
in the fame Proportion \ and if their jfnalogy be 
ferturbatiy then fl)all they be alfo in the fame 
Proportion by Equality. 

LET Acre ht thrtc Mag* 
nitudes A, B, C, and o- 
thers equal to them in Num- 
ber D, E, F, which, taken 
two and two, are in the fame 
Proportion, and their Analo- 
gy be pcrturbate, that is, as A 
is to d, fo'is E to F ; and as 
BistoC,foist)toE. Ifay, 
as Aist»C,foisDtoF. G H K LM K 

For let G, H, L, be Equi- 
multiples of A, B, D, arid' 
K, M, Ni any Equimulti- 
ples of C, E, F. 

*Thpn bfcaufe G, H, are 
Equimultiples of A and B, 
and fince Parts have the fame 
Proportion as their like Multiples when taken corre- 

♦i5»/^^'*.fpondendy, it fliall be * as Ais to B, fo is G to H; 
and by the fame Reafon, as E is to F, fo is M to N. 

t " o/tbii. But A is to B as E is to F. Therefore, f as G is to 
Hj fo is M to N. Again, becaufe B is to C, as D 
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is to £, and H, L are Equimultiples of B and D, as 

likewiife K, M any Equimult^les of C, £ ; it.fhaU be 

asH tolC) fois L to M. But it has beonalfo proved^ 

that as G is to H,, fo is M to N. Therefore, l«»ufe 

three Magnitudes, ^, H, K, and others, L, M) N, 

equal to them, in Number, which tak^ two and 

two are in the fame Proportion, and theii: Analogy is 

pcrtuibate; then if G exceeds K, alfo L * ifidll exceed * *« ^^^ 

N ) and if G be equal to K, then L will be equal to 

Ns and if G be lefs than K, L will lifcewife be le& 

tfaanN. But6,Lafe£quimidtipIesof A,D; and K^ 

N Equimultiples of C, F. Therefore, as A is tD C) fo 

fliatt D he to F. Wh^efoit, if there be three Magni- 

tudesy and ethers e^l to them in Number, which taken 

tm and twe are m, the -fame Proportion ', and if their 

Analogy be perturbate, then Jhall they be alfo in the fame 

Proportion by E^ality ; which was to be demonftrated* 

PROPOSITION XXIV. 
Theorem, 

If the firft Magnitude, has the fdm Pm^tion to 
tbefecQnd^ as the third to the fourth ; and ifthi 
fifth has the fame Proportidn to the fecond, as tbo 
fixtb has ta the fourth^ tbenfhidi tbefirfi^ com* 

^'founded with the fifths 
have the fame Proportion 
to thefecond^ as the third 
compounded with the fiKth 
has to the fourth. 

L^\ the firft Magnitude AB 
have the (ame Proportion to 
the fect»ndC,as the third DE has B 
t9 the feurth F. Let alfo the fifth 
' BG have the £une Proportioato 
tbe fecbnd C,as the fixth EH has 
t» the fourth F. I (ay, AG the 
firft compounded with the fifths 
h^ the fame Proportion to the 
fccpnd C, as DHthe third iDbto'- I 
tyjunded with the fij^Ji, has to^ A 
t|fc fourth F. 
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FdribAtaiife BG is to C^ as £H is t& F, it ifaaH be(k« 
ra-rdfy^as C &to BG) fe isFto £H. Then Jince AS 
is^tx> C, as D£ is to F, and ad C k to BG^ ^ is F t(» 

• zto/tbis.]^ji. it flail be*by EquaEty ai AB is to BG, feis 
D£ to£H. And becauTe Magnitiides, being divided, 

1 18 ?r '^n. are proporttenal, they IhaD alfo bef proportion^ when 
compc^dbd^ Therefore, as AG i* to GB, fo is DIl 

t^^ toHE: Batas GB IsJ toC> fojdfo feHEtoF. 
Whttrefofe, by l^iality *j it (haU be as AG is to C, 
fo is DHto F. Therefore, if the firft Magniimb iat 
thi fame Ptoftttim to tht ficd^^ as' the Hnrd to thi 
fourth \ ^nd if the fifth has the fami Proportion to thi 
Jeemtd^ as tbsfixth has to thif^mrth ; thekJbaB thtftfii 
Mnpounded iuifh the fifths hetoe the fame PnpmunH to 
the fecondf as the third compounded with tbejixtk hot 
u the fourth 't which was to bcdtfrtioiiftratfci 

PROPOSITION XXV. 

T.H E.a'R E M. 

If four 'M'dgmPUdes heprofortion^ly the grtatefi ani 
the Ua^'of^hifn^ wtil be greater than the other Pm. 
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E T fcor Ms^nitudes A B, CD, E^F, be pft>^r- 
tional, whereof AB is to C D, as £ is to F ^ kt: 
A B be the ^alteft of them, 
and F the leaft. J fay AB ^ and B 
F, are gis^ter thali CD and E. , 
Forllet A G bte equal" to e!, 
and Oh to F. Then becaufe ^ 
ABis-toCD, is E istoF; ^ 
and fiijce A G, ^d CHy ai«- 
each e<|iial to E and F, 'it'fteitt' 
beas AB is to EfGi {(^^AQ - 
toCH(.::AndbecfeufethciWhoto 
AB is to the while CDj-asrthe^ 
Part t^en away A G, it^t^tY^'' ' 
Part t^en away C H ; it jhall 
* ^9 rf^i>^*' alfo bei* as |he Refidue ©ft to- - 
the BJefidiif Hi); f<^ i^ 'ther: 
WholeiAB to thfe whoteCD/ - 
But AB is Peatei^ than CD; tfoMfot^ alfo GB fbdl 
be greater than HJ). Aiid fm<?c AG t^^^md to-E 
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andCH to F, AG and F will be equal to C H and 
£. But if equal things are added to unequal things, 
the wh(des^- (hall be unequal. There^re GB^ HD 
being uneqi^l^ for GB is ^he greater : U A G, ^and F, 
are added to GB, and CH, and E, to HD j AB and 
F will nccd&rily 'be greater than CD and E. Where- 
fore, if four Magnitudes be proportional^ the greatejt^ 
Olid thi Ifdft if tbemy' Will be greater than H^e oihtf 
/k^^ whfh waptoibcdemonftrated. r* 
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DEFINITIONS. 



t ^ IMILAR Right-lined figures, arefuch 
as have each of their feveral Angles e^d 
to one another J and the Sides about the 
equal Angles proportional to each other. 

II. Figures are/aid to be reciprocal, when the An* 
tecedent and Confeqiient Terms of the Rations art 
in each Figure. 

III. A Right Line is faid to he cut into mean and 
extreme Proportion , when the whole is to the 
greater Segment, as the greater Segment is to the 
lejfer. 

IV. I^^e Altitude of any Figure, is a perpendiculaf 
Line drawn from the Top, or Vertex to the 
Bafe, 

V. A Ratio is faid to he compounded of Ratted, 
VJihen the ^lantities of the Rations being multi" 
flied into one another ^ do produce a Ratio. 
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PROPOSITION I. 

T H i d ft E Af i 

friahgks and Pdtallekgrtims that bdve the /ami 
Jllitad^j art to idch other as their Bafes. 

ET the Triangles A B C, ACD, and tlie 
Paralklograms EC, CF* Kkvc the fame 
Altitude, viz. the Peipcridicukr drawn fron^i 
^hc. Ppilit A to B D. I fay, as the Bafe BQ 
IS to the Bale C D, fo is the Triangle ABC, to the 
Triangle ACD j and To is the Parallelogram E C to 
the ParaUclo^m C F., „ c. • 

For prckltice B D ix)th ways to tlie joints tt and L^ 
1 Iwd take GB, G H, any Number of Times ecpial to 
I the Bafe Bfc ; and DK, KL, any Number of Tilftc* 
fcqual to the Bafe CD, amd join AG, AH, AK, AL. 
Then becaufe CB, BG, G^j are equal to on^ 
atbther^ the Triangl^ AHG^ AOB, ABC, alfd 
will be ♦ equal to one another : ThtJdbr^ the fame* 3^ ^^ 
I Multiple that the Bafe I^C is of B C^.ihall the Trian^ 
! gle AHG be of the Triangle ABC. By ,the (Toae 
\ Keafoii, the fanie Multiple that the fiafe LC is of 
' the Bafe CD, fhall the Triangle ALt) be of the Tri- f 

I angle ACD. And if H C, be equal to the Bale C L, 
I Aejriangle AHC is alfo* equal to the.Trianglo 
ALC : And if the Bafe H C, exceeds the Baie C L, 
tnen the Triangle AHC, will exceed the Triangle 
ALC. And if H C be lefs, then the Triangle AHd 
will be lefe* Therefore fince therie are four Magni^ 
&des, via. the two ^afes BC^ CD, and the twa 
Triangles ABC, A C D > and finee the 6afe H C, 
and the Triangle AHC, are Equimultiples of the 
Bafe B(j, and the Triangle ABC: And the Bafe 
CL, and the Trianj^lc ALC, are Equiniultiples ol^ 
Ae Bafe C D , and' the Triangle ADC. And it has 
Been proved, that if the Bafe H C, exceeds the Bafti 
C L, the Triangle A H C, will exceed the Triangle 
ALC; arid if equal, equal} if lefs, lefi. Then as 
flie Bafe B C, is to the Bafe C D, fo f is th^ Trian- f ^ 5,' ^ 
gle ABC, to the Triangle ACD. 

t af Aridt 
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1 41. 1. And becaufe the Parallelogram EC, is f double to 

the Triai^Ie ABC 5 and tJie Parallelogram F C, dou- 
ble t to the Triangle A CD 5 and Parts have the fame 
Proportion as their like Multiples. Therefore as the 
Triangle ABC is to the Triangle ACD, fo is the 
Parallelogram E C to the Paralldogram C F. And 
fo fince it has been proved, that the Bafe B C is to 
the Bafe CD^ as the Triangle ABC, i& to. the Tri- 
angle ACD; and the Triangle A B C is to the Tri- 
angle ACD, as the Parallelogram EC is to the 

t ''• 5- Parallelogram CF; it (hall be | as the Bafe B C is 

/ to the Bafe C D, fo is the Parallelogram £ C to the 

{Parallelogram FC. Wherefore Triangles, and Pa^ 

rallelogramsj that have the fame. Altitude^ an to each 

Bther as their Bafes \ which was to be demonftratedi 

, PROPOSITION 11. 
Theorem. 

■ 

If a Right Line be drawn Parallel to one tf the 

Sidfs of a Triangle y it/hall cut the Sides of the 

Triangle propotlionally \ and if the Sides of the 

' ' Triangle be cut. proportionally^ then a Right Line 

^joining the Points ofSeSlion^ Jhall be ^parallel to 

the other Side of the Triangle. 

LET DE be drawn parallel to BC, a Side of 
the Triangle ABC. I fay, DB is to DA, as 
CEistoEA. 

For let BE, CD, be joined. 
f 37. 1. Then the Triangle B DE is * equal to the Triangle 

CDE, foJr they ftand upon the fame Bafe DE, and 
^re between the fame Parallels D E and B C ; and 
ADE is fome other Triangle. But equal Magni- 
t ?• 5- tudes have f the fame Proportion to one and the 
fame Magnitude. Therefore as the Triangle B D E 
IS to the Triangle ADE, fo is the Triangle CDE 
to the Triangle ADE. 

But as the Triangle BDE, is to the Triangle 

X X •/this. ADE, fo t is BD to DA; for fince they have the 

' feme Altitude, viz. a Perpendicular drawn from the 

Point E to AB, they are to each other as their Bafes. 

And for the fame Reafon> as the Triangle CD E, is 

t# 



BookVi. £w//^^s Elements. 151 

to At Trkngle ADE, fo is CE to EA: And 
tberefore as.BD is to DA, fo* is CE to E A. • u. 5.^ 

And if the Sides AB, AC, of the Triangle ABC, 
be cut proportionally^ that is, fo that BD be to D A, 
asC£ isto EA; and if D£ he joined, I fay, D£ 
is parallel to BC. 

For the £(me Conftruftion remaining, becaufe BD 
istoDA,.as CE is toEA; and BDisftoDA, ast'/^*". 
the Triangle BDE is to the Triangle ADE; and 
CE is to E A, as the Triangle C D E is to the Tri- 
angle ADE: It (hall be as the Triangle BDE, is to 
the Triangle 'ADE, fo is ♦the Triangle CDE to 
the Triangle AD E. And fince the Triangles BDE , 
CDE, have the fame Proportion to the Triangle 
ADE, the Triangle BDE, fliall bef equal to the t 9- 5- 
Triangle CDE; and they have the lame Bafe DE : 
But equal Triangles being upon the fame Bafe, J are ^ 35- '• 
between the fame. Parallels ; therefore D£ is parallel 
to B C. . Whejpefore, if a Right Line he drawn pa^ 
rallel t9 one (f the Sides of a Triangle^ itjhall cut tbt 
Sides of the Triangle proportionally %. and if the Sides 
rftbe Triangle be cut proportionally y then a Right Lint 
joining the Points ofSeSfion^ Jball be parallel to the other 
Side of the Triangle ; which was to be' demonfhated. 

* 

PROPOSITION III. 

Theorem. 

If one jlngU of a Triangle be bife5ledy and the Right 
Line that bifeils the Angle^ cuts the^ Bafe alfo \ 
tbeti the Segments of the Bafe *will have the fame 
Proper tiofiy as thf other Sides of the Triangle. 
And if the Segments of the Bafe have the fame 
Proportion that the other Sides of the Triangle 
have ; then a Right Line drawn from the Ver^ 
teXt to the Point ofSeSiion of the Bafe^ will bi^ 
,feS the Angjle of the Triangle. 

LE T there be a Triangle ABC, and let its Angle 
BAG, be * bifeded by the Right Line AD. I • 9- »• 
6y, as BD is to DC, fo is B A to AC. 

L 3 For 
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^ 3>* h For thro* G draw* CE puallel to DA, and pro* 
duce B A till it meets C£ in the Point £. 

Then becaufe the Right Line AC, £dls on the 

t ^9f I. Parmllels AD, EC, the Angle ACE, wiU be f equal 
to the Angle C AD : But the Angle CAD (by the 
Hypothefis; is equal to the Angle BAD. Therefore 
the Angle BAD, will be equal to the Ande ACE. 
Again, becaufe tli^ Right Line BAE, fiills oil the 
Parallels AD, EC, the outwarfl Afagle BAD, is 
f equd to the inward Angle AEC; but the Ai^le 
AGE, has been proved equal to the Angle BAD: 
Therefore ACE ihall be equal to AECr^uid (o the 

1 6- 1- Side A E 'is equal 1 16 the'Side A C. ' And becabfe* thd 
Line AD is' drawn parallel to CE, the Side of the 

fzsff^'* Triangle BCE, itfhall be*as BDiitoDC, fois 
B A to A£; but A£ is equal to AC* Therefore as 

+ 7r5f BD is'toDC, foi^ + BAto AG. 

And if BD be to DC, as BA is to AC; and the 
Right Line A D be joined, then, I fay, the Angle 
BAG, is bifedcd by the Right Line Ap. 

For the fame Gonftrudion remaining, becaufe B D 
b to DC» as BA is to AC; and as BD is to DC, fo 

\%fffb{s. is^BA 16 AE; for AD is diiawn paiWlel to one 
Side EC of the Triangle BCE, it f)]^ be as ^ A » 
to AC, fo is B A to AE. Therefore A C is equal 
to AE; and accbs4ingl3r t{ie Angle A£Gi» is equal 
to the Angle E C A : fiut tht Angle AE Cy is ^quaj 

♦ J^ X. ♦ t^ the outward Angle B AP ; al|d the Angle ACE, 
equal * to the alternate Apgle CAp. W^^'^'!' 
the Angle BAD is alfo equal to the Angle'C AD$ 
and fo the Angle BAG is bifedted by the R^ht Line 
A D. Therefore, if the Angle of a Triangle ke kift^ledj 
find the Right Un^ that kifeSii ti^e -^ngff^ cuts the 
Baje aljo'y then the Segments of the Bafe Ufill have thf 
fame Proportion qs fheotl^er Slides ofthf Triangfe. And 
if the Siegnunts of t^e Bafi have the famf Protortiom 
that the other fides of the Triangle have i, then a Right 
Jjine drawn from the Vertex^ to the Point of SeHim of 
the Bafe^ will bifeSt the Angle of the Triangle i wh}d) 
w^ to be demonftrated. ^ 
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PROPOSITION IV, 

T H ? O R P M. 

fbi Sides about the equal Angles of equiangular Tri-* 
angles^ are proportional \ and the Sides which 
are fubiended under the equal An^s^ are hor 
piofogous^ or of like RatiQ. 

LET ABC, DCE, be equiangular Triangles, 
having the An^e ABC equal to the Angle DC£ | 
^e And? ACS ^ual t;o the Angle D£ C, and the 
An^e IaC ecml to t)ie Angle CDE, I fay, the^ 
Sides that are jooMt the equal Angles of the Triangles 
ABC, PC^^ are proportional; and the Sides that 
:ure fubtended under the equal ^pgles, are homolg^ 
^ous, or pi* like Ratio, 

S^ the Side B C| in the fiune Right Line with the 
$i<i^ C £ ; and becaufe the Angles ABC, AQB, are 
• Icfs than two Right Angles, an4 the Angle A CB * xj* »• 
i^ equal to the Angle DEC, the Angles ABC, DEC, 
are lefs than two Right Angles/ fipA To BA, £D, 
produced, will meet t ??Mch other ; let th^ni be pro* t -^ i^ 
duc^ and meet in the Point F. T))en b^caufe the 
Angle DCE, is equ^ to the Angle ABC, pPihall 
be I parallel (o D Q. Agaiii, becaufe the Angle ACB t 28. i. 
i equal ^Q the Angle DEC, the Side AC will bej 
pandkito the Side FEj ther(?fore FACD is a Pa-: 
ralldogram ; and confcquently FA js ♦ equal to D C, * 34- ^ 
and AC to F D ; and b^ufe A C is drawn parallel 
to FE, the Side of tjie Triangle F BE, it fh^U t be t»*/'^i^ 
as BA'is to AF? fo is B Q to CE ; and (by Alternar. 
tion) as Q A is to B C, fo is CD to CE. Again \ 
becaufe CD is parallel to BF, it fluU be fas BC is 
to ?Ej fo 13 FD to DE ; but FD is equal to AC, 
Therefore as ^ C is to CE, fo is ;{: AC tp DE : And t 7* Si 
fo (by Alternation) as Bp is to C A, fo is CE to ED. 
Wherefore becaufe it is demonftra^ed that A B is to 
BC, ^ D C is to CE ; and ^s B C is to C A, fo i^ 
CE to ED ; it (hall be * by equality, as B A is tQ» 1,, 4, 
AC, fp is ^D to D E. Ther^ore, the Sides aboutt 
the equal Angles of equiangular Triangles^ are propor-}, 
t\mal', and the oid^s, which are fubtended under the 
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equal Angles^ are homologous j or of like Ratio ; whicli 
was to he dcxnonftrated. 

PROPOSITION V. 

Theorem. 

9 

If the Sides of two friangles are proporiipnaU tte 
' Triangles fhall he equiangular ; and their Angles., 

under which the homologous Sides are fubtended^ 

are equal. 



I 



ET there betwdTflan^les, ABC, DEP, hav- 
ing their Sides proportional, that is, let A B be 
to BC, as D E ii5 to KF ; and as BC t<5 CA, fo is 
EF to FD. And alfo as BA to CA, fo ED tq DF. 
I fay, the Triangle A B C is equiarigulai; to the Tri- 
angle DEF ; and the Angles equal, under which the 
homologous Sides are fubtended, viz.. the Angle 
ABC, equal to tite Angle DEF; arici the Angfe 
BCA equal to the Angfc EFD, and tht Angle 
BAC equalto the Atigle EDF. 

For at the PointsE^arid F, with the Line EF, make 

• 23- »• * the Angfe F EO, ^palto the Angle ABC; and 

the Angle EFQ, equal to the An^e BCA: Then 
fOsr. 3». I. (jjg remaining Angle 6 AC, is f equal to the rpmain- 

ing Angle E G F. 

And fo the Triangle ABC is equiangular to the 

Triangle EGF; and conlequently the Sides that are 

fubtended under tfic equal Angles, are proportional. 
t^tftbh. Therefore as AB is to BC, fo isj GE to EF; but 

as AB is to BC, fo is DE to EF : Therefore as DE 

• ". 5. is to EF, fo is * GE to EF. And fince DE, EG, 
t 9- 5- have the fame Proportion, to E F, D E fhall be f equal 

to E G. For the fameReafon, DF is equal to FG; 
but EF is coiijmon. Then Becaufe the two Sides 
DE, EF,.are equalto the two Sides GE, EF, anil 
the Bafe DF is equal to the Bafe F G, the Angle 
tz. I. DEF is Jequal to the Angle GEF; and the Trian- 
gle DEF equal to the Triangle GEF; and the 
other Angles of the one, equal to the other Angles of 
the other, which are flibtended by the equal Sides^ 
Therefore the Angle DEF is equal to the Angle 
GEF, and the iUigle EDF equal to the Angje 

EOF; 



EGF; and becaufc the Ai>gk DEF is equal to th^ 
Angle G E F ; and the Angle G E F equal to thq 
Angle ABC; therefore the Angle ABC.fhall b^ 
alfo equal to the Angle FED ; For th* fame Reafon, 
the Angle ACB fhall be equal to the Angle DF E; 
as alfo the Angle A .equal to the Angle D ; there- 
fore the Triangle ABC' will be equiangular to thq 
Triangle D E F. Wherefore, if the Sides of two Tri- 
angles are protortipnatf the Triangles Jhall, be e^ian^ 
gular y aifd tqeir Angles^ under which the hotmlogous 
Sides are'fubtendedy ifre eaual ; which ^was to belief 
monftratcd. • • ' ^ 

PROPOSITION VI. 

Theorem. 

IfHwoTrian^es ban)e one Akgle^ tf the one equal to 
one Angle of the other ; and ^ the Sides about the 
equal Angles be froportifiualy then the Triangles 
are equiangular^ and iave tbofef Angles equals 
under which are^Jiibtended the homologous Sides. 

LET there be two Triangles ABC, DEF, . having 
one Angle BAC <4 the one equal to the Angle 
£DF of the other; and let the Sides about the equal 
Angles be proportional, viz. let A B be to A C, as 
ED is. to DF. I iay, the Triangle ABC is equian- 
gular to the Triangle DEF ; and the Angle ABC 
equal to the Angle DEF; and the Angle ACB 
equal to the Angle D F E. 

For at the Points D and F, with the Right Line 
DF, make* the Angle FDG equal to either of the* »3- «* 
Anrfcs BAC, EDF; and the Angle DFG equal 
tome Angle ACB. 

Then the other Angle B, is f equal to the other tc^«''-3»-*' 
Angle G ; and fo the Triande ABC, is equiangular 
to the Triangle DGF; and confequently, as B A is 
to AC, fo isjGD to DF: But (by the i^^.) ast4P/r*/f. 
BA is to AC, fo is ED to DF. Therefore as ED 
is* to DF, fo is GD to DF ; whence ED is f equal* "• 5- 
to DG, and DF is common ; therefore the two Sides ' '* ^* 
ED, DF, are equal to the two Sides GD, DF; 
an4 the Angle EDF, equal to the Angle GDF: 

Con- 
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^ f » r Confeqiicntiy the Bafe EF is ♦ e?qual to the Bafe FG, 
and the .Tiuangle DEF^ equal ta the Triian^c 
GDF ; and the other Angles of the one, equal to the 
other Ahgles of thp other, each to each i under which 
the equal Sides are fubtended. fhercforp the Angle 
D F Q is equal to the Angle D f E> and the Angle 
G, equal to the Apgk Ej but the Angle D.FG^ » 
equal to the Angle A C B ;J Wherefore the Angl^ 
ACB is cGual to the Angfe DFE} amd the Angle 

%BjfHyf. 5^0 is t affo equal to the An^le E P f : Thcrrfpi^ 
the other Aiigl'e at Bis equal to the other Apg|e at 
£ ; and fo the Triangle ABC is equiangul^ir €6 the 
Triangle D EF. T}ierpfoj:p> if two Triatfgfu baveme 
AngU of the one^ sqaal t9 one Angte of the eiher ; fn^ 
if the Sides about the equal Angles be^ propertionaly tbetg 
jthe Triangles are equiangular ; and have thoje jh^s 
fgualy under- wh{ch are Jbpten4^4 t^^ homdogoiti S^^ 

PROPOSITION VU, 

The ore m. 

ffibeh are iwTriangles, bamng oneAn^eofthf 
ene equal to me Angle of the etber^ and the Si^at 
abottt of her Angles proportional ; and if the re^ 
maining third Angles are either both lefsyorbptb 
pot lefs than Right AngJ.$Sy then Jball the Ifriat^ 
gles he equiangular an^ have thok Angles eqj^al^ 
about which are the projfprtion^il Si^ei. 

LE T two Triangles AB C, D EF, have one An- 
gle qf the one, equal to one Angle of the other, 
VIZ, the Angle B A C equal to the -^gle EDF; and 
let the Side^ about the other Angles ABC, DEF^. 
lie proportional; vjz^ ^ DE is toEF, Iq let AB 
be to B C i and let thf other Angles ^t C and F, be 
both I^(s, pf both npt %fs than Rigjit Angles. I fay, 
the Tfi^gle ABC \s equiai^gt^r to the Triangle 
' DEF^ pp^ the*AiigIe ABC Is equal to the Angle 
DEFi ^ ^fp the Qther Angle at C, equal toth^ 
other Angle at ^ . . , 

. For if the Angl^ -/IBp 1^ not ecfi^l tp. th^ Angle 
pEF, on^ of thw will b^r the greater, which let De 

' . ' ' ABG 
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ABC. Then at the Point B, with the Right Lirm 
AB, make * the An^e AB G equal io ihe Angk* *?• »• 
DEF. 

Now becaufe the Angle A is equa} to the Ande 
Dy jand the An&k A 1^ ^^ ^^ ^^ ^^ Angl^ PE F^ 
the remaining AogW A G B, js t equal to the rems^inr- 1 c«r. ja^ i^ 
Ing Angle PFE : And therefore the Triangfe A B G, 
is equiangular io the Triangle D£F ; and fo as AB 
kJoBG, foisjDtetoEF; but as DE is to EF;^ ♦^^'^^V 
fo!s*ABtt)BC. Therefore as AB is to BC, fois^^J'^^A 
AB to B G ; and lince A B has the fame Pn^rtion 
to BC, thsft it has to BG, BC fhidl bef equal to^?? ^ 
BG; and confequcntly the Angle at C eqmd to tho 
Angle BGC. Wherefore each of the Angles BCG^^ 
or BGC IS lefs than a Right Angle; and confe* 
quendy, A G B is gHeater thsui a Right Angle. But 
di^ Angle AGB has been proved equal to die Angle 
at F ; '^ tbeij^re diio Angle' at F^ ' is greater than a 
R^t Angle: But (by the Ifjf.) it is not greater, 
ftno» C is hot greater'^ than a Right Angle, which is 
abfurd. Wherdfore the Angle ABC is not unequal 
to ithe Angle D£^F ; and fo it muft be equal to the 
fanie; but the Angk lit A is equal to that at D; '' 

Whorefore the Angle remaining at C is equal to the 
remaining Angle at F ; anid confequcntly the Triangle 
A B C is equiangular tb the Triangle D E F* There- 
fore, iftiefe an twa T^i^ngUs having me Angle of the 
Me, equal to one Allele of the other, and the Sides about 
ether Angles proportional ; and if the remaining third 
Angles are either ioth kfs, or both not lefs than Right 
Angles, then JhaU the Triangles be equiangular *, and 
have thofe Angles eijual, about which are the pr'ofottion^f 
Sides'r which was to be dcmoi^rated. 
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PROPOSITION Vill. 

. T K B O R E m; 

If a Perpendicular le 'drawn^ in a Ri^t -lined 
Triarigk ^^rom the Right Angle to Fhe 'Bafe^ 
then the S^riangles on edcH Side of the P erf en-. 
dig^qr aire ftmilar both . to tke wboky and^ alfo 
t0 ftneaneither. . 
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LET APC be a RightranglejJ Triangle,/li*o& 
Right Aofle ia B A C ;. and liit the PeipendicMbr 
ADjl« drawA from the Poiflt: A tothe Bafe B C. I 
fay, tjiq Triangles ABO^ ADC> ait fimihu to onft 
another) and tq the whole Txiangle ABC. 

For becaufeithe Angle B AC 13 equal to the Angle 
AD B9 for each of them- is a Rig^t Angle, and the 
Angleat 6:i$ico/noK>h to )the two Triangtes* A B C, 

•pr. 32.x. ABD, the /Pcmlijning Angle AC B'&all be*equaJ ta 
the remaining^ Angle BAD. Therefore the Triai^le 
ABC is equkmgukr to the Txiangle ABD^ and fo 

t 4 •fthh' as t BC, which fubtends the Right Angle of the Tri- 
angle ABC, Js to BA, fiibtending the Right Angle 
of the Triangle ABD, fo is AB' fobtending the An- 
gle C of the Triangle ABC to DB, fubtending an 
Angle equ^l to th^. Angle C, vi%. the Angle BAD, 
of the. Triangle ABD« And fo moreover is A C to 
AD) fubtending the Angle B, which is oommon to 
the two TrJaiigles. Therefore the Triangle ABC 

t Z){^ 1 0/ is t equiangular to the Triangle A B D $ and the Sides 

thh. about the equal Angles are proportional. Wherefore 

the Triangle A B C is J iimilar to the Triangle ABD. 
By the fame way we demonftrate, that the Triangle 
AD C is alfo (tmilar to the Triangle ABC. Wherefeie 
each of the Triangles ABD, AD C, is flmilar to the 
whole Triangle. 

I fay, the faid Triangles are alfo fimi^ to one an- 
other. 

For becaufe the Right Angle B D A is equal to the 
Right Angle ADC, and the Angle B A D has been 
proved ^ual to the Angle C ; it follows, that the re- 
maining Angle at B fhall be equal to the remaining 
Angle D A C. And fo the Triangle AB D is equi- 
angular 
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angular to the Triangle A D C. Wherefore as f B D 1 4 ^'^'^ 
fubtendlng the Angle BAD of the Triangle ABD 
is to DA, fubtending the Angle at C of the Triar^le 
ADC, which is equal to the Angle BAD, fo is AD 
fubtending the An^k B of the Triangle A B D ta 
DC, fubtending the Angle D A C equal to the An- 
gle B. And moreover, fo is B A to AC, fubtending 
die Right Angles at D; and confequendy. the Tri- 
ahglej ABD is fimilar to the Triangle ADC. Where* 
fore, if a Perpendicutar be drawn^ in a Right-angled 
Triangle^ from the Right jingle to the Bafsy then the 
Triangles m each Side of the Perpendicular are fimilar 
ioth to the vahoU^ and alfo to me another \ which was 
to be demonftratedjk 

Cvroll From hence it is manifeft, that the Perpendi- 
cular drawn in a Right-angled Triangle from the 
Right Angle to the Bafe, is a mean Proportional 
between the Segments of the Bafe. Moreover, ei- 
ther of the Sides containing the Right Angle is a 
mean Proportional between dbe* whole Bafe, and that 
S^ment thereof which is next to the Side. 

PROPOSITION IX. 

Problem. 

?i cut off any Part required from a gvv$n Right 

Line. 

LET AB be a Right Line given ; from which muft * 
be cut ofF any required Part ; fuppofe a third. 

Draw any Right Line AC from the Point A, 
making an Angle at Pleafure with the Line AB. Af- 
fume any Part D in the Line AC, make*DE, EC,* 3. i. 
each equal to AD, join BC, and draw fDF thro' f V* '• 
D, parallel to BC. 

Then becaufe FD is drawn parallel to the Side 
BC of the Triangle ABC, it fhall bej as CD isX%ofthiu 
to DA, fo is BF to FA. But CD is double to 
Da. Therefore BF Ihall be double to FA> and 
£> BA is triple to AF. Wherefore there is cut off 
A F, a third Part required <>f the given Right Line 
A B ; which tuas to be d^tc 

PRO- 
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PROPOSITION X. . 

f* K 6 B L E M. 

^0 3hide a ^iven undivided Right Llnei ^s aft^ 
other ^VeH Right Line is di*uided. 
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E T A B be a. given undivided Right Line, aria 
r AC a divided Line. It is required to divide AB^ 
as A C is divided. 

Let A C be divided in the Points D and E, and to 
jjlaced, as to contain any AxisH with AB.'. Join the 
Points C and B ; thro' D and E let DF, EG, be 

•.in 1. drawn ♦ parallel to B C ; and thro' D, draw D H K, 
parallel to A B., . 

Then FH, HB, are eacli of therti, Parallelograms; 

+ 34-I- ajidfoDHistcqualtoFG, aridHKtoCTB. And 
becaufe HE js drawn parallel to the Side KC, of the 

tzffthis. Triangle DkC^ it &ill bejas CE is to ED ; fo is 
JffHtoHD. Bui KH is equal to BG, and HD to 
GP. T^erelbfe, as CE is to ED, fo is BG to Qt. 
Agaiti^ becaufe F D is drawn parallel to the Side "kdy 
of the Triangle AGE, as ED is to DA, fo fhallj 
GF be to FA. Biit it has been proved, thdt CE iv 
to ED as BG is to GF. Therefore, as CE is to 
ED, foisBGtoGP; ahdasEbisto DA, fo i» 
OF to FA. Wherefore the givefi undivided hint 
AB, is divided as the given Line AC is ^ which was 
U bi done* 

PROPOSITION Xf. 

« • * 

•Problem^ 

7w Ri^t Lines being given ^ to *'find a third 

proportional to them* 

LET AB, AC, be two given kight Lines, fa 
placed, as. to make any Angle with each other. 
It is rccpiirw to find a third proportional to AB, AC. 

Produce A 6, A C, to the Points D and E ; make 
B D equal tq A C, join the Points B, C, and. draw 

• J" '' * the Right Line D E tluv' £> P^nJI^l tQ $. C. . 

Then 



Book VI. jEl^r///s ELBMENTfr* i6t 

Then becaufe B C is drawn parallel to the Sid^ 
DE, of the Triangle ADE, it fhall be*as AB is to • a^/&>- 
BD, fo is AC to CE. But BD is equal to AC. 
Hence as A B is td AC, to Is AC to CE. There- 
fort a third proportional CE is found to two ^veit 
lUgfat: Lines AB, AC ; wj!?hh was.U be (hne* 

PROPOSITION XU* 

Problem. 

three Right Lines being gtven^ fo find a fouHb 

ptopoftiond to tbem. 

LET A, fi, C, U thtc Right tiiUis pveli. It is 
f^equired to find a fourth proportional to them. 

Let DE and DF be tWo Right Lifies^ making any 
Angle EDF TOth «ch other* Now make DG «^^ to 
A, G£ txfxH to B, Dll i^ual to C, arid draw the 
Liiw GH, as alfo t EF thm' E, parallel to G H. t J<- <• 

Then becaufe GH b drawn parallel to EF, the 
Sdeof ^ Trrangle DEF, it (hall be as DG is to 
GE,' fo is DH to HF. Biit DG is equal to A, GE 
|0 B, and DH to C Confequently as A is to B, 
lb is C to HF. Therefore ihe Right Line HF, m 
feuith proportional to the three given Right Lines 
A) B^ C, is found; tubicb was to be done.. 

PROPOSITION XIIL 
P A6 B 1 1 m; 

$47 fini a mean Proportional between two giiien 

^ Right Lines. 

LiET tlie two given foght Linc6 be AB, B C. It 
b required to find a mean Proportional between 
tfa^ni. Place AB, BC, in a dire^ Line, and on the 
whole AC defcribe the Semicirck ADC, and^draw* ix^ x^ 
BD at R^ht Angles to AC fA>m the PjOint B, and 
let A D^ D 0, be jointi; 

TfaenbedtuTe die Angl6 Ai)C, iil a Seihidrcley 
h'\ A Right Angte, and fince the Perpendicular f jr^l^ 
DB 9 dtvm, 49X9 the R^ht Angli^ tp the Bafe ; 
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• c«r. 8. of therefore D B is * a mean Propordonal between the 
^* S^ments of the Bafe AB, B C. Wherefore a ipeaa 

Proportional betvireen the two given Lines AB, 3 C| 
is found ; which was U be dofic^ 

PROPOSIxioiSf XIV. 

T H E *0 ll E M/ 

E^ud Parallelograms baling one Angle of the one 
equal to one Angle of the oibery have the Sides 
about the equal Angles reciprocal \ and tbofe 
Parallekgrdms that have one Angle of the one 
equal to one Angle of the otber^ and the Sides 
that are about th^ equal Angks reciprocal^ arc 
equal between tbemfetves.^ 

LET . AB, BC, be equal Paiallelognum, having the 
Angles at B equal ; and let the Sides DB, BE, be 

• *4' »• in one tout Line ; then alfo will *'the Sides F B, BG, 

be in one ftrait Line. I fay, the Sides of the Pajralle-* 
lograms AB, BC, that are about the equal Angles,^ att 
r«ciprocal; that is, asDB is to BE, fo b GB to .BE* 

For let the Parallelogram F £ be compleated. 

Then becaufe the rarallelogram AB is equal to 
the Parallelogram B C, and F £ is fome other Parai«- 
1 7- 5- Idogram ; it ihall be as AB is to F £, fo is f B C to 
t^tffhis. FEj but as AB is to FE, fois.tDB to BE; and 
as BC is to FE, fo is GB to B F. Therefore, as 
DB is to BE, fo is GB to BF. Wherefore the 
Sides of the Parallelograms AB, BC, that are about 
the equal Arigl^ are reciprocally pn]()ortionaL 

And if the Sides that are about the equal Angles 
are reciprocally prqpordonal, viz. if BD be to BE 
as GB is to BF : I &y the IViraI)elogram AB is equal 
to the Parallelogram B C. 

For focc DB is to BE as GB isyto BF, anADB 
to BE: a& the Parallelogram AB i to the JParall^ 

fram F£,^nd QB X to'BF as the Panillclogpaali 
IC to the Parallelogram FE; it {hall be as Ag is tt> 
FE^ fo is BC to FE. Therefore: the Paialkbgfam 
AB is equal- to the Parallelogram BA A;id.f<^ eptiil 
Paralkk^cims having me Angle tf the Mfi equal Ut^fnm 
AngU cf the other^ have the Sides about t^e equal An^ 
a glis 
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gki reciprocal I and tbofe ParaUehgrams that have one 
Angle efthi one equal to one Angle of the other ^ and the 
I Sides that are about the equal Angle reciprocal^ are equal 
; tawem themfehes ; which was to be dAmonftrated* 

PROPOSITION XV* 

T H 1 O k E M4 

^(d Triangles having one Angle of the one equal 
to one Angle of the other ^ have their Sides about 
I the equal Angles reciprocal ; and thofe Triangles 
that ha^e one Angle of the one equal tq one An- 
gle of the other^ and have affi the Sides about 
the equal Angles reciprocal^ ere equal between 
tbemjelves. 

L£T the equal Triangle ABC, ADfe, have one 
Angle of the one eoudl to one Angle of the 
oAer, viz. the Angle B A(J eoual to th^ Angle DAE. 

i I fay the Sides about the equal Angles are reciprocal, 

! that is, as CA is to AD, lb is EA to AB. 

For place &A ^d AD in one ftratt Lind, theil 
EA and AB fliall be*alfo in one ftrait Line, and let * '4- t. 
BD be jcrnied. Then becaufe the Trxangk AB C is 
equal to the Triangle ADE, and ABD is fome other 

' Triande, the Triangle CAB (hall be f to the Tri* 1 7- 5* 
angle fi AD» as the Triangle ADE is to the Tri- 
al^ BAD. But as the Triangle CAB is to the 

i Triangle BAD, fo is CA t to AD ; and as th&Tri- 1 1 sf /&/*«* 
ai^ £ AD is to the Triangle BAD, fo is { E A to 
AB. Therefore as CA is to AD, fo is E A to AB. 
Wherefore the Sides of the Triangles ABC, ADE, 
about the equal Angles, arc reciprocal. 

And if the Sides about the equal Angles of the 
Triai^es ABC, ADE, be reciprocal, vix. if CA 
be to AD as £ A is to AB, I fay the Triangle ABC 
is equal to the Triangle ADE. 

For, i^in kt BD be joined. Then becaufo CA 
istoAD as EA is to AB, and CA to AD t^ the 
Triangle ABC to the Triangle BAD, Md E A to 
AB Jas the Triangle EAD to the Triangle BADj 
therefore, as the Triangle ABC is to the Triangle 

BAD, fo ibsttt ih^ Triangle E AP be t9 the Triangle 

M BAD. 
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BAD, Whence the Triangles A B C, AD E, have 
the fame Proportion to the Triangle BAD; And fo 
^e Triangle A B C is equal to the Triangle A D £. 
Therefore, equal Triangles having me single of the 

ene equal to one "Angle of the other ^ have their Sides 
about the equal Angles reciprocal '^ and^thjffe Triangles 
that have one Angle of the one equal to one Angle tf 
the other ^ and have alp the Sides ahcut the &qual Angles 
reciprocal^ fre equal between themfelves j which was to 
be demonftrated, 

PROPOSITION xvr. 

Theorem. ^ 

If fiur Right Lines be proportional tbeReilangk 
contained under the Extremes is equal to the 

. ReSlangle contained, under the Means .5 and if the 
ReSande containe^under the Extremes be equd 

. M theKe5langle contemned under the Means j 

• then are the four Right Lijtes propcrtionaL 

LET four Right Lines AB, CD, E, F, be proporti- 
onal, fo that AB be tp CD, as E is ^oF. I 67, 
the Redangle contaaied under the Right X/kies AB 
ajod F, is eqioal to the Re£binglq contained under the 
Right Lines -CD and E. ;,.:.' 

For draw AO, CH, ftom the Points A^ C, at 
Right Angles to AB an<l CD, and make A G equal 
to. F, and CH equal to E, and l^th^fParalldo^ 
grams BG, DH, be completed, 1 • 

Then becaufe AB is to CD as E is to F, and finpe 
pH is equal to E, and AG to F, it fliall,b^^ AB 
is to CD, fo is C H to A G. Therefpre the Sid^ that 
are aibout the equal Angles of the ParalMognims BGy 
DH are reciprocal y afid fihce thofe Parsdldogianas are 
♦i43^^i/j ieitjual*, that have, the Sid^s about the equal^^Ai^lflS 
reciprocal: Therefore the Parallelogram BG is jequad 
to the Parallel<sgram. D H. But the JPar^ekgiam 
BG Jr equal to t\^-&^xs^[\od iinder AB apiF^/or 
AG is equal to F, ^d t^e JPafi^ldogram \D H eqapi 
to 'that contained' uilder C D and E, fi^oe C. H ia Q^itl 
to £; Therefore the Re£l2lngle2 contained U9^v<^ 
, aiid. F is equal to thatX;Q|itfilW€d ^^: €Cl>ai^jfi./ : 
^»-/ v: ' u * And 
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And if the Re£bngle contained under A B and f*, 
be equal to the Redbngle contained under C D and 
Ei I fay, the four Right Lines are Proportionals, vi%* 

' as AB i$ to CD, fo is E to F. ' 

For the fame Conftrudion remaining, the Reftan- 
gle contained under AB and F is equal to that con'*' 
tained under C D ind E ; but the Re£bngle con- 
tained under AB and F is the ReAangle B G ; for 
AG is equal to F : And the Re£tangle contained un- 

,der CD and E is the Reftangle DH, for CH is 

.equal to E. Therefore the Parallelogram B G, (hall 
be equal to the Parallelogram D H, and they are equi- 
angular; but the Sides of equal and equiangular Pa- 
xaUelogiams, which are about the equal Angles, are 
* reciprocal. Wherefore as AB is to CD, fo is C H * *4 sT thf^ 
to AG ; but CH is equal to E, and AG to F j there- 
fore as AB is to CD, fo is E to F. Wherefore, if four 

, Right Lines he proportional^ the ReSiangle contained 
under the Extremely is equal to the Rectangle contained 
under the Means 'y . and tf the ReSkingle contained under 
the Extremis be equal to the Rectangle contained under 
the Means J then are the four Right Lines proportional i 
which was to be demonftrated. 

PROPOSITION XVII. 

^ 

T H E O R EM. 

If three Right Lines he proportional^ the Re^ angle 
contained under the Ei:tremes^ is equal to the 
Square of the Mean ; and if the Rectangle under ^ 
the Extremes he equal to the Square of the Mean^ 
then the three Right Lines are proportional 

LET there be three Right Lines A, B, C, pro- 
portional ; and let A be to B, as B is to C. I 
£iy, die Rc£bingle contained under A and C, is equal 
to the Square of B. 

For make D eqiol to B. 

Tlien becaufe AistoBasBistoC, andBis 
jwgal to D, it (hall be^as A is to B, fo is D to C. • 7. {. 
. ;]Sut if four R^bt Lines be Pro{K>rtionaIs, the Redbm- 
^,jde QODtained under the Extremes is f equal to xh^\i^^t^h^ 
^K«aiogte.Wi4w tte Means. ThcrcfottL the Reftan- 
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gle contained under A and C, is equal to the RevSl- 
angle under B and D ; but the Refbngle under B 
and D is equal to the Square of D, for B is equal to 
D, Wherefore the Re£bmgle contained under A, C, 
|s equal to the Square of B. 

And if the Re6bngle contained under A, C, be equal 
to the Square of B ; I fay, as A is to B, fo is B to C. 

For the fame Conftruftion remaining, the Re£tan- 
gle contained under A and C is emial to the Square of 
B 'y but the Square of B is the Recbt^Ie contained uii* 
der B, D, for B is equal to D, and the Rie6bingle con- 
tained under A, C, fliall be equal to the Redangk 
contained under B, D. But if the Redangle contain- 
ed under the Extremes, be equal to the Redangle 
contained under thcf Means, the four Right Lines 
t i6 cftbn. ^^ j^ ^ Proportionals. Therefore A is to B as D 

is to ; but B is equal to D. Wherefore A is to B, 
ais B is to C. Therefore, if three Ri^ht Ifines be fn- 
portionaly the ReSlangle contained under ihe Extremes^ 
is equal to the Square of the Mean ; and tfthiRe^emr 
gle under the Extremes.^ be equal to the Squetre of the 
Meany then the three Right Lines are proportional i 
which was to be demonftrated. 

PROPOSITION XVIII. 

Problem. 

. Upon a given Right Line^ to defcribe a Right-lined 
Figure ftmilary and fimUarly Jituate to a Rigpt- 
lined Figure given* 

LET A B be the Right Line given, and CE the 
Right-lined Figure. It is requirctl to deforiber 
upon the Right Line AB a Figure nmilar, and fimi- 
larly fituate to the Right-lined Figure Cl^. 
• 23* '• Join DF, arid make * at the Points A and B, with 

the Line AB, the Angles GAB, AB G, each equal 
to the Angles C and CDF. Whence the other An- 
t Ccr. 32. 1. gle CFD is t equal to the other Angle AGB ; and 
io ti^e Triangle F CD is equiaigular to the Trkngle 
GAB > and confequently, as riy is to GB, To is 
t 4 y /-6A. JFG to GA ; and fo is CD to AB. Again, make 
thcAngles BGH, GfiH, at thePomts B and G, 

with 
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wjtb the Right Line BG, each ec^iml to the Angles 
EFD, EDFj then the remaining Angle at E, is f t Cor, 31. i. 
equal to the remaining Angle at H. Therefore the 
Triangle FDE, is equiangular to the Triangle GBHj 
a^d confcqucntly, as F D is to G B, fo is J F E tot 4?/''*»>. 
GH ; and fo ED to HB. But it has been proved 
that FD is to GB, as F C is to GA, and as CD to 
AB. And therefore as FC is to AG, fo is * CD to* "• 5- 
AB; and fp FE taQH ; and fo E D to HB. And 
btecavife ite Afi^e CFD is equal to the Angle 
j^ G B ; and the Angle t) F E equal to the Angle 
BGH; the whole Angle CF E fliall he equal to the 
whole Angl^ A GH. By th^ fame Reafbn^ the An- 
gle CDE is equ^ to the Angle AB H; and the An- 
gle at C cgu^l to the Angle A ; and the Angle E 
equal to the 4"gle If. Therefore the Figure A H 
IS ecpiiai^ular to the Figure C E ; and they have the * 
Sides about the equal Angles proportional Confe- 
qoendy, the Right-lined Figure AH will be t fimilart ^^f- '• 
tp the Right-lined Figure CE. Therefore there is'f'^''' 
Scribed upon the given Right Line AB, thq Right- 
lined f^igure A H iimilar, and fimilarly iituate to the 
given Right-lined Figure CE^ %uhich was to be done, 

PROPOSITI ON XIX, 

Theorem. 

Similar triangles are in the dupUcate' Pmportion 
of their homologcus Sides, 

LET A RC, D E F, be fimilar Triangles, having 
the Angle B equal to tjie Angle E ; and let AB 
he to B C as DE 13 to EF, fo that B C be the Side 
l^omologou^ to EF. I fay, the Triangle ABC, to 
the 'Triangle DEF, has a duplicate Proportion to 
that of the Side B C to the Side E F. 

For take * B G a third Proportion to B C and E Fj * " ^T ^^'>- 
that is, let BC be to EF, as EF is to BG, and join GA, 
Then becaufe AB is to BC, as DE is to EF ; it 
ftall be (by Alternation/ as AB is to DE, fo is BC 
to EF J but as BC is to EF, fo is EF to BG. There- 
fore as AB is to DE, fo isfEl^^to BG; confe-t"?5. 
qiicntly, the Sides that are about the equal Angles of 
. •' . ' y^i . the 
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the Triangles ABG, DEF, are reciprocal: But thde 
Triangles that have one Angle of the one, equal to on e 
Angle of the other; and the Sides about this equal An- 

1 15 jf tbu, gles reciprocal, arc % equal. Therefore the Triangle 
ABG, is equal to the Triangle DEF ; and becaufe BC 
is to E F, as EF is to BG, and if three Right Lines 

♦ Def. 10. 5. be proportional, the firfl! has * a duplicate Proportion to 
the third, of what It has to the fecond. BC to BG 
(hall have a duplicate Proportion of that which BG 
has to E F ; and as BC is to BG, fo is the Triangle 
ABC to the Triangle ABG, whence the Triangle ABC 
bears to the Triangle AB G a duplicate Proportion to- 
what BC doth to EF ; but the Triangle ABG is equal 
^ to the Triangle DEF. Therefore the Triangle ABC, 
to theTriangle DEF, (hall be in the duplicate Proiportion 
gf that which the Side BC has to the SideEF. Where- 
fore ^wj/'&r Triangles are in the duplicate Proportion of 
their homobgous Sides 5 which was to be demoimrated. 

Corolh From hence it is manifeft, if three Right Lines 
be proportional, then as the firft is to' the third, fb 
is a Triangle made upon the firft to a fimilar, and 
fimilarly defcribed Triangle upon the fecond : Be* 
caufe it has been proved, as C B is to B G, fo is the 
Triangle A B C to the Triangle ABG, that is, to 
theTriangle DEF^ which was to be demon/lratid^ 

PROPOSITION XX. 

Theorem. 

Similar Pohgons are divided into fimilar Triangles^ 
equal in Number^ and homologous to the Wholes ; 
and Polygon to Polygon^ is in the duplieate Pro^ 
portion of that which one howx^logous Side has to 
the other. 

LET ABCDE, FGHKL, be fimilar Polygons; and 
let the Side AB be homologous to the Side FG, 
I fay, the Polygons ABCDE, FGHKL, are divided, 
into equal Numbers of fimilar Triangles, and homolo- 

fous to the Wholes ; and the Polygon ABCDE, to the 
blygon FGHKLjt is in the duplicate Proportioa of 
that which the Side AB has to the Side FG. 

For let BE, EC, GL,LH, be joined* Then 



Book. yi. B^cli/^ Elements. 169 

Tten heaiiifc the Polygon ABCDK. is fimilar %xy 
ftbc Porygon FGHKL,.the Angle B.AE is^eqwal^ 
to tfeeAn^ejGFL) arid BA is to AE as GfF is tor 
F'L. Now.fmce ABE>.FGL, arc two Triangl«^ 
Jiaving QDt Angle of the one eqjual to t)ne Angle' of 
the other, ,and the Sides about the equal Angles pror' 
portional ; .the Triandc ABE will be * equiangular ^^rf '*'* 
tt>. the ^Triangle F G L 5 and alfo fiinilar to it*- 
Thercidrc the Angle ABE, is equal to the Angle FGLj 
but th^ whole Angle. AB C is f ^qual .to the whole .^^*^; *• 
Angle FGH, hecaufe of the Siriularity^ of the Poly-^^ ' '*" : 
§50hs, - ThercfiJre the remiaintng Angle EEC is 
equal tditfi'e .xemaining Angle LG H : And fihce (by 
the Similaiity ctf the Triangles ABE, FGL).a« EB' 
19 to EA, '£»>isLG toGFff And fmce alfo by the 
Similariyvof the Polygons) AB is to B C, as F G is 
to Gii;4t.fliall be % by Eqiiality of Proportion, as.t **• S* 
EB a^X^ BC, fo is LG to. GH, that is, the Sides 
about the. equal' Angles EBC, liGH are proporti- 
onal. Wherefore the Triangle 'EB C is equiangular. 
to the Triangle LGH; and coniequently alfo fimilar 
to it. For the fame Reafon, the Triangle E CD, i^ 
^kewife fimikr to the Triangle LHK ; therefore the 
fimikrPolygotts ABCDE, FGHKL, are divided 
iolo equal Numbers of fimilar Triangles. 

I fay, they are alfo homologous to the Wholes^ 
diat is, that the Triangles are proportional ; and the 
Antecedents are ABE, EEC, EC D, and their Con^ 
fequenta F GL, L G H, L H K. And the Polygon 
ABCDEj to the Polygon FGHKL, is in the dupli- 
cate Proportion of an homologous Side of the one, to 
an honu^ogoua Side of the otiier, that is, AB to FC. 
- For'becaofe the Triangle ABE is fimilar to the 
Triangle F G L, the Triangle ABE, fhall be * to the * '9 'f'^'* 
Triangle F G L, in the diuplicate Proportion of B E 
to G L : For the feme Reafon, the Triangle B E C, 
to the Triangle GLH, b* in a> duplicate Proportion 
«f BE to GL : Therefore the Triangle ABE is f tq f u. 5. 
the Triangle F G L, as the Triangle B E C is to the 
Triapg^ G LH, Again, hecaufe the Triangle EBG 
is fimilar to the Triangle LG H j the Triangle E B C 
to the Triangle LGH, fliall be in the duplicate Pro- 
portiod of tic Right Line CE to the Right Line 
nh'y andiiblikcwifetheTriaiiglcECDtotlieTri- 

^ 4 a^g^e 
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aifgle'iLlI K!, fhall Mt in the duplicate Pnopottioii of 
CEto^ HL. Therefore the Triangle BE C & to 
tJfc Vriahgle L G H, as the Triamgle OE D is. to th© 
TArigte LHK. But it has been -proved, that the 
Triangle EBC is to the Triaiigle LGH, as the 
Trian^c ABE is to the Triangte F G L : Therc^ 
fore as the Triangle A B E is to the Tria^k F G L, 
fo is the Triangle BEC to the Triangle CyHL; aiwi 
fo is the Triangle ECD to the TriangkLHK. But 
as one of the Antecedents i^ to one of the Confer 
'quents, fo are }: all the Antecedents to all the Confer 
cjuents. Wherefore as the Triangle ABE is to thit 
Triangle F G L, fo is the Polygon AB C D E to die 
Polygon F G H K L : But the Triangle A BE to the 
Triangle F G L, is in the duplicate Proportion of the 
homologous Side AB to the homologouf SideFGi 
for fimilar Triangles are m the duplicate Propordon 
df the hbQiolojgoUs Sides. Wher^ore the Polygon 
ABCDE, to the Polygon FGHKL, is in the du- 
plicate Proportion of the homologous Side AB to 
the homologous Side F G. Therefore fimlar Pofy^ 
gms ar6 divided into Jimiktr Triangles^ equal in Numr 
ber^ and homologous to the Wholes ; and Pofygon to Po^ 
fygon^ is in the duplicate Proportion of that wbieb one 
homologous Side has to the others which was io be de- 
monftrated/ 

It may be demonftrated after the (ame manner tUl^ 
fimilar quadriktei^ Figures are to each other in the 
duplicate Proportion of their homologous Sides ; ami 
this has been already proved in Triangles, 



CorolL I. Therefore univerially fimilar R%ht*liQ'd Fi^ 
gures, are to one another in the duplicate Piopor* 
tion of their homologous Sides ; and if ^ X be tsdcen 
a: third Proportional to AB and F G, thdi AB will 
liave to X a duplicate Propordon of that which AB 
has to F G ; and a Polygon to a Polygon^ and a qua*^ 
drilateral^Figure to a quadrilateral Figure, will be in 
the duplicate Proportion of that which one homo* 
B G X logous fide has to the other; that is, AB to FGs 
but this has been proved in Trkngles. 

z. Therefore univerfally it is maniim, if three Right 
Lines be proportional, as the firft is to the third, {q 
is a Figure defcribed upon the firft, to a fimila^ and 

fimilarly 



J 



BookVL Euclid's Ei^sm&mts. 

: fyoSsuAf defcnbed Tiguit oa the tocqsid f Vfkifk 
WO0S Ube dermmftrdted* 

PROPOSITION XXI. 
Theorem. 

, . » 

Wtgurei that are Jitnilar to the fame Right-lined 

Fi^re^ are alf(^ ftmilar to one anot&r. 
• * • 

L^T each of the &ight-^Untd Figurti^ A, B, be fn 
jnilar to the Rigbt4in'd Figure C. I fay, th^ 
Right-*lin'<l Figure A, i^- alfo fimibr. to th^ Rightrlin^d 
Figure's. 

Few: becaufe the Rigltf-fi|ied Figure A isiimibr to r^ ^ 
the Rightrlin'd Fi©*|-« C, it ihaU be ♦ equiangular ,^,i^'^ 
theieito 9 a^d the Sides^^ about the equal Angles pro- 
portionaL Again, becaufe. the Righf-lin'd Figure B 
18 fimilar to the Right-linM Figure C, it (ball * be 
equianguUr 'lehereto ; and the Sides abou^ thp ^qual 
ibigles will be proportional. Therefore ;e9f:h of the 
Ri^t-lin'd 'Flutes A, B, are equiangular to C, and 
iStlsf have the Sides ^bout the qiqujal Angles propord- 
enal. Wherefore the Right-Iia'd Figure A is equian^^ 
gular to the •Right-Un'd Figure B ; and the Sides about 
^ equal Angles are proportional ; wherefore A i$ ii^ 
ouhrto B ; which was t9 be dtmonjlrated* 

PrRO POSIT ION XXII. 



i # 



Theorem. 



If Jour Right Lines he proportional^ the Right-Hn*4 
figures ftmilar andjimilarly defcribed upon tbem^ 
Jhall be proportional ; amd if the fimilar Rights 
lin^d Fiffires ftmilarly defcribed upon the Lines^ 
be proportional J then the Right Lines Jhdl b^ 
alfo proportional. 

LET four Right Lines AB, CD, EF, GH, be 
proportional y and as AB, is to CD, fi> let EFy 
betoGH. 

Now let the funilar Figures KAB^ LCD, be fir 
Biibrly djpferibed * upon AB| CD} «nd tbefimiki 

Fi^O 



I^gtnns MF> Jbl Hy fivailavlf ddfcobed. upon thetfiii^ 
Lines EF, GH. I fay, 9^ the RightrlihediE^yire 
K A B is to the Right-lined Figure LCD, fo fe the 
Right-lioM Figuret MF tp the ilUgbt-liiiecl F^te NR 

f II 'of thii. For take* X a third Proportional to AB, CD, and 
O a third Proportioiwd io E F, G H: 

Then hecaufe AB i5 to CD,.as EF is to GH , and 

+ 22. 5. ^ C'r) is tb'X, fo is G-H -to O; it fliall be + byV 
Equality of Pfoperttoih, as ABi^toX, fo is EF to O. 

I Cof, 20, But AB is to X, as the Right-lined Figure K AB is t to 

S^ '*"• the Rigfit-litied Figure J^B ; iind as E F kto O,. fo 
jfe J?tfee^^ Rlghl^fined Figtwe M F, to the RighcJincd 
Figii^* ^E^-Hi' Therefet* as tho Right-lined Figure 

^ ".5? KAB is to the Right-lined Figure LCD, fo i$*the Rights 
V ,. , Biied-Fi^rc'MF tQtheRidit^JincdFiguwN'ft 

Aiid if the Right-lined >igurc KAB be ta dicjr 
R'ig&t^linfd' Figure LCD^ as the Right-lined Fi^uJ»> 
M F is to the Right-lif&ed Fi^re N H ; I ii^y^ as) 
A B is to CD, fo is EF to G H. 11 1 : . 

1 12 if ibis. For m^ke f E F ta PR^ as AB is to CD^ mA^ 
Arribe upon PR a Right-lihed F^ufc &R finiilaB;' aod 
9fike fituate, to either of the Figuies MF and N H* 

Then hecaufe AB is to CD, as £F is. to PR] toA 
there afe defcribed upoi» AB^ CD, fimilBr aiid aliioD 
fituaie Right-lined Figuret K AB> LCD, and 1^00 
E F, PR, fimilar and alike fituate Figures MT,: SR^ 
it fhall be (by what has been already p^Ted}' «9'lhe 
Pight-Iined Figure KAB is to the Right-hncd Figure 
LCD, fo is the Right-lined Figure MF to tfie Right- 
lined Figure RS : But (by the Hyp.) as theRight-Jmed 
Figure KAB is to the Right-lined Figure LCD, iQ 
js the Right-lined Figure M F to the RightrJined Fir 
gure N H. Therefore as the Right-lined Figure M F 
is to the Right-lined Figure N H, fo is thfe Right-lihed 
Figure MF to the Right-lined Figure SR : And friicc 
the Rjght'Iined Figure M F has the &tne.. Proportion 
to NH, as it hath to SR, the Right-lined Figure- NH 

i 9- 5- fhall be % equal to the Right-lined Figure SR i i^ is 
alfo fimilar to it, and alike defcribed j therefore GH 
h equifto P R. And bccaafe A B k to <C>D, aafEf 
is ta PR 'y. aad PR is equal toGH^ it &all ber,^ AB Is 
to CD, fois EF toGH. Therefore, i/^ar £^ 
Lims hi poportaoiHilf tbe RightfSned Figunty JfimSlar 

»»'• •: i - (mifarvitrly. d^crUhsiuf/m thm^Jhdl ic.prapertMsl^ 
.... I . and 
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end if the Jfmilar Right^Uned Figures fifrtOgrfy A-? 
fcribed upon the Lines ^ le'proportimal^ then the Right 
Lines Jhall alfo be proportional i which Was to be de* 
monftrated. 

LEMMA.* 

Jn) three j^ight Lines A> B, and C» heing given^ 
the. Ratio of the firji A to the third C, is equal 
to the Ratio compounded of the Ratio of the fir ^ 
A to the fecond B, and of the Ratio of the fe^ 
iond B to the third C. 

t^OR Example^ let the Number $ be tie Expenenf^ 

^ or Denominator rf the Ratio of A to B ; that is^ 

let A be three times B, and let the Number 4 be the 

Exponent of the Ratio 'of B to C; then the Number 

12 produced by the Multiplication of 4 and 3, is the 

compounded Exponent of the Ratio of A to G :• For 

fince A ' contains B thrice^ and B contains C four 

~ timesy A will contain C thrice four timeSy that isj i »• 

times. This is alfo true of other MultrpUsj or Sub^ 

multiples ; but this Theorem may be unruetfally de^ 

mmjlrated thus: The ^antity of the Ratio of A to 

A. 
B» is the Number-^ viz. which multiply if^ the Con^ 

fejuenty produces the jfntecedent. So likewife the ^an^ . 

% rf the Ratio of B to Cy /f ^. And fhefe two, 

Quantities multiplied by each other^ produce the Num* 

her 7t7^ 9 which is the Quantity of the Aatio that 

the Re^angle comprehended under the Right Lines A 
and B, has to the Rectangle comprehended under the 
Right Lines B and C ; and fo the faid Ratio of the A 
Re^angle under A and B, to the Rectangle under 
B and C, is that which in the Senfe of Dcf. y. fff 
this Book , if compounded ef the Ratios of A to Oj 
and B /^ C} but (by i. 6.) the Reef angle contained 
under A and B, is to the Reffangle contained under 
B and C, as A is to C; therefore the Ratio of A to 
Q is equal to the Ratio compounded of the Rations of 
Aioh^ indofBtoC. 
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If aftf fintr Right Lines Ay Bf C, and D, he prth 
fofodi the Jdath ^the firfi A to thifiurth D, /V efiu{l 
tQ' the. R^h .^Qmp9un4ed of the Ratia of the firfi i^ tf 
the fecmd B, and of the Ratio of ihe fec'ond B to the 
third C, and of the Ratio of the third C to the fourth 

p. 

/ir /« /Ar^^ Right Lines A> C, ^»rf D, the Ratio ef 
A /^ D, is equal to the Rfitifs compounded of the Ra- 
tio's of A to C, and of C to D; and it has been already 
demm/Iratedy that the Ratk of A to C is equal to the 
Ratio compounded of the Ratidt of A to B^ and B to 
Cf Therefore the Ratio of A tot) is eqtfal to the Ren 
tie compounded of the Ratio's of A to B^ ^B eo C, and 
^ I of C to a. After the famo Manner we demoriflrati^ in 

I e(ny number of Right Lines, that the Ratio of the fi^ to 

I t^ iaji is equal to the Ratio compounded of the Katio'i 

A B C D ^ thefirft to the fecond, (f the fecond to the thirds ^ 
the third to the fourth^ ariiifo on. to the lajt. 
^ J'bis is true of any. other Quantities befides Right 
hijoes^ ivhioh will be manifeft^ if the fanu Number of 
Right Lines; Ay B, C, *&c as there are Magnitudes he 
affiimed ifk the fame Ratip^ viz. fi that the Right Lino 
A if to th4 Aight Line B, as the firfi Magnitude \{ to 
the feconOy and the Right ffino B to the Right Line fl 
4^s the fecond Magnitude is to the thirds and jo ftf. it 
* is mamfeji {by 2jt, 5 J by Equality of Proportion^ that 
, the fir a Ri^ Line A is to the loft Right Liney as tlie 
\ firft Mamitudji u to the lafi^^butibe Ratio of the Right 
\ Line A to the lajl Right Line, is equal to the Ratio 
compounded' (f the RatSrsofA to B, B to C, and fi on 
] tfithe h^. Right Line : But (by the Hyp.) the Ratio jf 
any one of the Right Lines to that ruareji to itj is the 
fame as the 'Ratio of a Magnitude of the fame Order to 
) that near e^: it. And therefore the Ratio of the firji Mag^ 
. nitude to. the Iqft^ is equal to the ltatie( compounded of^ 
f j > the Ratio's of the firji Magnitude to the fecond^ \ of. tM 
fecond to the thirds and fo on to the tajl\ .whuc^ vnsfk 
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PROPOSITION xxirt 

T H E O R E M." 

Equiangular P aralUlograms have the Proportion tQ 
one another that is compounded of their Sides. . 

LE*r AC, CF, te equiangular l^ahJlelognrms, 
having the Angle BCD equal to the Angle £CG. 
I fay, the Parallelogram AC, to the Parallelogram 
CF^ is in the Proportion conipoanded of their Sides, 
VIS. compounded of the Proportion of B C to C G, 
and of DC to CK 

For let B C be plad^i ia the fame Right Line 
with CG. 

Thfcn DC flail be; * in a ftrait Line with CE,* 14* r. 
and complete the Paralldogram D G ; and thenf as f- x^ ^th!^ 
B C is to CG, fo is fome Right Line K to L ; and 
agDCis to.CE, fo letLbetoM. "■ - 

Then the Proportions of K to L> and of L to M, 
ate the fame as the Pi-oportions of tfa^ Sides, vix. of 
fiC to CG, and DC to CE ; but the Proportion of 
£ to M v&X compounded of the Proporidon of Kt Utmi^ : 
td L, and of the Proportion of L tb M. Wherefoi«^'^«'' 
alio K to M hath a Pro^rtion compounded of the 
Sides. Then becaufe B C is to. C G as ' the Paralleloe- 
pam AC is * to the Paralldbgram CH: And fmce* x ofthiu 
BCi$ to CG as K is to L, it fliallbefas K isto L,t n- s* ' 
fc is the Paiallelognim AC, to th^ ParallelognMn 
CR i^ain, becaufeDCis toCEastheParalldo- 
gam CH Js tothe Paral]el(^ram CP; and fmoe as 
DC is to CE, fo is L to M. Therefore as L isto 
M, fo fliall t the Parallelogram CH tite to thcPaiaBe- 
logtam CF ; and confequently fince it has been prov- 
ed that K is to L, as the Psvallelpgram AC is to the 
Parallelogram C H, and as L is to M, fo is the Pa- 
lallelogiaiA CH to the ParaUelogram CF| itihall 
be I by Equality of Proportion, as K is to M, fo is t ^s* ^ 
theParallelognun AC to the.Parallelognm C F ; but 
K to M hath a Proportion . compounded of th^ Sides : 
TherefoR! alfo the Psuralklogtam AC, to th^ Paral- 
lelogram CF, hath a Proportion compounded of tbe 
SideL Where&rc ejuianjiukr Paralklft^m bma 

the 
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thi Proportion to one another that is compounded of 
their Sides ; which was to be demqnftrated* 

PROPOSITION XXIV. 

Theorem. 

In every Parallelogram^ the Parallelograms that \ 

areaiout the Diameter^ are fitnilar to the wboUy 
. and alfo to one another* 



L 



£T ABCDbe a Parallelogram, whofe Diame- 
ter is A C ; and £ G, H K, be Parallek^raim 
about the Diameter AC. I fay the Parallelognuns 
£6» HK, are fimilar to the whole ABCD, and 
sQfo to each other. 

For becaufe £F is'drawn parallel to B C, the Side 

P%rfAis^ of the Triangle ABC, it fliaD be ♦as BE to EA, 
fo is CF to FA. Again, becaufe FG' is drawn pa- 
rallel to CD, the Side of tl« Triangle ACD, it (hall 
beasCFtoFA, fo i8*DGtoGA. But CF is to 
FA, (as has been proved) as BE.is to £A. There- 

fix. 5. fore^ as B£ is toEA, fo is fDG to GA; and by 

i «8- S* compounding) as BA i& to A£, fo is ;[ DA to AG ; 
and by Alternation, as B A is to AD, fo is £A to 
AG. Therefore the Sides of the Parallelognuns 
ABCD, £G, .which are about the common An^ 
BAD, are proportionaL And becaufe G F is pacal- 

^ 9f.9. kl to DC, the Ang^e AGF is ♦ equal to the Anglo 

.ADC, and the Angle GFA equal to the Angle DCA; 

-and the Angle D !l^ C is common to the two Tnan- 

.gfcs AD C, A G F. Wherefore the Triangle ADC 

will be equiangular to the Tiiangle AGF. For the 

- fame Reaibn, the Triangle AC B is equiangular to the 

Triangle AF£. Therefore the whole Parallelogram 

ABCD is )cquiangular to the. Parallelogram £G; 

tA*ftln$.-mi fe AD is to DC aai AG is t to GF. But DC 
is to CA as GiF is to FA$ andACistoCB, asAF 
is tof £; and morecwrer, CB istoJBA asFE.is jo 
£A« Wherefore, iince it has lieen. proved, that DC 
• hto CA, as G¥ is to FA; and AC is to CB, as AF 
is to F£ ; it fkaH be, by Equality of Proportiaii, as 
iX; IS to GB, ib is GF to F£. Therefore the Sides 
4lataHPe ^boiit tbe^qoal ^Uisdes of tbe Pandlelograms 

ABCD, 
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A'S C D> £ Gy are f>rofx»rtional ; and aoconiingly tke 

Parallelogram A BCD is iimiiar to the Parallelogi^m 

£ G. For the fame Reafon the ParalldogKun AB.CD 

is fimilar to the Parallelogram X H. Therefore, U^d^ 

the Parallelograins £ G, HK, are fimilar to li>e P»- 

zallelogram A BCD. But. Right-lined Figures t^a^t 

are fixnilar to the faxae Right-Jined Figure, are fimi- *>' •fthi^ 

kr to one another. Therefore the Parallelogram £G 

|s ilmilar to the Parallelogram HK. And fo ine^ety 

Varallelogramy the P araUelognams that an* about tbi , 

Diartuter af'£ fimilar to the whoUy and alfoio xom-^ti" 

aber : which was to be demonftrated. 

* ft 

PROPOSITION XXV. 

Problem. 

20 defcfibe a Rigbl-lwed Figure fimilar to a Right- 
' lined Figure which fijall be given^ and equal ta 
another Right-lined Figure given. 

LET ABC be a given Right-lined Figure, to which 
it is required to defcribe another fimilar aad^^^jal 

r On the Side B C of die given Figure ABC, ^intake * H-J^* 
iht PacaHelogram B £ equal to the Right-lined Figure 
ABC; aad on the Side C£ make^.the Paoallolo^ 
C^adi CM •equal to the Right^ed Figure D^ in' the 
^gleFCE, cqual.to the AiogleCBL^ TJaonBG, 
CF, as dfo J^£, £M, will be f in two. AraitXrina. f 14- h 
find J G H a mean Profwtfcnal between fid, C F, t *3 '/^'^ 
^ on G H let there be defbribed ^ tfae'Right^tUIIGd * i% e/thiu 
•f%uie KGH fimilar and alike fituate to the Rigfat«» . ^ 

<ftMsd Figure ABC. ? ^ 

And then becaufe B C is to G H, jas GH « to CF, 
mifiiioe when three Right Lines are proportional^ tbe 
6A is'to the tliird a^ tl» Figure dofcribcd oaxtheiirft .: :: t 
^ t to a ihmbr anil alike /fituatr Figure defcfifa6d «n f Cor. sp^ 
Jihe ittsbi^ it^ibOl 4)e aadBC is t<i CF, faicthed^kt- '/ '^v ^ 
4in6d Figim ABC to the Aigjbt^ined F^r^KOiQ. 
cBut ^vBC is to CF^ feib^the'PaxalialQgiaili B£ f> t < ^^^ 
:the PandMbgnuni' £F. Thcnftfore, as di&Rcgbt^Jiti^ 
(F^unt AB.C.i3 to the. JBJgihtrslined Fig^a»rKiaH,».ro 

^\thB {^AoUekciam ;S£. tir tks PanOitflQgi&K^frf * 
s ^ Where* 
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Wherefore, ( by Alternation) as the H.ight-Imed Fi- 
fcure ABC is t6 the Parallelogram BE, fo is the Right- 
Kncd Figure KGH to the Parallelogram EF. Bui 
the Right-lined Figure ABC is equal to the Paralldck 
grani BE. Therefore the Right-lined Figure KGH ' 
is alfo equal to the Parallelogram £ F. But the Pa-*- 
rtUdc^ram E F is equal to the Right-linid Figure D. 
^heitfore the Right-lined Figur« KGH is equal to D. 
But KG H is fiimlar to ABC. Confequehdy there is 
dcffcribed the Right-lined Figure KGH fimilar to the 

fiven Figure ABC, ^d equal to the given Figure 
) 5 whiit was to be done. 

PROPOSITION XXVI. 

T H B O R B M, 

J^frtm a Paratlelogram be taken away amtber . 
ftmiiar to the whole, and in tike nidnner Jituate^ 
having alfo an jingle common with it, then is that 
Panulelogrdm about the /ami Diatnetef with tl» 

whole. 

LET tht! Parallelogram AF be taken away from 
the Parallelogram A B C D fimilar to A B CD^ 
Slid in like manner fituate, having the Angle DAB 
ttnmion. I fay the Parallelogram ABCD is about 
tbe fame Diameter with the Parallelogram AF. 

For if it be not, let AH C be the Diameter of thi 
Parallelogram BD, and kt GF be produced to H| 
aUb kt HK be drawn paraUel to AD, or B C. 

Then becaufe the P^lelogram ABCD is about 
the iame Diameter as the Parallelogram K G, the Pa- 
• t4^f^V.ralklogram AB CD (hall be * fimilar to the Paralle* 
t^ t. ^kgram KG; and fo as DA is to AB, fo is f GA ta 
^^ AK. But becaufe of the Similarity of the ParaUdo* 

grams ABCD, EG, as DA is to AB, fo is GA ca 
I ss. ^ AE. And therefore as GA is | to A£, fo is GA 
to AK« And fince GA has ti^ feme Proportion ta 
4 91 1. AK as to AE, A£ is 4. equal to AK, the lefs to a 
greater 9 which is ahfurd. Therefore the ParaHek- 
mm AB CD is not about the fame Diameter as dia 
Fiarftlkkgram AH. And therefore it will be about tha 
finie DiaiDicter with the Parallek)gram AF. Therefore^ 
y^frmna ParoMfigjrem h$ Him awaj awnhfr fimUit 

t$ 



I,' 
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to the whole^ and in like manner Jituate^ having alfo 
anAngU common with it ^ then is that Parallelogram 
about the fame Diameter with the whole j which was 
to be demonfirated. 

PROPOSITION XXVU, 

Theorem. 

■ 

Of all Parallelograms applied to the fame Right 
Line^ and wanting in Figure by Parallelograms 
ftmilar and alike fttuate^ defcribed on the half 
Line^ the greatefi is that which is applied to the 
half Liney being ftmilar to the T)efe^. 

LET AB be a^Right Line, bife(aed in the Point C, 
and let th^ Parallelogram AD be applied to the 
R^t Line AB, wanting in Figure the Parallelo-* 
gram C£, fimilar and aUke fituate to that defcribed 
on half of the Right Line AB* I fay, AD is the 
greatefl: of all Parallelograms applied to the Right 
Line AB, wanting in Figure by Parallelograms fimi- 
lar and alike fituate to C E. For let the Parallelogram. 
AF be ^plied to the Right Line AB, wanting in 
F^ure the Parallelogram HK, iimllar and alike fitu- 
ate to the Parallelogram C £. I fay, the Parallelo- 
gram AD is^rpater than the Parallelogram A F. . 

For becauie the Parallelogram CE is fimflar to the 
Parallelogram HK, they ftand * about the f^me Dia- ? »^ ^ /^vV, 
meter, let DB their Diameter b^ drawn,, and the Fi-* 
gure defcribed Then fince the Parallelogram CF is,t 1 4-3' '• 
equal to F E, let HK, which is common, Madded;, 
. and the whole CH is equal to the whole KJ^. But 
CH is J equal to CG, becaufe; the Right Ijine AC is^t 3^ 5* 
equal to CB» Therefore th^ whole AF is equal to! 
the GnomoaLNM; and To CE, that is, thel^aral- 
klogram AD is greatei^ than the I^ar^ld^ram; AF« 
Therefore, rf all Parallelograms ap^ied Jo the fame 
Right. Line^ and wanting in Figure by Paral^logram^ 
ftmilar and alike fituate^ defctibed on th^ half Liincy 
the greatejl is that, which is ^ applied to the, half JLine^ 
being ftmilar to the Dtfeil \ which was to be demon- 
.ftrated. 

N ' ^^ pro: 
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PROPOSITION XXVIIL 

Problem. 

To a Right Line given to apply a Parallelogram 
equal to a Right Line Figure given, deficient by a 
Parallelogram, which isftmtlar to another given 
Parallelogram 5 but it is necejfary that the Right- 
lined Ftgure given, to which the Parallelogram 
to be applied mufi be equal, be not greater than the 
Parallelogram which is applied to the halfLine^ 
fince tbeDefeSls mufi beftmilar, viz, tbeDefeS 
of the Parallelogram applied to the half Line, and 
tbeJ>efeS of the Parallelogram to be applied. 

LET A B be a given Right Line, and let the given 
Right-lined Figure, to which the ParaS^ogram 
to be applied to the Right Line A B muft be equals 
be C, which muft not bfe greater thstti the Paralfelo- 
gram applied to the hidf Line, the Defe£ts being fimi-. 
kr; and let D be the Parallelogram, to which the 
Defe6i of the Parallelognim to be applied is fimilar. 
Now it IS required to apply a Parallelogram equal to 
the given Right-lined Figure C to the given Right 
Line AB, deficient by a ParalWogram fimilar to D. 

• iS •ftbk. Let AB be bife£ted in E, and on EB defcribe * the 
Parallelogram EBF6, fimilar and alike fituate tx> D, 
and complete the Parallelogram A G. 

Now AG ii either equal to C, or greater than it, 
becaufe of the Determination. If A G be equal to 

V C, what wus propofed will be done ; for the Pandle- 

togram AG is applied to the Right Line AB^ equal to 
the. given Right-hnod Figure C, deficient by the Pa- 
rallelogram E F, fimilar to the Parallelogram D. But 
if, it be not equal, then H E is greater than G $ but 
EF is equal to HE. Therefore EF (hall aMb be 

1 25 •fthh, greater than C. Now make f the Parallefogram. 
KLMN fimilar and alike fituate to D, and eqiml to 
the ExQEifs, by which EF exceeds C. But D is fiaiihr 
to EF : Wherefore KM (hall alfo be fimilar to EF. 
Therefore let the Right Line K L be homolbgous to 
GE, and LM to GF. Then becaufe EF is equsd to- 
C aod IpA together^ EF wiU be greater than KMf 

and 



and fo the Right Line GE is greater than KL, and 
GF than LM. Make GX equal to KL, and GO 
^qukl to LM, and Complete the Parailelo^aiii 
XGOP. Therefore XO is equal and flmilar to 
KM, but KM is fimilar to £F) therefoit XO is ^ *2i if this, 
fimilar to £P, and fo XO bfabout the fame Dia«-t ^e^thiu 
jtneter with F£: Let GPB be their Diameter^ and 
the Figure be defcribed. 

Then fince £F is emial to C and KM tc^ether, 
and XO is equal to KM, the Gnomon ^ ^ t* remain* 
ing, is equal to the remainii» F^ure C ; and becaafe 
OR is equal to XS, let SR, which is common, be 
added i then the whole O B is equal to the whole 
XB, but XB is eoual to T£^ fmce the Side A£ is 
equal to the Side £ B. Wherefore T £ is equal to 
OB. Add XS, which is common, and then the whok 
TS is equal to ^ whole Gnomon r^ir; but the 
Gholiii^n Y^^ has been proved equal to C; and ib 
TS £baU be equal to C; and fo the Paralldogtam TS 
B applied to the Right Line AB, equal to the given 
Right-lined Figure U, and deficient by a Paralkloeram 
SR, fimilar to the ParaUebgram D, beCaufe SR is 
Smilar to F£ ; which was to beime. 

PROPOSITION XXIX. 

Theorem. 

7b a Right Line given^ to apply a Parallelogram 
equal to a Right-lined Figure given^ exceeding 
by a Parallelogram^ which Jball be fimilar to 
another given Parallelogram. 

LET A B be a given Right Line, and let Cbe the 
given Right-lined Figure to which that to bd ap- 
plied to AB muft be eq^. Likevnfe let D be the 
Pardldctfnttto to which the exceeding Parallelogram 
is to bemnilar; it is required to apply a Parallelpg|-am 
to tlic Right Line AB, equal to the given Right- . 
Imed Fij^ Q ^ccriltig by^a Pandklogram fimilar 

Biicft AB- in E, an^ let the PandWt^ram EL be 
dcttsribcd • upon tfeeRight Line EJB, fimifar and alike* i%. i. 

^ to D i and that + the pjtfaHdognim .G H eqi^l t ^5 e/^f*«: 

N 2 t:) 
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to EL stnd C together, but fimilar tx> D^ and aKIoe 
iituate. Therefore GH is fimilar to £L ; Jet KH bs 
a Side 'homologous to FL, and KG to F E^ Theii 
becauTe the Parallelogram GH is greater than the Pa^ 
j^llel(^ram EL^ the R^bt Line KH will be gre?iter 
than FL, and KG g^-e^ter thaii FE. Let FL, FE, 
be produced, and let FLM be equal to KH, FEN 
equal to KG, and complete the Parallelogram MN. 
Therefore MN is-e^alrand fimilar to GH^ but GH 
t I •ftb.s.is fimilar to EL, and fo MN fhall be J fimilar to 
* z6 of tit's, ^i^ . and accordingly EL is * about' the fame Dia- 
meter with MN. Xet. FX be their Diameter, and 
defdribe the Figure. 

. Then fince G H fe pqual to E L and C together, as 
Jikewife to MN j therefore MN fliall be equal to EL 
and 'C. Let EL, which is common, be taken away, 
then^the Gnomoa T^i^ renting, is equal to C ; and 
fmce AE is equal to EB, the ParaUelqgram AN will 
be alfo equal to the Parallebgram £ P, that is, to LO; 
and if EX, which is common, be added, then the 
>whole Parallelogram A X is equal to the Gnomon 
aO:*, but the Gnomon T<i»i' js equal to C. There- 
fore AX Ihall be alfp equal to C. Wherefore the Pa- 
rallelogram AX is applied to the given Right Line 
AB, equal to the given Right-lined Figure C, and 
exceeding by the Parallelogram PO, fimilar to the 
Parallelogram D ; which wa$ to be done. 

PROPOSITION XXX. 

Problem. 

91? cut a given terminate Right Line according to 
extreme and mean Ra^k* 



. * 



LET AB be a given ijerminatp Line;'it is required 
to cut the fame, according to. e^tren^e and mean 
'Ratio. 
* 4^. I. Defcribe * BC the Sfua^ of AB, ^d ^pply the 
Barailelogram CD to AC, cqnal to the Squue £ C, 
t *9 ef ^-t". exceeding f by the Figure AD fimilar to B C ; but BC 
is a Square, th^vfbre AD iballalfo be.a Square. . 

Now becaufe BC is equal to CP,, take away CE 
which is comi]pioh| tlwn J3 F ren^ipjng fhall be equal 

to 
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to AD remaining ; but BF jsf equiangular tp A D ;*: 

therefore ' the Sides that^ are about the equal Angler 

are J reciprocally proportional 5 and fo as FE. is tot lA^ofthiu 

ED, fo is AE to'EB, bat FE' is ♦equal to AC, that* 34- '• 

is, to AB, and ED to AE, ' Wherefore as BA is to 

AE, fo is AE to EB, bul AB is greater than A£; 

therefore AE is f greater than EB 5 and fo the Right 1 14- S* 

Line A B is cut siccording to extieme and mean Ratio 

in the Point E ; and AE is the ^^eater Segment there- 

ofi which was to be done, 

Otherwife thus : Let AB be the Right Line given j 
it is required to cut the fame into extreme and mean 
Ratk>. 

Divide :|! AB fo in C, that the Re6bng!e contained! "♦ »• 
under AB, B C, be equal to the Square of AC / 

Then becaufe the Ke6bngle under AB, BG, is 
equal to'^the Square of AC, it fliall be * as B A is* iTtfthU. 
to AC, fo is AC to CB5 and fo the Right Line 
A B is cut into mean and extreme Ratio ; which was 
to bi done. 

3P R b PO S I rr O N XXXL 

T H li O R B M. 

jiny Figure defcribed upon the Side of a Rigbt-an^ 
gled Triangle Jiib fending the Right Angle ^ is e- 
qual to the Figures defcribed upon the Sides' con- 
taining the Right Angle ^ being Jimllar and alike 
fttuate to the former Figure^. 

LE T A B C be a reftatfigular Triangle, having the 
R%ht Angle B AC. I fay the Figure defcribed 
on B C, is equal to the two Figures together de- 
fcribed oh BA, ACw which are fimilar and alike 
*lituate to the Figure defcribed -on B C. ' 

For^raw thci Perpendicular AD. ^ ' 

Then becaufe theRigHt Line AD is drawn 'in the 
'Right-angled Triangle ACB, from the Right Ahde A^ 
perpendicular to the BafeBC; the 'Triangles A BD, 
ADC, which are about thef^erpfendi^jlar AD, Will be * » % tffbiu 
fimilar to Hwl whole Trian^e ABC, and alib io each 
■ other. Then becaufe the Triangle ABC is lirtSW to 
' theTrSAgk ABD,Mt«all4)* *^aji C B^ to»Aj fo 
^ N 3 is 
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i$ BA to BD ; and frnce Tfhen throe S^ht Line$ ane 
fCi^.ta psoportioiud) the &rft (haU be f ta<tbe thifd, asaFi* 
ffthis. ^^ ddTcribed on the fiH):» tp a fimlsM* ai)4 alike /itu-* 
ate Figure dcfcrft«d oa jtbe fecond. . Wherefiare a^ 
CB is to BD, £> i$ a Figure defcriM. on CB to a 
fimilar and alike fituaQe FjpMre defcribod^^n B^« For 
the fiimc Realba as BC info CD, b isi Pigmed»r 
ftribed on BC to one d^feribed on CA. / Whece&ne 
t 24- 5- aliby^as BC is to BD ai«d DC together, fp is ]; .the 
Figure defcribed on B C, to thole two together tha( 
are. der<3ibed fimAu! n^ sdibe fituatr on B,^ AC; 
hut B C is.equaa to BD »nd D G tc^ethcr: There- 
fore the Figure defcribed* on B C is equal to thoie to- 
gedber defcribed on B Ay AC ^ fmutar and alike f|tu* 
ate to that ofx BC WhetsefoBc, <7»f ^%irr# i^fcribii 
M^i^tbe Side of c Mj^bt^anglsd Tri^ngk/^ikend^gthe 
Right Angky is 4pial to the, Fiffiru de£crihed %fpm the 
' &ides emtaining the Right An^r, being fimhr mii a^ 
ih: fixate $q tk: farmer F^ifre I wh^h waa tp be de* 
monftrated. 

PROPOSITION -XXXH. 

T H B OR B M. 

If two Triangles having two Sides frpfartional t0 

- two Sides, be Jo compounded^ of fel tfigetber at 

. 0ne Angle -^ that their homologous Sides be fatal- 

kly then the other Sides of the/e Triang^s will 

be in one Jlrait Line. " 

LET there be two Trian^ ABC, DCS, having 
.two Sides BA, AC, of thex»ne, pjoportioaal 
^ two Sides CD, DE, of> the other, vi%f \^ B A 
be to A C, as C D is tp DE ; ^o let : A? bfjwnd- 
lel to D C, and A C to DE. I fay fiC^ CE, aic 
both in one ftrait Line. - 

For becaufe AB is parallel to DC, a^ the Right 
Line A C falls on them, the alternate Angles B AC, 
* ^- '• ACD, will be * equal to each oth^ And by the 
fame Jieafon, the Angk; CDE is equal to the Angle 
ACD) wherefore the Angle BAC is equal to & 
. Angle-CDE. Then becaufe ABC^ DC$, zxc two 
Twgk^ Mviog oft^ Al!i^ A fsftsX ts> wc^Aa^ 
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D, and the Sides about the emid Angles pioportioflal> 

w^. B A to AC, as CD to D E, the Triangle ABC 

will be * equiangular to the Triangle D C £ ; where* * ^ tf»^tf» 

fefe the Angle AB C is equal to the Angle D C£; 

but the Angle A C D . has been proved to be equal p^ 

the Angle BAC; therefore the whole Angle AC£ 

is equal to the two Angles ABC, BAC 3 and if ACB» 

which is common} be added, then the Angles A C £^ 

ACB, $u-e equal to the Angles BAC, ACB, CBAi 

but the Angles BAC, ACB, CBA, are equal lp 

two KJght Angles. Thereibie the Andes AC^ 

ACB, will alfo be equal to two Right Angles, and 

fo at the Point C in the Right Line AC, two Rigk 

Lines BC, C£, tending contrary ways, makes the 

adjacent Angl^ ACE, ACB, equal to two Right 

Angles ; therefore B C Ihall be f in the fame Right t 14* '« 

Line with C£. Wherefore, i/twa Triangles bavit^ 

tW9 Sidif prifportional to two SidiSy bi Co compoundid^ 

or fit together at one Angle^ that their homologous Sides 

be parallel^ theH the other Sides ofthefe Triangles will 

be in ^nejlrait Line \ which was to be demoi^lrated* 

PROPOSITION XXXIIL 

T,H E O H £ M. 

In equal Circles the An^es have the fame Propor^ 
iion wilA iheir Circumferences on which they 
ft and f %vbetber the Angles be at the Centers ^ or 
at the Circumferences 3 and fo likewife are the 
SeilorSy as being at the Centers. 

LE T ABC, DEF, be equal Circles, and let the 
Angles BGC, EHF, beat their Caters G, H, 
;Mid the Angles BAC, ED F, at their Circumferences. 
I iay, as the -Circumference B C is to the Circum^ 
fcrence EF, fo is the Angle BGC to the Angle EHF ; 
and fo is the Angle BAC to the Angle EDF j and 
fo is the Seftor B G C to the Seftor EHF. 

For afliime any Number of continuous Circumfe- 
fences C K, K L, each equal to B C ; and alfo any 
Number F M, M N, each equal to E F, and join 
GK, GL, HM, HN, 

N 4 * Then 



t 
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Then becaufe the Circumferences BC, CK, KL, 

. arc equal to each other, the Angles BGC, CGK, 

27. 3. KGiL,'will be * alfo equal to one another ; and fo 

the Circumference BL is the fame Multiple of the 

'Circumference B C, as the Angle B G L is of the An* 

jle BGC. For the fame Reafon, the Circumfinence 

£ is the fame Multiple of the Circumference £F) 
OS the Angle EHN is of the Angle EHF; but if the 
Circumference BL be equal to the Circumferenee 
\|EN, then the Angle-6 GL flM be equal to the An- 
]glc-EHN; and if the Circumference BL* be greater 
than the Circumferente EN, the Angle BGL will 
be. greater than the Angle EHN, -ami if lefi, lef& 
Therefore here are four Magnitudes, via* the two 
Circumferences BC, £F, and the two Aiigles BGC, 
£HF ; and fince th^ie am taken Equimultiples of the 
Circumference BC, and the Angle BGC; to wit, 
the Circumference B L, and the Angle B G L ; as alfo 
f)quimultiples of the Circumference £F, and the 
Angle EH F, viz. the Circumference EN, and the 
Angle EHN. And becaufe it is proved if the Cir- 
cumference BL exceeds the Circumference EN, the 
Angle BGL will likewife exceed the Angle EHN ; 
and if equal, equal ; if lefs, lefs. It ihall be as the 
Circumference B C is to the Circumference E F ; fo 
fDef. r. 5. ij f.the Angle BG C to the Angle EHF 5 but as the 
t ^5- 5- Angle BGC is to the Angle EHF, fo is fthe An- 
• «>• 3- gle B AC to the Angle EDF 5 for the former are * 
double to the latter. Therefore as the Circumference 
B C is to the Circumference E F, fo is the Angle 
BGC to the Angle EHF ; and fo-the Angfc BAG 
tp the Angle EDF. 

Wherefore in equal Circles, Angles have the iame 
Proportion as the Circumferences they ftand on^ whe- 
ther they be at the Centers, or at the Circumferences* 

I fay, moreover, that as the Circumference B C fe 
to the Circumference E F, fo is the Se6br G B C to 
theSeaorHFE. 

For join B C, CK, and aflume the Points X, O, 
in the Circumferences BC, CK, and join B X, X C, 
CO, OK. 

Then becaufe the two Sides B G, G C, are equal 

to the two Sides CG, GK, and they contain cqixal 

1 4. 1. Angles, the Bafe BC &»U be t equal to the Bafc 

CKj 
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C K 5 as likcwifc the Triangle G B C to the Triangle 
GCK. And becaufe the Circumference BC is equal 
to the CSrcumference CK, and the Circumference 
reiiiainii^, which malces up the whole Circle 'ABC, 
is equal to the remaining CSrcumference which makes 
up the feme Circle, the Angle BXC is equal to the 
Angle COX; and fo the Segment BXC isfimllar 
to the Segment COKy and they are upon equal Right 
Lines B C, CK ; but finiilar S^ments of Circles that 
Aand iqp6n equal Right Lines, are * eqtial tb each * H- S- 
dther: Therefore the Segment BXC is equal to the 
Segment C O K. But the Triangle B G C is alfo 
equal to the Triangle CGK ; and fo the whole Seftor 
BGC ifriU be equal to the whole Sefior CGK: 'By 
the fameReafon, the Scftor GKL wHT be equal to 
Ae Setter GB C, or G CK ; therefore the three Sec- 
t6n B'G C, C G Ki K G i/, are equal to one another ; 
fo likewife aife the Seftors HEF, HFM^ HMN. 
Wherefore the Circumference LB is the fattie Mul- 
tiple of the Circumference B C, as the Seftor GBL 
is of the Scftor G B C. For the feme Rfeafon, the 
Circumference N £ is the fame Multiple of the Cir- 
cumference EF, as the Seftor HEN is of theSeftor 
HEF; but if the Circumference BL be equal to the 
Circunwrence EN, then the SeftorBGL will be 
equal to the Seftor EHN; and if the Circumference 
BL exceeds the Circumference EN, then the SeStor 
B G L will alfo exceed the Seftor EHN, and if lefe, 
lefe. Therefore, fince there are four Magnitudes, to 
wit, the two Circumferences B C, E F, and the two 
Seftors GBC, EHF ; and there are taken of the Cir- 
cumference BL, and the Se£tor GBL, Equimultiples 
of the Circumference CB, and the Sedor CGB ;• as 
jilfo of the Circumference EN, and theSeSor HEN, 
Equimultiples of the Circumference E F, and the Sec- 
tor HEF. And becaufe it is proved, that if the Cir- 
cumference BL exceeds the Circumference EN, the 
S«aor B GL will alfo exceed the Seftor E H N j and 
if equal, equal ; if lefs, lefs. Therefore as the Cir-* 
cum&rence B C is to the Circumference E F, fo is the 
Sedter GBC to the SeStov HEF 5 which was t9 be 

Coroll I. 
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Cor$Un I. An Angle at the Center of a Cirde is to 
four .Right Angles, as an Arc on which it fiands 
is to the whole Ciicumfeience; for as the Ajigle 
BAC is to a Sight Angle, ib is the Ajc BC19 
a Quadrant of the Qrde: Wherefore if the Co»p 
fequents be quadn^led, the Angk BAC fliall be 
to four Right Angles, as the Arc B C is tp the 
whc3(S Ciraunference. 

ft. The Arcs IL, BC, pf unequal Circles, whicfi 
fubtend equal Angles, whether ait their Centen, or 

, Cizcumferenoes, are fimilar j for IL is to the whcJe 

^ Circumference II^E, as the Angle I AL, is to four 
Right Angles; but as lAL, or BAC, is to four 
Right Angles, fo is the Arc B C to the whole Cir- 
cumference BCF. Therefore as I L is to the whole 

. Circumference ILE^ foisBC to the whok Cir- 
cumfrrence B CF ; zfA fo ilie Arcs IL, BC, ai^ 
fimilar. 

3. Two Semi-diameters AB, AC, cat off fimihr 
Arcs IL, B C, from oonceatric CirGomfereooes. 



The Enp cf the Si xth Book« 



nvctiif^ 



E U C L I Z)'s 



ELEMENTS. 



B O O K XI. 



DEFIN I T lO Na 



L A ^ ^^/fi Utbat which has Lengthy Bri^tb^ 
f\ and Thickriefs. 

. A \^ II. The Term of a Solid is a Sup^rfifiesr. 
III. A Right Line is perpendkuliikr to a 
Plantf when it makes Right Angles with aJl the 
Lines that touch it, ^and are drawn in the /aid 
Plane. 

ly . A Plane is perpendicular to a Plane^ when the 
Right Lines in ape Pla^j drawn at Right An- 

. gles to the common SfSHon of the twi PhfneSf 
are at Right Angles io the^ther Plane* 

y. 7&r Inclination ofa^ Rigjst Line to a Plane, is 
the acute Angle contained 4tnder that Line, and 
another Right one 4^awn in the Plane from that 
End rf the inclining IJne, which is in the Plane 
to the Point where a Rig/bt Line falls from the 
$fber End of the inclintng Li^ perpendicular 
to ths Plane. « 

WThe 
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yi. ^e Inclination of a Plane ia a Plane^ is the 
acute Angle contained under the Right Lines 
drawn in both the Planes to the fame Point of 
their common InterfeSiony and making Right 
Andes with it. 

VII. planes are faid to he inclined Jtmilarly^ 

when the faid Angles of Inclination are equal 
. YIII. PanalkL Planes are fuclu ^bicb being pOz 
duced never ^ meet. - 

IX. Sifftilar folii Figures are fuch that are con- 
tained under equal Numbers of ftmilar Planes. 

X. ^qual and ftmilar folid Figures^ are thofe that 
^ ^afe contained und'&^iqust'^tfumbers of fiMlar 

and equal Planes. ' ^ . : 

XI. A folid An^e is the Inclination of more than 
twtrRigbt Lines that touch onir another, and are 
not in the fame Superficies: Or^ a folid Angle is 
that which is contained under more than two 
plane Angles which are not in the fame Super- 

' ficies, but being all at one Point. 

XII. A Pyramid is a folid Figure comprehended 
under dtvers Planes fet upon one Plar^y and 
put together at one Point, ' ^ ^^\ 

XIII. A Prifm is a folid Figure contained t^ider 
Planes y whereof the two oppoftte are equals Jimi- 
lory and par allele and the others Parallelograms. 

XIV. A Sphere is a folid Figure, made when' the 
Diameter of a Semicircky remaining at reji\ the 
Semicircle is turned about till if returns to the 
fame Place from vohence it b'egan to maOe. . * 

XV. ne Axis of a Sphere is that fixed Linei a- 
bout which the Semicircle is turned. 

XVI. The Center of a Sphdre is the fame with 
that of the Semicircle i 

XVII. The Diameter of a Sphere, is a Right Line 
drawn thro" the Center j and terminated on ei- 
ther Side by the Superficies of the Sphere. 

XVIII. A Cone is a Figure dejcribed when one of 
tlbf Sides of a Right-angled Triangle^ containing 

the 
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the Right Angle ^ remainingfixed^ the Triangle 
is turned about till it returns to the Place from 
whence it firjt,}ega$ to move. An4 if the fixed 
Right Line be equal to the other that contains 
the Right Angle^ then the Cone is a relf angular 
Cone ; but if it be lefsy it is an obtufe-an^ed 
Cone 9 if greater^ an acute-angled Cone- 

XIX. The Axis of a Cone is that fixed Right Line 
about whiQb the Triangle is moved. . , 

XX. The Bafe of a Cone is the Circle defcribed By 
the Right Line moved about.) 

XXL A Cylinder. Is a Figure defcribei by the Mo* 
tion of a Right-angled Parallelogram^ one of the 
Sides containing the Right An^y remaining fix^^ 
ed while the Parallelogram is turned about to the 
fame Place from whence it began to be moved. 

XXn. The Axis of a' Cylinder is f hat fixed Rigb( 
Line about which the Parallelogram is turpea. 

XXIIL, And the Safes of a Cylinder are the Circles 
that be defcribed by the Motion of the two oppo* 
ftte Sides of the Parallelogram. 

XXIV. Similar Cones and Cylinders are fucb^ 
whofe Axes and Diameters of their Bafes are 
proportional. 

XXV. A Cube is a folid Figure contained under 
fix equal Squares. 

XXVI. A Tetrahedron is a folid Figure contained 

• under four equal equilateral TriangleSi 

XXVII. An OSabedron is a folid Figure contained 
under eight equal equilateral Triangles. 

XXVIII. A Dodecahedron is a fslid Figure con- 
tained under twelve equal equilateral and equi^ 

' angular Pentagons. 

XXIX. An Icofahedron, is a folid Figure contain- 
ed wider twenty equal equilateral Triangles. 

XXX. A P arallekpipedon is a Figure, contained 
under fix quadrilateral Figures^ whereof thofe 

• which are oppofite are parallel. 

PRO- 



i^ Bucliis EtiMENTs. Book XI; 



PROPOSITION I. 

. T H X O B. S M. 

m 

One Part of a Right Line cannot he in a plane Su* 
perficieSf and another Part above it. 

FOR, if poffiblc, let the Part AB of the Right 
Line AB C, be in a pkne Superficies, and 
the Part B C above the fame« 
There voll be fome Ri^bt Line in the 
i^re&id Plane, which wkh AB will be but one 
fii^ Line* Let this Line be DB. 

Then the two given Right Lines ABC, A B D, 
have one common Segment A B, which is impoffi-* 
ble; for one Right Line ..will not meet another in 
ihore Point$ than one. Wherefore, one Part cf a Righ 
Lint ctmnbt he in a plane Superficiesy and another 
Part abwe H ; which was to be demonflrated. 

PROPOSITION IL 

T H E O R E M, 

y, two, Ri^t Lines cut each other ^^ they are both 
in one rhne^ and every I'riangle is in one 
Plane. 



ALj 



E T two Right lAieo AB, CD, cut each other 
f' in the Point E. I fay, they are both in one 
Plane, and every Triangle is in one Plane. 

For take any Points, F and G, in the Right Lines 
AB, CD, and join CB, F G, and let there be drawn 
F H, G K. In the firft Place, I fay, the Triangle 
EB C is in one Plane. 

For if one Part FHC, or GB K, of the Triangle 
EBC, be in one Plane, apd the other Part in another 
Plane; th6nonePartof each of the Lines EC, EB, 
fhaD be in one Plane^ and the other Part in another 
• 1 o/ai:. Plane j which we have proved * to be abfuid. There^ 
fore the Triangle EBC is one Plane, but both the 
Right Lines EC, E B, are in the fame Plane as the 
i Triangle 
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Triangle B^CE is; and AB, CD, are both in the 
fame Plane as £ Cy £ B ave. Wberrfore the Right 
Lines AB, CD, are both in one Hane, and every 
Triangle is in one Plane ; ivbicb vw U bi demons 
Jhratid. 

PROPOSITION III. 

Theorem. 

If two Planes cut each other ^ their common SeStion 

will be a Right Line. 

LET two Planes AB, CB^ cut each other, whofe 
common Sedion is the Line DB. I lay, DB * 
is a Right Line. 

For if It be not, draw the Right Line D £ B in 
the Plane AB, from the Point D to the Point B, 
and the Right Line D F B in the Plane B C. 

Then two Right Lines DEB, DFB, have the 
feme Terms, and include a Space, which is * abfurd. •-^«* «•» 
Therefore D £ B, DFB, are not Right Lines. In 
the fame manner we demonftrate, that no other Line 
drawn from the Point D to the Point B, is a Right 
Line, befides D B, the conmion Seftion of the Planes 
AB, BC. Ifr therefore, two Planet cut each otber^ 
their common Sexton will be a Right Line^ which 
was to be demonftrated. 

* 

PROPOSITION IV. 

• • • . 

Theorem. 

Jf to two Right LineSy cutting one another^ a third 
ftands at Right Angles in the common SeSlion, it 
Jhall he alfo at Ri^t Angles So the Plane drawn 
thro* the /aid Lines. * 

LET the Right Line EF ftand at Right Angles to 
the two Right Lines AB, CD, in the common 
Seaion £. I fay, EF is aUb at Ri^t Angles to the 
Plane drarwTi thro' ABj CD. 

For 
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For tdke the Right Lines E A, EB, CE, DE, 

equals ^id thro' £ any. Jiow dra>w the Right Line 

• G E H^ and- j«i AD, C B ; and from the Ppint F 

let there be draw E A, FG, FD> FC, FH,. FB: 

Then becaufe two Right Lines AE, ED, are equal 

• ^5- '• to two Right Lines CE, EB, and they contain* the 

•t4. I- equal Angles .AED,CEB; thp Bafe AD fhall bef 
equal to the Bafe CB, and the Triangle AED equal 
to the Triangle CE3; and fo likcwife is the Angle 
DAE equal to the Angle EB C ; but the Angle AEG 
is ♦equal to the Ajigle BEH.; therefore AGE^ 
B E H, are two Triangles, having two Angles of the 
one equal to the two Angles of the other, each to each| 
and one Side A E equal to one Side E B, viz> thofe 
that are at the equal Angles j and fo the other Sides 

X *^* ^' of the onej will be % equS to the other Sides of the 
other. Therefore G.E is equal to EH, and AG to 
BH; and fincc AE is eqiial to EB, and FE is com- 
morf and at Right Angles, the Bale A F fliall be f 
equal to the Bafe FB : For the lame Reafon likewife, 
fliall CF be equal to FD. Again, becaufe AD is 

' ' equal to CB, and AF to FB, the two Sides FAy 

AD, will be equal to the two Sides F B, B C, each 
to each ; but the Bafe DF h^ been proved equal to 

5 ^- ^ the Bafe F C : Therefore' the' Angle FAD is § equal 
to the Angle F B C : Moreover, A G has been proved 
equal to BH ; but F B alfo is equal to AF; • There- 
fore ihe'two Sides FA, AG, are equal to the two 
Sides F B, B H ; and the Angle FAG is equstl to the 
Angle F B H, as has been demonftrated ; wherefore 
the Bafe GF^ is § equal to the Bafe FH. • Ajgain, be- 
caufe GE has been proved equal to EH, ami £F is 
cbmmon, the two Sides GE, EF,,are equal to the 
two Sides H E, E F ; but the Bafe H F is equal to the 
Bafe F G ; therefore the Angle G E F is § equal to 
the Angle H E F, and fo both the Angles G E F, 
HEF, are Right Angles : Therefore FE makes R^ht 
Angles with GH, wliich is any how drawn thro' E, 
After the fame manner we demonftrate that F E is 
at Right Angles to all Right Lines that are drawn m 

Ihhf* 3''^ the Plane to it; but a Right Line is* at Right Angles 
to a Plane, when it is at Right Angles to all Right 
Lines drawn to it in the.. Plane. Tjhejiefor€t.FE is at 
Right Angles to a Plane drawn thro' the Right Lines 

2 ' AB, 



AB, CD. Wherefore, if to two Right Lines eut^^ 
ting me akother^ a thirel Jiands at Right jtngles in 
the commm Se^iion^ it JhaU be alfo at Right Angles 
to the Plane draum thrf the faid Lines; which was 
to be demonftnited. 

PROPOSITION V. 

T H E O R EM. 

If to tbne Right Lines, tcucbing one amtheVj a 
third ftanas at Right jingles in their common 
SeM'ton, tbofe three Right Lines fidl be in one 
and the fame Plane. 

LET the Rlgfit Line AB ftsihd at Right Angles 
to the Point df Conta^ B, to the three Right 
tinte BC, BD, BE. I (ay JBC, BD, BE, arein 
dile and the fame Plane. 

Fof if thejr are not, let BD, BE, be in on^ Plane^ 
and BC above it ; and let the Planb paf&ng thro' AB, 
B C, be prodaced, and it will * make the common* 3 *f'^^^'^ 
Se£Bon, with the other Plane, a ftrait Line', which' 
let be BF* Then three Right Lines AB, B C, BF, ' 
fie in one Plane drawn thro' AB, BC} and fince 
A3 itands at Right Angles to BD and BE, it (hall 
be t at Right Angles to a Plane drawn thro' BE> \^^f*^'^ 
DB; and fp AB ihall make]: Right Angles vnthXDrf.^. 
dl Right Liives touching it that are in the fame Plane | 
intt BF being m the uid Plane, touches it Where^ 
foie the Angle ABF is a Right Angle, but the Angle 
ABC (by the Hyp.) is alfo a Right Angle. Thet^ 
fore the An^eABF is equal to the^^Ie ABC> 
and they are both in the fame Plane, which cannot 
be; aU^ fo theR^ht Line BC is not abc^e the Pknd 
nafihg thro'' BE and B D. Wherefore the tfaiee 
ItftDer BC, BD, BE, are in one and the fame Plane, 
^lierefore, if to three Right Linet^ toucbtf^ ^no an* 
weher^ a third Jlands at Might Jingles in tinr le^fimmn 
SeOien^ thfe tbhe Right Lines /hall he in omt iMf ieho 

Jkmfknei whkh ifrte tti be demonfinted. 
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T M E a fe B M. 

t 

i/'^/wo Right Lines be perpendiculat to bhi'and the 
fame Plane, thofij Right Lines are p^allel to 
one another^ * " " 

LET two Right Lines AB, CD, be perpendicu- 
lar to one and the lame Plane. I. fajr; AB is 
parallel to C D. . • 

'. For lei them meet the Plane in the Points B9 D, 
and join the Right Line BD, to which let DE be 
drawn in the fame Plane at Right Angles; make 
DE equal to ABi and join B Ef AEj AD, ^; 
Then becaufe AB is at Right Angles to.thc'afbre*^ ^ 
• J>^f- 3- //aid Plane, it (hall be f at Right Anges to all. R^t| 
'^"* Lines, touching it, drawn in tlie Plane ; tut A B touches 

BD, BE, which are in the &id Plane. Therefore each 
of tl^c Angles AB!p, A1b£^ is a Right Angle, ^ for 
the fame Reafon likewife, is each of the Angie» 
CDB, CDE, a Right Angle. Then becaufe AB 
is equal to DE) and E£) is common, the tffo Sjdes 
A.B, Bb, fhali be equal to the two Sides ^,^Bi* 
but they contain Rjgbt Angles. Therefore' the. Baft' 

1 4- I- AD is t eqj^I to the; ^afe BE. Ag^in, becaufe A$ 
is equal to DE, and A I) to B!^, the. t^yo Sid^ AB* 

BE, are equal to the two Sides ED, DA ; but A£, 
their Bafe, is common. Wherefore the Angle. ABE 

1 8. 1. is J equal to the Angle EE>A > but ^BE i$ a iftight 

. Angle. Therefore ED A is alfo a Right Angle $ vm 

, fo ED is perpendicular to D A ; bi^ it is alio |^rpen- 

dicular ,to B l) and D C. Therefore T^ Dis at Kight 

AJr^^ in the Point of ^>mta£b to tnFeeKig6t Lines 

BD5 DA, be. Wherefore thefe.tkec'^ fc^ 

• 5 0/ this. Ljimfiie * in one Plajtic ;- But B D> D A, sre.&i^be 

-^x of this, (at^p Planea^ AB i^> (or every Triangle i^ t "^ (bf* 
f^BK Plws^* Thercfore.it is. neceflaiy, thirt ABj BXJ^, 
b^>*.)i Jfi one .Plane ;. but^bott dic^ Andes A.B1)/ 

I »8. I. B D C, are Jlight Angte?.^ • Whfrefpije ^4 B is ;^fpral- 
lei to CD. Therefore, ijiwo Right Lines tie perpendi^ 
cular to one and the fame Planey thofe Right Lines are 
pafjtiilll ^ one another \ which wiis to be demonftrated. 

PRO-^ 
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PkOPOSiT!0T*f Vn. > 

jr tbete. VezitiO Pafalldl LiJids^' and M-j Point bt 
^'-^takehvr^lbtb if Jherf^ the^Ri^' Lines joining 
^' ihofi PoHVi MUhe in tbi fdmtPianes as tbc 

:^^^#^-.---; -:;'.:;• v.' " -' 

t"^T'AB;^C6, i» two pjklUjl Rteht Lines, id 
fci' Winch St^lAkeii any Pbtntt.E, F. 1 fly, a RigA 
JLWjbunrit'tKi Poftits E, Pi arc inttw feme Plane ' '<■ 
^ the ParsSfcy ire., 

Fdr if it 'be Tick, let it be deVated aiBoTfe the femej 
If pofcblft'!aS-T<GFi thro' *rh!ch let foirie Plane W 
^4M», MiUSk Syaion, with the Plane fti which thfc 
Riinels are; let *l|e the Right Line EFi theri the* j ^tK., 
twoRigl* LtrtelEfGF, EF, t4^ fiiduiea Spaeei 
which i$ffwWar TfiireJbte a Right* Line AtxwA\^m 
flijtn tte" ,R^t E' to the Po^ F^ » itet devated** '• 
ateVb m 'V^Llmi confequetitli: it iftiuft be in thit 
fdffii% Wirtf- tlifePanillels AS,. eO: Wherefore, f 
tbihe ii 't(at phr/dld Lines^ hni ar^ ^Phihts be taiMi 
in' Boib ir'jhmy'the Right Lttie jntting thefe Pdntt 
paU he. M the fake Plane as ihi PiraMt art ; whidi 
^Rh» to bfcdem&iffirated. ' - 
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pr6>ositidn vm. 

'TirftoREit. 

4 k > a * ' 

-^ tbiere bt two parallel Right Linh^ ant of which 
is perpendicular to fome Plane^ then Jhall the 
other be perpendicular to the fame Plane. 

LET A B, CD, be two parallel Right Lines, one Su tbt Fig. 
of which, as A B is perpendicular to {omt^f^'^^*^ 
Plane. I fay, the other C D is alfo perpendicular to 
! the fame Plane. 

For let A B, CD, meet the Plane in the Points B, 
j D, and let BD be joined ; then AB, C D, B D, are * 
I "* in bnc Plane, Let D £ be drawn in the Plane at • 7 oftUs, 
JUght Angles to BD, and make D£ ecfjol to AB, 

O t aai 
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and join BE, AE, AI). Then fince AB is perpen- 

Def, 3. dicular ta tlye P^e, , i% will * be perpc;n€iicidar, to all 

Right Lines, touching it, drawn in*the lame Plane; 

therefore each of the Angles AS^D, ABE, is a 

Right Angle. And fihce the Right* Line B D falls on 

t&Right LiAtt^AB, CD, the Angles ABD, CDBl 

fcall be t eqiW to tws) Right Angles. ^ Xherefofe t^ 

AjOglc GD.B. is; ^Ifo a Right/Angh^ and. fo CD ij 

perpendicular to D B : And fince A B is equal to DE, 

and B D IS common, the two Sides AS, BD, are 

ftjual to "the, two. Sides ED> D B.'^^ But • they 

^'tiD is equal t<r tfie Ahgk EDB^;&r'^^ of 

feJ^-RigAt An^^:Ttefefofe tHk'%i& AiJJs^equal to 

the Bafe BE. Again,' fince A B is' ©gwaf IkJ D Ej aha 

pE to AD, thettwo Sides AB, ^Ey'^fiiall beec|Liaf 

psi the two , Sides C £>, DA, each 'to each; but the 

3afe^ A £ is ^common. Wherefore the .Ai^fe A B E[ 

is f equal to the , Angle EDA; ..Ixit tluT A^le ABE 

is a Rigjit Angle. Therefore E D Aris alTo'fi Right An- 

g^e^ and ED is perpendicular to D^; but it is liker 

ynk pejpen^icul^f to D^B : Therefore £p fhall alfo 

1 4 cfthis. bp.t pcrpendicu^ir to. the Plane paifing thn>f BDj^ D A> 

J Def. 3. and Jikewife, -fnall be J at Right Angles to -all &ight 

Xrii^es, drawn in ifie faid Plane that, tcnich it. But 

i). C is in the Plane paiSng thro* B D; D A,^6ecaufc 

* 2 cftHs. jA?, B D, are * litthat Plane; apd jpC.is f in the 

-friftbis. fame Plane that AB and BD are. in.. Wherefore' 

ED is at Right Angles to DC,' and'fo CD is at 

Right Angles to DE^ -as alfo tQ P^p. Therefore 

C D ffands'at Right Angles in the cbmhidn Se£Hoii 

D, to two Right Lines DE^ PB,» mutually cutting 

one another ; and' accordingly is at Right Angles to 

.'the Plane pafBi^.tbro* DE, D^B; wifich ivas^to he 



k%*^'w ' " IS 



**•: ' -.S. 



• ^ « I 



'. 



P R O- 



1 ^ 



BookXl. £»rfii<fs ELB'MENTft «99 



* r.\ .. 



PRO i* OS IT I ON IX. • ' 

• •• ' ■ ' » * • ■ ' ' . ' 1 



Theorem 
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Higit Lines that are parmUel to the fame Right ."> r r 
• Line^ mtJ>eingtn we famiVlaiie with it, are 
aljo parallel to each other. " ' -i u t 

LET iwth the Right Lines A B,' C D, be parallel 
to the Right Line EF, not being in the fame -^ * 
Plane with it. I h.j, AB is parallel to CD, 

For afljuric any Poirit G in EF, from which Point Gi 
let iGH be drawn at Right Angles to E F, in the Plane 
paffing thrb* EF, AB : Alfo let GK be drawn at Right 
Angl^ to EF in the Plane paffing thro* EF, CDi 
Thin bccaufe EF is perpendicular to GH, and GK, 
the Line E*F fhall alfo be * at Right Angles to a Plane * 4 / tbi'u 
paffing thro' GH, GKj but EF is parallel to AB, 
TheiSbre AB is t alfo at Right Angles to the Planet 8 o/tbis, 
ppffing^thro' HGK. For the fame Reafon, C D is alf^ 
at Ril^t Angles to the Plane paffing thxo* HGK; and 
therefore A B and CD, Will be both at Rights Angles 
to^ the Plane pa^Eng thro* HGK. But . if two Right 
Lines be at Right Angles to the fame Plane, they 
fliall be t parallel to each other. Therefore AB ist 6^r^;>. 
(larallel to CDs li/hich was to be demonftraUd. ^ 

PROPOSITION X; 

'Theorem. 

Jf two Right Lines ^ touching, one apotber^ he pa^ 
' rallei to Hffo other Right Lines jr touching m9 
another^ but 4iot in tbeJamePlane^ tbefe Right 
Lines ioniain equal Angley.' f'\'; 
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IP ET two Right Lines ^ B, B G, touching gne 
JL; ahoth^, be parallel to two^Right Lin^s t)E, EF, 
toiidiing one another^ but not- in the ^fame Piane» ' t 
fty, the Angte A»C & 6qual'to Ad'An^e DEF. - 
-^ For take BAj^^Bt;, ED, EF^ «dial to one an*, 
crfBer, ana 'join AD, C F, &E, AC, DF : Then b<^| 
capfe^A is eqiua'afvl'p^mllel to tU^ Ite Right Z^ 

' O ^ AO 
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• 30* »• AD fhall alfo be * equal and parallel to B E. For the 
fame Reafopf CF AyiU be eqiial pi^ par^Ud^to B£; 
therefore AD, CF,' are" both equal ailii parallel to 
B £. But Right Liaes that are parallel to the fame 
Right Line, not being in the fame l^lane with it, will 

1 9 of thiu be + parallel to each other. Thenrf0rc AD, is -para^t 
kl and equal to CF, but AC,- DF,^ joins tfaein; 

X 33. !• wherefore AC is J equal and JWfalkl tp DF, . Arid 
becaufe two Right Lines AB,jBC, are equal to twx> 
Right Lines DE, EF, and tl^ B?^^ Ap Qqu|l ^ 
the Bafc DF, xH Angle AfeC Vjll- W5;^:egii^' xp tl^ 
Angle P E F, Thcrpfore, if two. Right LiHiX^ toucl^ 
i^g me nmthiTj b$ p^^J^I ^P two other JRIgki ^^q^x, 
touchtHg one, another^ kui not in,^ the fatfie ^^If^nf^: fh^f 
Might Li^es cmtajn equal Angles ^ whjucK')fa3 to. 
demonftrated. >. • • 
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PRQBQSITION XL 

P R Q B L B M; 

■1. -^ ~ , .J, 

Fl'Qm a'Point/0pen dove a Platie^ tb dra'Oi) a . 

Line perpendicular ta fha( Plane. ' ' " . 1 

LET ^ hp,. a Point given %)v^ the giveq Vh^ 
B H, If i$ required. Jo draw a R^hlt L«uie| fixjpi 
the Point Aj-pergpndigular to t|{e PJjnc(B ^^ / ." 
Let a Right Line B C be any how* (frawn in thtf 
Plane B H, ^nd l^^D ht draw^ f^ f^onji^the Point A 
perpendicular to BX!I; then if 'AD be perpendicular 
to the Plane B H, the- tljir^ required is alreadjr done. 
But if not, let D£ be drawn in the Plane from the 
Point D at Right Aijgliss to B C ; arid let A F '^ 
drawji ♦ from the Joint A perpendicular, to . D £. 
Laftljr, thiso' F draw.GH parallel tp^B C^ • 

Then becaufe B C i^^jperpendicular fq Ix^ DA and 

•\^tfthiu DE, BC will alfo be f perpendicular to a Plane paf- 
fing t\m' ^Tf^* B ^ B^t G H is pa^fl to B Q. 
(itki if .A«»',4r§ ;WP Righjt.LiRes Bgrallfj}, one # 
lyhifib ib :U;.B;igfefcAAgte^^ fWH^^feiWi thpi g^ 

Xtrftbtu the/'Ath©r be-t'^t.Rirfif. Aoglpsr % th«- %i}e fW 
Wh^fifrr© AHiP ?1 Sight An^^p^to t^ie P4§^ {Mpg 

* Def. 3. thirof^ ED< m,:>lM. «>1s5^gJT8i4ia^i;>. all di 
Ri&*t l3tf$s^t^,&w Pltt^fi th«,«lKM;iSi Bflt AWy 
i' \ ^» which 



, J 



which is in the Plane paifing thro' ED and DA, doth 
touch it^' X^erefore GJHF is. perpendicular to AF, 
and fb AF is perpendicular to GHj but AF like-* 
wife is perpendicular to DE;; therefore AF is per- 
pendioJar to both HJG, DE. But if a Right Line 
ftatids^at Right Angles to two Right Lines, in their 
common Seftion, thatlrkie' wilt be f at Right*An-.t4?^/'t/i- 
gles to the Plane paffing thro* thefe Lines. Therefore 
A^P is pcrj[)cndicdlar to "tike Plane drawn thr&' iD^ 
GUf that is, to the giv^ Plane BH. Therefore 
AF is 'diaw;i from thcf given Point A, above the 
given P4^e J3 H, perpendkxdar to the bad Plane ; 
which 'Was U bi done* 

OPOSJTI0N xn. 

P R B i fe 1^, _ 



t 'J I, •« •» 



?J? €r$£f^ ^ B-ight Line, p0i?p€^diculdr to a given 
■ JPidne^ from a Poiht given therein. 

LB T A be « given Point in a given Plane MN: 
Jt Jb required to dr^w a Right Line from the 
Point A, at Right Ang^, t^ike Plane MR 

Let fome Point B be fuppofed above the-^ven 
Plane, from which letBC be drawn* perpendicular* iiyfij/*, 
to the fai4. Pfane; andUel AD -te drawn firom At 31- i- 
parallel to B C. 

Then becaufe ADi CBj a?* two parallel Right 
Lines, one of which, viz. B C, is perpendiculs^r to 
the Phnc M N j the other At) fhall be J alfo per peridi- j g 0/ tlfu 
cular to the fame Pkne. Thercfbrq, a Right Line is 
ere^ed perpendicular to a ^iven Plane^ from tf PwW 
|j«iiil^l;<vm3^hicb^ai^t!o6edone. T I 
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PROPOSITION XIII. 

r 

T H B O R B M. 

« 

T'wo Right Lines canhct be ereE!^ at Right ^gU^^ 
Jo a given Plane from a Point (herein given. 

FO R) if it is poffibk, let two mgbt Lines. Afi, 
AC, be erefied perpendicular tQ a given Pkme on 
thq f^iiKie Side, at a given Point A» in a given Plane; 
Th^ let a Plane be inym throf BA, AC9 cutting 

• 3 eftbis. the given Plane thro* A in the Right Line ^ D A E 5 
therefore the Right Lines AB, AC, DAE, are in one 
Plane. And becaiifc CA i; perpendicdar to the 

t I>if' 3* given Plane, it fhatl alfo be f perpendicular to all 
Right Lines drawn in that Planer, and touchine it; 
but DAE being in the given Plane, toup|)es it. Tncrcr 
fiire the Angle C A £ is a Right Angle. For the firnie 
Rea{bn,.BA£ is alfo a Right Angle; wherefore the 
Angle CAE is equal to B AE, and th^ are both in 
one'^Pbrn^, which is abfurd. Therefore, iuM Might 
JLinei cannot bf trt^ei at Right j/ngles^ to a given 
Plane^ firAm a Pdnt therein grnny^iidlx was to bo 
<^ohfiratc4« 

PROPOSITION XIV. 

T H E O R B M. 

^iffPlarie^f to wbicbthe fame Right Line is per-: 
;fendicular^ are parallel to each other. 

L£ T the Rigtit Linn AB hfi p^cpendiciilar to each 
of the Planes CD, £F. I &y, chefe Planes are 
parallel. s 

For if they be not, let them be produced till thef 
meet each other, and let the Right Line GH be tM 
pommon Sediion, in which take any Point K, aiu) 
join A K, B K. Then becaufe A B is perpendicubr 
to the Plane EF, it ihall alfo be bbpendicular to the 
Right Line B K, being in the Phuie E F produoed. 
\^erefqre the Angle ABK is ^ Right Angle. Aii^ 
for the fame Reafon, B AK is iilfo a Ri^ Araku 



BodcJS. BucMm Elbmeni\8. sq^ 

AndfodietwoAnrief ABK^ BAK, oftHe^rah^ 
cleABKvareecmal to two R^t Angfei, , whidi ik 
* impoffible. Tbtriibre tlie PIuks CVy TLT^ Mng • 17. n 
finxfactd) will, not amt each other, knd fo aoe'iie^ 
ce&rily pualid. Th^refore^ tbofe PUmes9 h ^ch 
At Janu Right Uw is ' perptndicularj an paralU t9 
^ ^i6^ ; rwlach wat to be d«iiionftnttd« 

* * * • • 

PROPOSITION XV, 

T H E O R £ Mr 

tf iUH> Right Lines^ touching one another^ bepa^^ 
raUel to iw Right lines^ touching one anofhep^ 
dnd not being in the fame Plane with tbem^ the 
Planes drawn thro" tbofe Ri^ht Lines are fq^ 

foilel to eaeb other. 

LET two Right liftes AB* BC, toudiing om 
knocher, be panlkl to two R%ht Lines DE, EF, 
toching diie iuwther, but not in tiMs fame Plane with 
them. Ihjj thePkntespaib^ thro'AB, BC, and 
D£^ EF, beine pnxiuced, will not meet each odier. 

For let BO be drawn finom the Point B, perpendi* 
ciihr to the- Plane paffis^ thro' D£, £F, meeting 
the (ame iii the Point 6; apd thro* G let GH be 
drawn pacallel to £D^ and GK pandU to EFi then 
becaufe B6 it perpendicular to the Plane paffing 

thio'.£>E, EF^ it Ihall aUb make * Right Angfes* zXfl/c S* 
with all R^ht Lines that touch it, and are in the 
fime Phnes but GH and GK, which are both in the 
6mrPlane^ touch it. ' Therefore each of the Angles 
BGH,BGK, is a Right Angle. AndfmceBAis 
paniifel ta^GH, the JbigksiGBA; GBH, are ft 19. u 
equal to tl^ Right Ai^: But BGHisaRight An^ 
gie$ wherefore GB A Aall alfobe a Right An^e, and 
io BG is perpendicular to B A. For the fameKeafon^ 
GB is alfe perpendicular to B C. Therefore fince a 
H^ht Line BG, ftands at Right Angles to two Right 
lines BA, BQ mutually cutting each other; BG 
ihall alfo be { at Right Angles to the Plane drawnt 4 •fAh. 
thro* B A, B C But it is perpendicular to the Plane 
drawn thro' DE, EF; therefore BG is perpendicu- 
jar to both d» Planes drawn thru' AB^ BC, and 

DE, 



^04 :Sta^lhl^'Eiijiuw^^4. BbokXI. 

d^filim thro? P.£»£Fx,jVaicrefcfi^''S^/^ i^ 

fame Pkfu^wkk tbmti^ti^ki Bi^us :dmmn -. mifi ihffk 
Right Lims are parallel t9 each 9tber. 



» ♦ 



PROPOSITION XVI. 

, - . % 

, T H ]|^ R E M. 

Jf two p<^rallel Planes orir v»/ by any ether Plaxey 
tbcin commau Se9wu mil he parallel, \ . 



«. ■^ ... 



^ ..* 



LET two parallel Planes, ^^^ CD, be cut ^fyfOT 
Plane EFHG, and let their oommon Secbms 

fcn EF, GH. : J %:EJ » i»faM to GH. ' 
/iHor xTit i« not p^esiIM,. £F,:GH) fanng^fvcMluGeil, 
l^/nmt task otto, nithfii iiit:ttie Side F H^ jfiriJBG^ 
FififtJtet.thfm b^pni^Mi^dqivi^ £il» Ibidjonit 
mj(,^^tfMbl»||^^OJC.^i9 4a.tll^ Bhh^ iA}Q> .aft 
P«M^la|:(;aJfi£Fii.;WiUtiirJitthe&men^ But 

K^me.cif jth^BolntsckatKii.iqEFK* TirrcfikiD 
K ii m tbt Pkf« AB< J 1^^ the fiuiift Rea&n K is 
t)(Pii|i:tle PlsitwCa Wb(;!iefQie thefflanp AJS, 
$:; Qy wiH meei fiacii qftthoDi Bpt the)r dO not iQOBtt 
fince t|My>an foppoHnl puaUbk { Th^rOixt^ iHs^ Sight 
I«in^. £F, GH$ will' not: isettQB the Side FH. 
Aft^. tbrikmf) muM^it:^ pm^y that thqr #itt mt 
meet, if pralqcftl, on ttelSide £G. .ButlRigln 
l^im^ tiM «9B neil^ j^^iktiet caG;^oth«i> ade^pas 
ifalkU Jhwtfbre £f ;^ istf^ to GR .|^^ 
<II9^. AfT^ Pimes arti^ti^t, kj^joaiff ^§^* Btam, the^a 
ifmw Se£tims witt i^^lfarailils/'yMahvmito be;dc^ 
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PROPOSITION XVII. 

V. r ' 'T'H Z O R B.M-. ' - ' •• . . 

Tfiwo. Right Lips ari cut by parallel Planes^ tbe^ 
\-l .. j^all bjs euljn the fame Proportion/ 

T EX. two Rigii lines AB,. CIX^ he wt by fa- 
La. lalld >Js^ qify Kt, ^N, in the Points,^ 



^ Plane K L ip: the, Point X, .aQdjctjo, jtiX, X F| 
4 jtpn becajifci t^o^p^njkl Pbiics lOp, M^ arc cu^ 
& thg Pkiiue EBti.Jt,^/:thcir common Sei9:i9ns T^X^ 
BP>7aie * paiaJlcj^ For the fame Reafoa, tqcsml^* x6y«Mfc 
tyo! parallel PWfs GjB, KL, areciit.^ iKe Plane 
A'XFCf their 9001x0019 Sedtions A0«.FX, are pa? 
ralk}; and bpcauib £^X ^ drawn paiallfl'to.thQ SidSe 
%X> of thfr Triangle ABD, it Ihall.bc as AE is to 
%^ffx ist A?: t^ XD. Again^:b^u(e XF Jst^.*. 
a^wn parallel to the Side AC of th^Triaiigle AD C, 
rtflian be t as AX is to !XD, fo is CF to? D. But 
it has been proved, as AX is to XD, fo is A£ to 
EB. Therefore^ as AE is to EB, fo is J CF tot «i- $• 
FD. Wherefore, if two Right Lines are cut by pa^ 
raUel Planes^ they jhall he cut in th^ fame Proportion i 
which was to be demonflrated. 



PROPOSITION xvm. 



\» 



Theorem. 

if ARig^ Line be perpendicular to fome ^unf^ 

' then all PJanes ;pafftm thro* that Line will He 

perpendicular to- tbe\ fame Pian^,. /.., .. j; 

/ J. ., A . 

T |1T the JUghttJlrilic AB be perpendi^ar to t^ 
JL Vhittt CL.. I foy,. ?I1 Planes that paft^hro' AJ^ 
fuce Jjkewifc p^roendicular to the Plane pt^.^ / ; . . r 
,;.Fbr let a Plahe.EfB pafs thro' thp I^ghi;.tipc AB^ 
Wh<)fc; common Scftipib with the Pla^.CL^ is th^ 
Bidit XjWC C % y^ii, «5^? T<^l?ic Pouit^'iiji CE j from 
* ■ ^ ' ^ which 



* 



which let F G, be di:aw:n in the Plane DE, perpendi- 
cular to tilt flight Line GE. Then becauft AB is 

^ W'l' perpendicukf to the Plane CL, it ihall alfo be ^ per- 
pendicular to all tht Right Linds which touch it, and 
^1$ in tb<r fame Plane Wherefore it is pemndJCM- 
lar to CEV and confequendj the Angle ABF is & 
Right Ahgte; but G F B is likewife a Right Angle. 
Thertifore At^ k parallel to F Q. But AB is ^t Right 

it rf-ihh. Angles to tKe Plane CL. Tt^rcfoit FG wfll be t 
ar Right Angles to that fame Plan^l Ptit one Plane is 
^rpendlcol^O- to another, wfa^ thie Rjgh( Lines, drawn 
in one of the Planes perpendicular^ to the cpramon 

t Dffif iSe£fion of .the Plaftcs, are J perpendicular tQ the other 

«^'*''' Plane. BueFG is drawn in one Flaiw DE^ p«pa^ 

clicular to thcf common Se^on C]S':pT the Flanei,. 

... . ,And ft has befex pmvW to -be pijrpendicular to *thft 

• * > iPIane CL, Therefore the Pfene DE is at Right 
Angles to thePIfme CL. After* the feme mitAier' 
it is demonftnted,* that all Planes, . ]^affing thrrf, the 
Right. Line AB, ixi perpendicular to the Plane CL, 
Therefore, if a' Right Line be perpmdic^r to jmi 
plane^ then all Flanes paffing thro* 'that Line wtU be 
perpendicular ta the fame, Plane^^ wjiicb was to h^ 
•^emoncftrated. 



•• 



PROPOSITI ON XIX. 

* " a 

* T JH E O R E M. 

> . ' 

If two Planes^ cutting each other ^ be perpendicular 
to Jome Plane]' then their common SeSfion^will be 

perpendicular to that fame Plane. 

» .. . 

L]g;T»two Planes AB, BC, cutting. each other, 
be perpendicular to fome third Phne, aind lee 
their common "Se^^on be BD. i fay, BD is perpen- 
dicular to the-i^d third Plane, which let be ADC- 

For, if poflible^ let B D not be perpendvcuU'' to 
'riic third Piajic ; an<f from the Point D, let -DE be 
tfraWn in the Plane AB, perjSendicular to AD ; ,and 
let PF be drawn in the Plane BC, perpendicular^ td 
Cp J then becavfe the Plane AB is perpendicular to 
the third Plane, and DE is dfawri in the Plane A B^ 
f^rpcjidicuto «) th^ foinmon ScAiw AD, DE 

ihall 



bpk XI. : EucJi^s E !> s M if N '^TvSu { 2oy^ 

te ^jpaep&DSku^ to thc^ durd, jPIjinG. ^ la like* ^ i* 
ip? we* piDve,. diat t) F alfo js .|«itftp]dipil^ to 
*fc fia-PJinc. WheFerfbre two Jfliglit ^Utks Aind , 
t{R^Iit Angles, ' to this third J^kme, pi th6 l8|fe. Side 
i tie; j^me Pomt JDt^. which is.t aSfur^jt Tltt^^rc to f '3 8/^^^ 

indicular at Dj^an^ on the ^ootp'SioIL 
J^. thj^^l^mmpn .;^ of the P]arKfAB<^ BCv- 
' Wherefore I) B is * perpendicular to ' the thifd Plane.- j 
J^y therefore, two Planes^' cutting each oiher'yhe per^ 
pendicular to finu ^Planfy . ihen, their tmpuu^. Section 
will be perpendicular t(f that fanic Piafri jr which was 
; to be demonftrated, , . ^ . 

I /PROPOSITION 'XX. 

Theorem. 

If a foM Angle he cont dined finder Jkf^fe 'plakeyfni 
I * 1^^^3 ^^y ^^^ of tberhi ho'iJ^c^er' take/t^r'd^er 
greater than the third. 






LET th^ folid An^Ie A be contained iindcr. three 
..plancAngles BAC, CAD,;pA^^^^ Ifayimy' 
two pf "the Angks B A'<^' C A,D, C A B,, are! greater, 
than the third, hoWfoever taken. "V' ', ./ * , . -- * 

. For if the Angjes B Ad C A D^tiA B, be equal,, 
ft^ is evident that any two, howfbever taken, are 
gseater than the third. But if not, let B AC be the. 
greater 5 and makc.^ the Angle B A£, at thePoint As * 13. t. 
wit^ theRightLine AB, in a Plane paffingthro^'BA^! 
A fir equal to the ^de JDAB,. makiB A£. o^ual to' 
AP;itbro'£ draw JB£C, cutting the Right Xine^i 
A^, AC, in thq Pbints B, C, and join DB, DC. 
Thdo^becaufe DA is equal ^o AE, ja^d AB is com* 
moh, the two Sides 'D A9 AB, are eqUal to the two^ 
Si^ A£, ABi but the Angle DAB is equal to the] 
Angle B A£. Therefore the Bafe DB is f equal .to^ 4. x, 
the Bafe BE. Ajnd fince the two Sides DB. D C^^ 
are greater than BC, and DB has been proved equal! 
to BE, the remaining Side DC fliall b6 greater thait. 
the remaining Side £C| and fiiioe DA f -^qual to 
AE, and A C is c6minon> and the Bafe C greater 
ibm the Bafe £ C» the Amd^. D AC ihall be t ff^tttt s^ t, . * 



'1 



■ ' '' than tfie Angfe E^ A C. BUt froiri Cbhftru<ai6n; M 
Angle D A B^ » ctJuiJ to the Angjc-Sf A E. WiifeH^ ' 
fore the Ahd» DAB, DAG, ii^ greatfet tliakfht* 
Angle-BAC;- -After this mannti- tfrfe tfehionftttie;. i^ 
' '* ' iaiiy twa 6Adr AWgfe bfe tiken,^' diat idiliy 4ie. gWdtfac 
thah the thifa. Therefoi^i iftiJSHaMle he cMiM' 
under thrti ' plaiti Angks^ ahf ttVo y mnt^ hMjihifl 
taiek^ a^i trkatet than tht third ',y/hic\)L Vhcit^ht 
deihtxixflratea* ■ . ' •••.-■*«* 

PR 6 p o s I r i o N 3ba. .; 

H £ O R £ li. 

Every folidjfngle h contained, under piane Angles 
together lefs than four Right ones. 

LET A.l?e a folid Angle, contained under plane 
Angles BAG, GAD, DAB. I fay the Angles 
Sac, cad, dab, are Ic^i than four Right An- 
gles. 

For take any Points B, Q, D, in each of tbeXincs 
AB, AC, AD, ?nd join BC, Ct), DS. TheA 
bfttiaure the fdlid Angle 'at B « contained unaaHthwe 
pMtie Angles CB A, Afi D, C?BD, any two of ih'dfe 

•*^«^'**'^-ai:c*grcatetthan the third. . Tf^Kierfeforc the Anglfa 
CB A, ABD, are greater thah the Angle GBSD. For 
die fame Rcafoii, the Angles BGA, ACl>i krf 
greater than the Aitgle BCD ; and the Angltf Ct3A, 
ADB, greater than thb Angle' CDB. WheidBie 
thefix An^CBA, ABD, BCA, ACbi '^"" 
ADB, are greater than the khrec Ang^ 'CBD, *^-rt^ 
CDB. But thfc thfo* AngWs CBD, BCD,:C^ 

t3»- I. an^f eqd^l'to tWci Righk AhgfiSr.: ' Whetfefoi^ ttitm 
Angles CB A, ABDrjSCA^.ACfei ADC, AOR 
are grwtfet Hian Wo Rigltif'*Ahglfe. Ahd fikice^aB 
three Arigles'of dich of the TnahglHs ABC,- AeS 
ADBi, itrcfemidto t*rd ftfeltt Angltt, flbe -''^ 
Arigtes of tfiofe THaHglei CB A, feCA, BAC; A w^. 
CAP, ADC, AI>B, ABD, l3ABi krd d36il tt 
1& Right Aiigl<Js: 8bc^6f whithAhrife CfifA, BC*- 
ACAADC,-AD6, ABD;ire gt^aSfferdUm 
Mht Ahgies: Tl^r^fe thb thiiee dtfaer 3L-^-, 

-^ -ffAC, CAD, DABi- ^hieh tttotaitthfe folitf ^ft^ 



g^niriU ^ k^s;tl^^ fclir Richt Angles. Whc^ffijkj 
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.1 JP,ilO;POS IT I;0 N XXK, n-,,. 

//■ there be tbrk plane Angks^ wbefehftffe^^ \nrf^ 

" bow taken^ are greater tkan the thirds an^ (be* 

Right Likis that contain ibem beeqiidh tben it. 

is pojjible to make a Triangle ^ the' Right Lines 

joining the equal Right LineSy which form the 

^Angles. 



• . ■ 4 t 






LET ABC, DEFj GHKi be.giyen,pWn«4n- 
gks, any two whereof ^m^grcater than theth^ 
and let the equal Right tuid AB, fet, D'E/feF, 
[ GH, HK>. contain ttenyan^ let A€|;]RF|;^Kf 
be joined.; t iar, ,xt is poi&le to makc,^ Xriangll 
; 0? AC, !D F, G K, thkt is^ any two qLtikaiy Ipw- 
\ i^ix taken, ar^ greater than die t;hirdl r- .. . . / 
I j^For if the Angles at B» 1^ H, are equ2u,itben A Cj^ 
I/F, B K, will be * equal, ani any tm>t of th^xn • 4. i. 
mber than the ttirii bi^iyrnot^ilet;the At^g)es;^at 
li E,, H, be unequ^,' M>d let ;the: Andg " B ^ig , ^e^terr 
t£an eitlxtr pf the others at £ of H. TJioi j(he£k6t .'.•,-:* 
l^nc AC will be t greater thapi cither t> y # or vGKit M*r ?5> f 
a^ It .is manifefl:, tmt A^^ tqgether wiih dther DF^ 
or SJ-tj? greater than the^othq:. jt fay Klcewifcj, t^^ 
PFiJBltitcMgethpr, are greater than AC. For,aiakeijatt *3-+i % 
^Ppwit ^ with the Rifl^t Linf ABl :the -Aj^m 
ABL4 equal to the Ang)&{jH$l^,and'ni^ 

h)j^ C hi Then, beoaufe th^ two Biifs ^Bf, JBJ 



aV grater than t^An^c ABC, wteW'tttAijj^ 
ffieGHrKl i8 cqiial to m^ Angle AB B,"the- ^g| 

And -finee ti|hc tWQ Side^, I^.%, BC^ jap-jec^al^ttr tJw 



tiro 



$%.Ci;, p,;eU64o::e^^ aj^^li^g^ 



.1 .« • 



iia BtftMs Ed« k en t s. Book XX. 

D^F is'^reater than the An^e L B C, the BkeiTF 
* 14* 2 fliall be * greater than tlie Bafe LC. But G K has 
ton' jproved equal to A?L.'- Tiercforc DF, GK aie 
greater than AL, LC; but AL, LC, are greater 
Sian AC. Wherefore DF;, GK, Ihall be much 
greater tiian -AC. Therefore any two of the R^ht 
Lines AC, DF, GK, howfoever taken, are greater 
dian the other : Ancl fo a^ Triangle may be niade of 
ACj D F, G K i which VJas f be iemonfttaUd^ 
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PROPOSITION XXIII. 

P R O B L e M. 

To maki a folid Angle of three plane An^es^ where- 
cf any twoy howfoever taken ^ are greater than 
tbe-tUfi \ hui thefe three Angles miift he lef$ 
'[ibah foitr Right Jbigles.^—/ 

LET* ABC, DEFiGHK, bethiee plane Art- 
0e* ^ven, whereof ahy ,two, howfoever t^en, 

« > Are #eater'tiban the other^ and let the'faid three' An- 

j^es be IcCs tisxn four Rkht Apgles. It is required to 
m^e a folid Angle of thi-ce plane Angles equal to 
ABC1?EF, GHK. 

Let the Right Lines AB, BC, pE, EF, G H,'HK, 
be cut off equal, and join AC, DF, GK; then it is 

• %% ffiiM. poffiUe to inake * a Trian^e of three Right Lines 

itiit. equal -to AC, Df , GK: And fo let t the Triangle 
Ll^N be' tiude^ fo that AC be equal to L M, and 
DF to MN, and GK to LN; and let the Ciide 

I kV LMN be defciibed t about the Triangle, whofe 
Center let be X^ which uriU beeither within the Tn« 
angle LMif, or oh one Side thereof of mtbouC 
the lan^e* ' 

^ Firft, let it be within, and join LX, MX,; NX. 
t&f AB is greater than LX. Forif this1)e not Co^ 
AB ihall be either equal to LX, or le& Firft^ let ic 
beequal; tfaenbecaufe AB itoqual toLX, and tSb 
to BC, LX ihall be equil to BC; but tXh ^tfat 
to XM. Ther^re the two Sides AB, BC» are 
•qual to the two Sidti LX, XM» each to each; but 
dieBafeACiipttteMdfiottelbifeLM. Wheie^ 

^ti* ^th€ AO^ ABCdudtbe^equal tothe Anrie 
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tXM. ftt the fMne Reafon, tht Angle DEF is 
e^t0tfae Angie.MXN, imd the Aiigfe GHK t» 
the Angle. JN^ XL. Therefore the three Angles ABC, 
D£F> GHKy ajd equal to th^ three Angles LXM, 
MXN,. N*XL. But the .three Angles LXM^ 
MX N, NX L> arc ♦ equil to four Right Angles :*Ccr. 15. u 
And fo Aq three Angles ABC, D£F, GHK, ihall 
aifo be tqu^ to four. Right Angles ; but they ard put 
k& than fQ(|r Right Angles, wluch is abfunl. Ther#-' 
Ibrt AB is ^otequal 16 LX, I fay alfo it is nbithet: 
h& thtui hJf. i« ftr if this be pdffihk) make XO equal 
to AB, a«d XP to BC, and join OP. Then bc- 
(tefe AB k equal to BC, XO ihall be equal to XP; 
and the rensiaiiung' P^rt O L equal to the remaining 
l^ait PM: And.fo LM Is t parallel to OP, and the t »• f 
Triangle LMX is equiangular to the Triangle OPX. 
Wherefore XL is J to LM, as XO is to OP; and t i- «• 
^ Alternation) as X L is to X O, fo is L M t6 
Q?, But LX i& gtcater than X O. Thei^oie LM 
IbaO aUb U gisatet than OP. But LM is put equal 
16 AC. Wherefore AC fhall be greater than OP^ 
MA h bdoaufe the two Right Lxnes AB, BC, aris 
etpal to the two Right Lina OX, XP, and the 
Safe AC greater than the Bafe OP; the Angle ABC 
win be ♦ gifeatcr thin the Angle OX P. In like* *s- »• 
fflatmer, ^e dendOnftrate that &e Angle DEF is 
gitater than the Angle M X N, and the Angle GHK, 
Aan the Angle NX L. Thwefore the three Angles 
ABC, DEF, GHK, are greater than the three An- 
I^LXM, MXN, NXL. But the Angfes ABC, 
DEF, GHK, are put lefs than four Right Angles 
Thctefore the Angles LXM, MXN, NXL,Siall 
be lc(s hy txvkch than four Right Angles, and alio 
•qual f to four Right Angles; whidi is abfurd,tCtfr. 15. i. 
Whtiefore A B is not lefs than LX. It has alfo 
fc«n prov'd liot to be equal to it. . Therefore it muft 
ineeffitfily. be greater. On the Point X raife J X R, t » e/^ f^^^ 
Iterpendiaikr to the Plane of the Circle LMNj 
' Whofe Length let be fuch, that the Square thereof be 
«^ to the £xcefs> by which the Square of AB e9c- ^ 
aeds the Square of LX; and let RL, RM, RN, 
be jdaedv BeCaufe R X is perpendictdar to the Plane 
of the Qrcfc LMN, It ihall alfo be * pwpendicukr* Def. 3^ 
«>LX> MX| NK. . And becaufe LX is equal ^ 

P XM, 
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XMi and XR is common, and at Right Angles ti 

• 4. 1. theiii, the Bafe LR ihall be * equal to the Bafe RM. 

Por the fame Reafon, RN is equal- to RL, or RM. 
Therefore three Right Lines, RL, RM, JRNi are 
equal to each other. And becaufe the Square of X R 
is • equal to the Excefs, by which th4 Square of AB 
exceeds the Scjiiare of LX ; the Square of AB will be 
equal to the Squares: of LX, X R together : But the 

f 47- 1. Square of RL is t equal to the Squares of LX, XR J 
For LXR is a Right Angle, Therefore the Square of 
A B will be equal to the Square of R L ; and fo A B 
is equal to RL. But B Cy DEj EF, GH, HK, 
arc every of them equal to AB ; and RN, or RMy 
equal to RL. Wherefore AB, BC, DE, EF, GH^ 
HK, are each equal to RL, RM, or RN : And 
Tmce the two Sides RL, RM, are equal to the two 
Sides AB, B C, and the Bafe LM is put ecpial to the 

t 8. X- Bafe AQ the Angle LRM Ihall be J equal to the 
Angle ABC. For the fame Reafon the Angle MRN 
is equal to the, Angle DEF, and the Angle LRN 
equal to the An^e GHK* Therefore a folid Angle 
is made at R of three plane Angles LRM, MRN, 
LRN, equal to three plane Angles given, ABC^ 
DEF, GHK. 

Now let the Center of the Circle X be in one Side 
of the Triangle, visu in the Side MN, and join 
XL. I fey againy that AB is greater than LX. For 
if it be not fo, AB will be either equal, or lefe thari 
L X. Fiift let it be equal, then the two Sides A B, 
BG, are equal to the two Sides MX, LX, that is, 
they are equal to MN ; but MN is put equal to DF. 

♦ 2a I. Therefore DE, EF, are equal to DF, which is * ini- 

poflible. Therefore A B is not equ J to L X. In 
like manner, we prove that it is neither lefler ; for 
the Abfurdity will much more evidently- follow. 
Therefore AB is greater than LX. And if iii ISkc 
manner, as before, the Square of^RX be made equal 
to the Excefs, by which the Square of AB exeesdt 
the Square of LX^ and RX be raifed at Right An^ 
gles to the Plane of the Cirde, the Pioblein vAU be 
done. 

Laftly, let the Center X of 'the Circle be teithout 
the Triangle LMN, and joii^ LX, MX, NX. 
} fay AB is greater thah LX. For ^ it be not, it 

muft 
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muft feither be equal, or lefs. Firft, let it be equil ; 
then the two Sides AB, BC, are equal to the two 
Sides MX, XL, each to each ; and the Bafe AC i^ 
equal to the Bafe M L ; therefore the Angle A B C i« 
equal to the Angle MXL. For the fame Reafon^ 
the Afigle GHK is equal to the Angle LXN ; and 
lb the whole Angle MX N is equal to the two An- 
gles ABC, GHK; but the Angles A B C, GHK, 
are greater than the Angle DEF. Therefore th« 
Angfe MXN is greater than DEF; but be;caufe the 
two Sid<fe DE, E F, are equal to the two Sides M X, 
XN, and the Bafe DF is equal to the Bafe M N, thd 
Angle MXN ihall be equal to the Angle DEF; but 
it has been proved greater, which is abfuroi There- 
fere A B is not equal to LX. Moreover we will 
prove that it is not lefs ; wherefore it fhaM be necef^ 
ikrily greater. And if, again, X R be raifed at Right 
Angles to the Plane of the Circle^ and made equal to 
the Side of that Square, by which the Square of A B 
exceeds the Square of LX^ the Problem will be de* 
termined. Now, I fay, A B is not lefs than LX; 
fcr if it is poiHble that it can be lefs, make X O equal 
to AB, ahd XP ^ual to B C, and join OP. Then, 
becaufe AB is equal to BC, XO fhall be equal to 
XP, and the remaining Part OL equal to the 
rtmaining Part PM; therefore LM is * parallel to* •• *r 
PO, and the Triangle LMX equiangular to the 
Triangle PXO. Wherefore as fXL is to LM, fo t ♦• •• 
18 XO to QP: And (by Alternation) as LX is to 
XO, fo is LM to OP ; but LX is greater than XO'; 
therefore LM is greater than OP j but LM p equal 
to AC; wherefore AC fhall be greater than OP. 
And fo becaufe the two Sides AB, BC, are equal to 
the two Sides OX, XP, each to each ; and the Bafe 
AC is greater than the Bafe OP ; the Angle ABC 
fcall be X greater than the Angle OX P. So likewife t *5- ^ ' 
If XR be taken equal to XO or XP, and OR be 
joined , we prove that the Angle G H K is greatejt 
than the Angle O X R. At the Point X, with the 
Right Line LX, make the Angle LX S equal to th* 
AiTgle ABC, and the Angle LXT equal to the An- 
|lt GHK, and XS, XT, each equal to XO, and 
joip OS, OT, ST. Then becaufe the two Sidwi 
AB, BC> are equal to the two Sides OX, X S, and 

P a tht 



:ji4 EucMs Elements. .Bo6kXt 

the Angle ABC is equal to the Angk OXS, the 
Bafe AC} that is, LM fhall be ecjual to the IBaS^ 
OS. For the fame Reafon, LN is alfo equal tQ 
OT. And fmce the two Sides ML, LN, are equal 
to the two Sides OS, O T, and the Angle M L N 
greater than the Angle SOT; the BafeMN ihal) 
be greater than the Safe ST; but M N is equal t<f 
PF'; therefore DF fliall be greater than ST. Where- 
fore becaufe the two Sides D£,.BF, are equal to 
the two Sides S X, X T, and the Bafe D F is greater 
than the Bafe S T, the Angle D E F (hall be greater 
than the Angle SXT; but the Angle SXT is equal 
to the Angles ABC, G H K. Therefore the Angle 
DE F, is greater than the Angles A B C, G H K ; but 
it is alfo le&^ which is abfurd ; which was tfi b$ 40ft 
mon/lrated. 

PROPOSITION XXIV- 

Theorem. 

Jf a Solid he contained under fix parallel Plahii^ 
the oppofite Planes thereof^ are equal ParaUetO" 
grams. 

LET the Solid CD GH be contained under parallel 
Planes AC, GF, BG,. CE, KB, AE. I fty^ 
the oppoflte Planes thereof are equal Para,llelGgnuns. 
For becaufe the paralld Planes B G, C£, are cut 
• i6o/this, by the Plane AC, their common Sedions are * pandk 
Id ; wherefore A B is parallel to CD. Again, b^ 
caufe the two parallel Planes B F, A E, are cut by 
the Plane A C, their comnK>n Se<9ions are parallel ; 
therefore A D is parallel to B C ; but A B has bee^ 
proved to be parallel to CD ; wherefore AC fhaM be 
a Parallelogram. After the fame Manner/ we de* 
inonftrate that CE, F G, GB, BF, or AE, is a Par 
jrallelogram. 

Let AH, DF, be joined. Then becaufe AB is pa-' 
rallel to DC, and BH to CF, the Lines AB, BH^ 
touching each other, fhall be parallel to the hhum 
DC, CF; touching each other, and not being in tho 
+ 10 9fthis. fjijnc Plane; wherefore they fliall f contain cf^jsi An- 
gles, And {9 the Angl« AS H is eqiuU to ^ Ancie 

DCF. 
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D C F. And fince the two Sides AB, B H, are J e- 1 34- 1. 
qixal to the two Sides D C, G F, and the Angle ABH 
equal to the Angre DCf , the Bafe AH Ihall be** 4- 1- 
^ual to the Bafe D F, and the Triangle ABH equal 
to the Triangle DCF. And fince the Parallelc^ram 
3 G is t double to the Triangle ABfl, and the Pa- 1 4'. »• 
rallek)|ram CE, to the Tri^gle DCF, the Paralle- 
hp^m B G ihall be ixju^l to the Parallelogram C E. 
In like manner^ we demonftrate that the Parallelo* 

gtain A C 19 equal to the Parallelogram G F, and' the 
araildogram AE equal to the Parallelogram BF. 
^ therefore, a Solid be contained under Jix parallel 
Flams J the tppojite Planes thereof are eijuai Paralle^ 
fograms i which was to be d<?moxiftrated. 

Cjifroll. It foQows from what ha^ been now demon- 
ftrated, that if a Solid be gcmtained under fix paral- 
lel Planes, the oppofite Planes thereof are fimilar 
and equal, becaufe each of the Angles are equal, and 
t)ie Sides about the equal Angles are proportional. 

PROPOSITION XXV. 

Theorem. 

If afolid Parallelepipedon he cut hy a Plane, pa^ 
rdlil to oppofite Planes ; then as Bafe is to Bafe^ 
fo fhall Solid be to Solid. 

LE T the folid ParaBelepipedon A B C D, be cut 
by a Plane Y E, parallel to the oppofite Planes 
RA, PH, I fay as the Bafe E F <i> A is to the Bafe 
EH CF, fo is the Solid ABFY to the Solid EGCD. 
For let AH be both Ways produced, and make 
»M, MN, (^e, equal to EH, and AK,.KL, ^c. 
equa} to AE; and let the Parallelogran^ J-#0, Kc, 
HX, MS, as likewife the Solids LP, KR, Hi?, 
M T, be pompleated. Then becaufe the Right Lines 
Z>rK, KA, AE, are equal, tiie Parallelograms LO, 
K*, AFj fhall be * alfo equal ; as likewife the Pa- * i. 61. 
raUdc^raiiis K f, KB, AG: And moreover f the f 24 •fthh. 
Parallelograms L *, K P, A R, fpr they are oppofite^ 
For the fame Reafon, the Parallelograms EC, H X^ 
,MS^ alA> 2ific equaji to each others as alfo the Paral- 

P 3 l^lograigs 
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lelc^rsuns HG, HI, IN; and fo are the Paralloio- 
grams D H, M O, NT. Therefore three Planes of 
the Solid L P, are equal to three Pianos of the Solid 
}CR, or AY, each to ejich j and the Planes oppofite to 
thefe, are equal to them. Therefore the three Solids 

tD^. la P/Lp^ KR, AY, will be equal % to each other. For the 
fame Reafon, the three Solids ED, H^^ MT, are 
equal to each other. Therefore the Bafe LF is the fame 
Multiple of the Bafe AF, as the So^id LY is. of the 
Solid AY. For the fame Reafon, the Bafe NF is 
the fame Multiple of the Bafe H F, as the Solid N Y 
is of the Solid ED : And if the Bafe LF be equal to 
the Bafe N F, the Solid L Y fliall be equal to the 
Solid NY; and if the Bafe LF exceeds the Bafe 
N F, the Solid LY fhall exceed the Solid N Y ; and 
if it be lefs, lefs. Wherefore becaufe there are four 
Magnitudes, viz. the two Bafes A F, F H, and the 
two Solids AY, ED, whofe Equimultiples are ta» 
ken, to wit, the Bafe L F, and the Solid L Y ; and 
the Baf? N F, and the Solid N Y : And fmce it is 
proved, if the Bafe LF exceeds the Bafe NF, then 
the Solid LY will exceed the Solid NY, if equal, 
equal , and lefs, lefs. Therefore as the Bafe A F is 

» i>ff 6. 5. to the Bafe F H, fo is * the Solid AY to the Solid 
E D. Wherefore, if a foUd Parallelepipedon he cut h 
a Plancy parallel to oppofite Planes \ then as Bafe t$ 
to Ba/e^ fo Jhall Solid be to Solid} which was to be 
demonftrated. 

S^R O POSIT ION XXVL 

Theorem. 

At a Right Line givetiy and at a Point given in 
it^ to mah a Jolid Jngle equal to a folid An^e 
given. 

LET AB be a Right Line given ; A a given Point 
in it, and D a given folid Angle contained under 
the plane Angles EDC, EDF, FDC ; it is required 
to make a folid Anglq at the given Point A, in the given 
Right Line AB, equal to the given folid Angle D. 
Affume any Point F in the Right Line DF, from 
• II pftbis. which let F u be drawu * perpendicular to the Plane 

pai&ng 
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Cg thro' ED, DC, meeting the faid Plane in die 
: <y, and join D G, make f the Angles B A L, t *3- ^• 
BAK, at the given Point A, with th^ Right Line AB, 
equal to the Angles IID C, E D G. 

Laftly, make A K equal to D G, and at the Point 
K erea J H K at Right Angles to the Plane pafling titrf'thi^ 
thro' B AL, and make K H equal to GJF, and join 
HA. I fay, - the iblid Angle at A, which is contained 
under the three plaAe Angles B AL, B A H, H AL, 
is equal to the folid Angle at D, which is contained 
under the plane Angles EDC, EDF, FDC: For/ 
let the equal Right Lines AB, DE, be taken, and 
join HB, KB, FE, GE. Then becaufe F G is per- 
pendicular to the Plane paffine through ED, DC, it 
Ihall be * i)erpendi(^ar to aU the Right Lines touch-j*^^'^ i'^ 
ing it that artf in the faid Plane, •Wherefore both the. 
Angles FGD, FGE,- are Right Angles. For the fame 
Reaibn, both the* Angles HKA, HKB, are Right 
Angles ; and becaufe the two Sides KA, AB, are equal. 
to the two Sides GD, DE, each to each, and contain 
equal Angks, the Bafe BK fhall.be % equal to tfaet4'<^ 
Bafc EG; but K His alfo equal to GF, and they 
contain Righr Angled; therefore HB ihall be f equal 
to Fl£. Agslin^ becaufe the two Sides AK, K:H, 
are equal to the tyfo Sides D G, G F, and they con- 
tain Right A^gfes, the Bafe AH fliall be equal to die 
Bafe D F i but AB is equal to D-E. Therefore the 
twb SdesrH A, A B, are equal to the two Sides F D, 
D £ ;• but the -Bafe* H B is equal to the Bafe F E, and 
fo the Angle BAH will be % equal to the Anglet '• »• 
BDF. For the fame Reafon, the Angle HAL is 
e^jualto'the Angle FDC ;• for fince if A L be taken 
equal taI>;0,>nd'K:L,.rtL, GC, FC, be joined, 
the whole Ande'-BAL is equal to the whole Angle 
EDC; and -^e Angle B A K, a Part of the one, is 
fttt equal to the Angle EDG, a Part of the other ; 
the Angle- KAL remaining, will be equal to the An- 
^ GDG remaining. And becaufe the two Sides 
A, AL,' are equal to the two Sides GD, D C, and 
tiysy contain equal Angles , the Bafe K L will be 
eqpial to the Bafe GC; but KH is equal to GF; 
wherefore thfe tWo Sides LK, KH, are equal to the 
two Sides >CG, G'F^, but they contain 'Right Angles ; 
therefore the Bafe HL will be equal to the Bafe F C, 

? i - Again, 
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. A^k», becaufe the two Sides HA> Al'y «pc o^imI 
tp the two Sictea F D* D C, ^nd th§ Baft HI/ is oquftl 
tp tbcBafe FC, the Angle HAL will be«}ial to 
the Angle F D C 5. ..but the Angle B A L jfl Q^ial If^ 
the Angle £DC> wbicb tvas u bcdon^^ 

PROPOSITION XXVII. 

Upon a Right Une giveny to defciribe a\ Paralklt^, 
. ftpedon jimlar^ and in like manner fituat^ tp a 
* Jolid Parallelepipedon given* 

LET AB be a Right Line^ and CD a given folkf 
Par^lidepifiedpi). ..It is.requjired to dei^ibe^aibn 
lid Paralieiepipedon jxposx the given Kj^t |/i|i9 A %k 
fu^ilar and ^ike fiti^ to the givi^a liJid f^xHifikfg^ 

pedoii CD. 

, Make a folid An^e at the given Pmnt A> io tb9 

• 26 sjf /A/VRigh^ Line A B, which * is contamod iindcr the Aft-^ 

glesBAH, HAK, KABi fothatthe Ar)gl«8AH 
be equal to the Angle £CF, the Angle BAK tOt tfa^ 
Angle £Cp» m^i the Angle HAK to the. Ailglft 

+ 12. 6. C CF j and.make as EC is to CG, fo BA t to A15^ 
and GC to CF, as KA to AH. Then (by Rpian 
lity.of Proportion) as EC is to C^i fo fluMl BA b| 
to AH; complete the Paralldograo^ BH9 wA tb9 

^ Solid A L. Then bocaufe it is as EC is to C G, ft 

... is B A to A K^, ^/V the Sides ^faout the eqti^l AkW 
EQG, B A K, proportional; the Pandlelograiu K^ 
ihall be fimilar to the Parallelogram. G£. A^o, foe 
the fame Reafbn, the Paralld^r^im. ^CH^ ib^ b^ 
fimilar to the Parallelogram G F, aod die Far«llelo^ 
gram HB, to the Parallekgram ££/ Tbordon 
three Parallelograms of the foUd AL9 are fimilar to 

* three Parallelogra^iis of the Solid CD \ but tjpiefe cbm 
^Cer.%\, ParallelQgrams are :|: equal and fimilar to '{heir thm 
^'^"' oj^fite ones. Therefore the whole Sb^ AL, wS 

f be fimilar to the whole Solid C D ; and fi> a fdid 

Parallelepipedon A L » is defcribed upon the . given 
Right Line A B finiilar, and alike fituate to the gtyeii 
folid Parallelepipedon CD \ which wa$ t0 be dene: 

PRO- 
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PROPOSITION XXVJII. 

Theorem. 

!f aJbUd Parallelepipedon be cut by a Plknepaf 
Jing tbro^ the Diagonals of two opf^tte Planeu 
. that Soli4 V)ill be bifi£ied by the Plane: 

J ET the ibUd PandkeiMpedon AB, he cut by: 
A> the Plane CD£F, paffing thro' the Diagonals 
CF, DE) of two oppofite Planes. I £17, the Solid 
ABis bifeaedbythe Plane CDEF. 

FcMT hecaufe the Triande CGF is* equal to the* 34. x. 
Tiiar^CBF, and the Triangle AD £ to the Tri- 
40gle DEH, and the Pacallelognun CA to f thet* Hy^'i^t. 
f ju-aUdbgram BE, for it is oppofite to it ; and the 
PalaUelogram GE to the Paralklogram CH; the 
PriTm ctotained by the two Triangles CGF, ADE, 
suld the three PaiaUclograms G £, AC, C E, is equal 
(kk;tbe. P^fm contained under the two Triai^les CFB, 
DEH, and the three Parallelograms CH, BE, C£ ; 
for they are contained under Planes equal in Num* 
ber and Magnitude. Therefore the whole Solid AB 
is bifefled by the Plane CDEF^ which was to be 
demonftrated. 

PROPOSITION XXIX. 

to 

. T H B O R £ M. 

Solid P arallelepipedons^ being conftituted upon the 
fame^ Safer and having the fame Altitude ^ and 
fobofe infiftent Linis are in the fame Right 

. Zdn^s, are efual to one another. 

LET the folid INalldepipedons CM, CN,*be 
conftituted upon the fame Bafo AB, with the 
f^une Altitude, whofe infiftent' Lines AF, AG, LM, 
tK, CD, CE, BH, BK, are in the fame Right 
Uhes FK, DK. I fay, the Solid CM is equal to 
ifaeSoIidCN. 

For hecaufe CH, CK, are both Parallelograms, 
CBihallbe^equaltoDH^ttrEKs wherefore DH«S4« <> 
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is equal to E K. Let E H, which is common, be 
taken away, then the Remainder D E will b« equal 
to the Remainder HK ; and fo the Triangle DEC is 

t *• '• + equal to the Triangle HKB, and the P^rallelognun 
DG equ^ to the ParallcWram HN. For the fam? 
Reafon, thfe Triangle AFG is equal to tj^he Triangle 

J 24 •ftbis. L M N ; and the Parallelogram CF % to the Paralle- 
logram B M, aiid th^ Parallelogram CG to the Pa- 
rallelogram B N, for thejr are oppofite. Therefore 
^ . the, Prifm Icorftaftied under - the two^ Triangles A E G> 

D E C, ahd die'thifee Parallelogram^ A D, D G, ' G C, 
is equal' to c the Prifm conta^ed under the two Trian** 
gles LMNr HBK, and the three ParaUelograiiis 
:: BMyN^ BN.. Let the common Solid,' ipfhofe 
Bafe is* the PaiaBelogram A>B, oppofite to the Paial- 
. Uogbm GS U M, be added; then the whole iblid* 
ParaDelepipckloil C M^ is: equal to the whole foiid 
ParaHefcpipedDn;CN. Thotthf^y filid ParaUeie^ 
dms^ heingxot^ituted upm thit faku Bhje^ and having 
the fame3l£tu3^y and whfe infijitnt Lines are in the 
Jame Right Lihesy are eqaal to me another % whidl* 
was (ohedemooftrated*. 1 ' .. 

' J^J. .» .v. i. 

PROPOSITIGIvIXXX.' •• 

Theorem. ^^ 

Solid ParalldepipedonSy bein^ cp^ituied upon the 
fameEafiy and having ihe fame jfltitudey whofe 
injijlent Lines are. not .pl4ce4'^ the fame Right 
LineSy . are equal to onf another. ^ 

LET there be folid ParSfelcpipedons C M, CN, 
having equal Altitudes, ahd ftanding on the 
fame Bafe AB,. and whofe infifteftt Unes AF, AG, 
LM, LN, CD, C E, BH, B K, are not in the fame 
Right twines. I %,' t|Ve Sdlid.C Mis equal to/ thi 
Solids CN. - * -■ .' - ! .■ ,i '. T- :* . ' 

Fpr fet NK;,^ DHi and GE^E^M, be produced," 
meeting ^ch-othqr jp the Poir^ts'B, X; let alfo F>M, 
G E, be produoec} rfo ,theP9intSiO,.ft »and join AX^ 
LO,CP, BR. The Solid C M, whofe Bafe is tte 
Parallelogram' A'P BL, Jfeiog i^Jcfife to the Patal- 
•*D'/;^'*jelograpi O.fijlVS,. k t^^M^ - «k-tte SoUd CQJ 

J. . whofe 
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whofc Bafc is the Parallelogram A C B L^ being op- 
poiite to XPRO, for they ftand upon the fame B^ 
ACBL; and the infiftent Lines AF> AX, LM, 
LO, CD, CP, BH, BR, are in the fame Right 
Lines, FO, DR ; but the Solid CO, whofe Bafe 15 
the Parallel(^ram ACBL, being oppofite to XPRO, 
i8*e(Jualto the Solid CN, whofe Bafc is the' Pand.**9 if *W 
Iflogram ACBL, being oppofite to, GEKN; for 
ihey ftand upon the fame Bafe ACBL, and their 
infiftent Lines AG, AX, CE, CP, LN, LO, BK, 
BR, are in the fame Right Lines GP, NR ; wher&. 
fore the Solid C M fliall be equal to the Solid C N. 
Therefore, Jilid ParaUeUpipedons ^ being conftituUd 
vpon the fame Bafe^ and having, the fame Attitude^ 
lohofe infiftent Lines are not placed in the fame Right 
Linesy are equal to one another i which was to be d9* 
HKHiftrated* 

PROPOSITION XXXI. 

Theorem. 

Solid PardllelepipedonSy being conjlituted upon equal 
Safes J and having the fame Altitude^ are equal 
to one another. 

LET AE, CF, be folid P^ralIe]q)ipedons confti- 
tuted upon the equal Bafes AB, CD, and having 
the fame Altitude. \ &y, the Solid AE is equal to 
theSoUdCF. 

Firft, letHK, BE, AG, LM, OP, DF, C?; 
RS; be at Ri^t Angles to the Bafes AB, CD ; let 
the Angle A LB not be equal to the Angle CRD, 
and prepuce C R to T, fo that RT be equal to AL : 
Then njake the Angle T R Y, at the Point R, in the 
Right Line RT, equal* to the Angle ALB ; mako**>*' 
RY equal to LB ; draw X Y thro' the Point Y pa- 
rallel to RT, and complete} the Parallelogram RX, 
and the Solid * Y. Therefore becaufe the two Sides 
TR, RY, are equal tp the two Sides AL, LB, and 
they contain equal Angles, the Parallelogram RX 
flball be equal and fimilar to the Parallelogram H L. 
And'ag^in, beqiufe AL is equal to RT, and LM 
to RS, gn4 they contain equ^l Angles^ the Paralr 

\ . 4 ' ' Idogram 
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Idognuii S,;^ &all be eqval and fimilir io tM PkraI-< 
Uogram AM. For th^ fame Reafon, the ParallekHi 
gram I^£ is equal and fimihr to the ParaHdogiam 
-^ S Y. . Tixrefeie three Parallelogranis of the S6lid 
AE) ^ equal indfunilarto thxee Paralldograma of 
theSelidtY^ and fb the.thi^ o(]|)olite ones of ome 

f 14 y/*ir. Solid, arc + aifo equal and .fimilar to the three oppo-* 
fite ones, of the other. Tfaere&r^ the whok folid 
Bardlebpipedon A£ is equal to the whole folid Pa« 
x^kpipcdon -^Y. Let DR, XY, be produdedy 
and meet each other in the Point ^, and let T Q^ be 
dRLVOi thro* T pandld to D «, and pnxfaice T Q, 
OD9 till they meet in V, and complete the SoM^ 
O^Rl: Then the Solid + Cy whofe Bafe is the Pa** 

J »9 ^ /i/V. xallebgram Rsf, and fir ia that oppbfitc to it, is J 
equal to the Solid ^ Y9 whofe Bafe is the Paralklo^. 
gram R^, and Y<i» is that oppofjte to it 9 for thcjr 
ftand upon the fame Bafe R ^ , have the (%me Altt^ 
tude, and their infiftent Line^ K^i^ RY, T<^ TX, 
SZ, SN, *r, •f'ci., are in the fame Right Linea 
JiX, Z^: But the Solid i'Y is equal to the Solid 
A£ ; and fo A £ is equal to the Solid i'fi. Again, 
becaufe the Parallelogram RY XT is equal to the 
^ Piarallelogram i-T, for it ftands on the fame Bafe 

RT, and between the fame Parallels RT, ^X ; and 
the Parallelogram RYXT is equal to the Parallelo- 
, gram C D, becaufe it (s iih equal to A B ; the Paral- 
^eicgiam i^T is equal to the Parallelogmm CD, and 
D T is fome other Parallelogram. Therefore as the 
Bafe CD is to the Bafe DT, fo is n T t6^ T D 5 and 
s becaufe the foKd Parallelepipedon CI is cut bjr the 
Plane RF, being parallel to two oppofite Pbsies, it 

*25 rftU. fliall be * as the Bafe CD is to the Bafe DT, fo ii 
the Solid C F to the Solid RI. For the fame Rea- 
Ion, becaufe the foUd Paraltelepipedon ^ I is out hy 
the Plane R * parallel to two OK>ofite Planes -, as 
/ the Bafe aT is to die Bafe DT, fo feall * the Sdid 
Ui^ be to the Solid R I ^ but as the Bafe CD- is^ to the 
Bafe DT, fo is the Bafe liT to T D. Therefore atf 
the Solid CF is to the Solid RT, fo is the/Solid pir 
to the Solid R I ; and fmce each of the Sol&fe C F^ 
Q 4^, * has the fame I^x>portion to the Solid R I, the 
Solid CF is equal to the SoKd IT'^; but the Solid 
il* has been prpved equ^l ta the Solid A£i there^ 
i I fore 



Book XL Euclii% Elements* 2£j, 

fbj- the Solid AE fliall befcoual to the Sdid CF. t d^ 5* 

But now kt the infiAoit Lines AG, H K, B £^ 
tM> CN, OP, DF, RS, not be at Right Angle* 
to the Safes AB, C D. I fajr^ apb, that the Solid 
A£ is equal to the Solid C R Let there be drawn 
from the Points K, E, G, M, P, F, N, S, to the Plane 
wherein* arc the Bafes AB, CD, ,the Perpendioilars 
Ks, ET, GY, M^,SI, F*,Na,PX, meeting 
the Plane in the Points ?, T, Y, <i>, I, *, n, X, and 
joinsT, Y4>, eY, T«i>, Xi^, Xn, fil, ♦!; then 
the Solid Ki> is equal to the Solid PI, for they ftand 
on equal Bafes KM, PS, have the fame Altitude^ 
Und the infiilcnt Lines are at Right Angles to the Ba* 
fes; but the Solid Ko is equal to the Solid A£, and 
the Solid P I to t the Solid CF, (inct they ftand up* X 29 tfMi 
00 the fame Bafe, have the fame Altitude,' and theft 
infiAent Lines are in the fame Right Linea. There- 
fore the Solid AE £ball be equal to the Solid CF. 
Wherefore, /S£^ ParaUelepipedms^ biing imjiituted 
vpm eqtuil Bafes^ and having the fame Jltitude^ ar$ 
efud to 9ni another ; which inns to be demonftnited* 

PROPOSITION XXXIL 

Theorem. 

Sclid Parallelefipedom^ that have the fame Alti-^ 
tude^ are to each other as their Bafes. 

LET AB, CD, be foUd Paralldepipedons that 
have the fiune Altitude* I fay, they are to, one 
another as their Bafes } that is, aa the Bafe A£ ia 
to the Bafe CF, fo is the SoUd AB to the Solid 
CD. 

For apply a Parallelogram FH to the Right Line 
FG, eqial to the Parallelogram AE, and completi; 
the fblid Par^lepipedon GK upon the Bafe FH, 
having the iame Altitude as CD has. Then the 
Solid AB is ♦ equaj to the Solid GKi for they ftand* %^*P^ 
upon equal Bafes AE, FH, and have the fame Alti^ 
tude; and fo becaufe the folid Paiallelepipedon CK 
B cut by the Plane DG, parallel to two oppofite 
Planes, it ihaU be f as the Bafe HF, is to the Bafet»5V<A^ 
FC» foi$tfa^Soli4 HDtQ th^ Scdid D C s but tbs. 

Bafe 
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Bafe F H is equal to the Bafe AE, and the SoIJd AB 
to the: Solid FK. Therefore as the Bafe A £ is to 
the Bafe CF, fo is the Solid AB to the SoUd CD, 
Wherefore, folid Parallelepipedons^ fhat have thi fame 
Altitude^ are to each other as their Btifes j which wag 
to be demonftrated. 

PROPOSITION XXXIII. 

Theorem., 

> Similar folid ParallelepipedonSi are to one another 
' in the triplicate Proportion of their homologous 

Sides. I 

LET AB, CD, be folid Parallelepipfcdons, and 
let the Side AE be homologous to the Side CF. 
I fajr> the Solid AB, to the Solid CD, hath a Pro- 
portion triplicate of that which the Side A E has to 
tht Side CF. 

Fot produce A E, GE, HE, to EK, EL, EMj 
and make EK equal to CF, and EL to FN, and 
EM to FR; and let the Parallelogram KL, and 
likcwife the Solid K O be compleated. Then becaufe 
the two Sides KE> EL, are equal to the two Sides 
, CF, FN, and the Angle KEL equal to the Angle 
C F N ; fince th^ Angle A E G is alfo equal to the 
Angle C FN, becaufe of the Similarity of the Solids 
AB, CD) the Parallelogram KL fhall be fimilar and 
equal to the Parallelogram CN. For the fame Rea- 
fon, the Parallelogram KM is equal and fimilar to 
the Parallelogram CR, and the Parallelogram GE 
to D F. Therefore three Parallelograms of the Solid 
KO, are equal and fimilar to three Parallelograms of 
^^rftbis,ib& Solid CD: But thofe three Parallelograms are* 
equal and fimilar to the three oppofite Parallelograms. 
Therefore the whole Solid KO is equal and fimilar 
to the whole Solid CD. Let the Parallelogram GK 
be compleatted, as alfo the Solid* EX, LP, upon 
the Bafes GK, KL, having the fame Altitude as A R. 
And fince, becaufe of the Similarity of the Solids 
AB and CD, it is as AE is to CF, fo is E G to FN; 
andfo EH to FR, and FCis equal to EK, and FN 
^ . to EL> and FR to EM. It ihall be as AE is to 
: EK, 
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E K, fo is + the Parallelogram A G to the Paralfclo- 1 1- «• 
gramQK; but as G£ is to £L^ foisGK toKL; 
and as HE isfto EM, fo is PE to KM. Therefore 
as the Parallelogram AG is to the Parallelogram GK, 
fo isGK to KL, and P£ to KM. But as AG is 
toGK, fo isJtheSolidAB to the Solid E X ; andt3»*/Ai. 
a^ Git is to KL, fo is the Solid EX to the Solid 
Pl^ ; and as PE is to KM, fo is the Solid PL to 
the Solid KO. Therefore as the SoUd AB is to tht 
SolidEX, fo is*EXtoPL, andPLtQ.KO. But*".5- 
if lour Magnitude be continually pfopbrtbnal, the 
ftrft to the fourA hathf^ tripljcatte Propottidn ofti3^ii-5i 
Aat which it has to the Tecond. ^ Therefore alfo the 
Solid AB to the Solid KO, hath a triplicate Propor- 
tion.of that which AB ha$ to EX : JBut as A3 is to 
E X, fo is the Parallelogram A G to the Parallelor 
. grani GK} and fo is the Right Line AE m the Right 
LincEK. Wherefore the Solid A B^ to thq Solid 
KO, hath a Proportipn trii^licate of that which AE 
has to E K; but the Solid KO is equal t6 the Solid 
CD^ and the Right Line ElC equal to th6 Right, tine 
CF. iThertfore the Solid A B to the Sdid CD, has 
i'Propbrtion triplicate of that which the homologous' 
Side A'E' has to the homologous Side CF ; which 
was't&*bede7Mn/irated. \ 

CmroO. From hence it is manifeft, if four Right Lines 
be propoitbnal, as the firft b to the fourth, fo is 
a folid Paralidepipedon defcribed upon the fiift^ 
to a fimilar folid Parallelepipedon alike, , fituate, 

" defcribed upon the fecond ; becaufe the firfl to die 

' fourth, has a Proportion triplicate of that Mrhich it 

• 'ktt to the fecond. 
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PROPOSITION xxxrv* 

Theorem. 

The Safis and jlttitudes of equal fotid Paf^dBeUpi- 
pidons^ are recifrocaU'j. proportional \ and thoft 
foUd Pardkkpifedom^ whofs Safes and' J(ti^ 
Uides are reciprvcaUy proportional^ are efueU^ 

LE T AB, CD, be t^ folid ParalkkpJpeaon^ 
I fay, their Baiesandt Al^tudcs are lecipmcallf 
pTOTojtioiua, that IS, as the Bafe E H is to the Ba& 
KP, i^ is the Altitude of the Solid CD to th^ Akl* 
mdeoftheSolidAB. 

Firft, kt the infiitent Lines AG, EF, LB, HK- 
CM, NX,. OD, PR, be at Right Ai^es to their 
Bafc& 1%, as the Bafe EH is to the Bafe NP, fa 
is CM to AG. For if the Bafe EH be eqiutf 
to the Bafe NP, and the Solid AB is equal toth« 
Solia CD, the Altitude CM fliall alfo be equal tn 
the Akitude AG : For i^ when the Bafes EH, NP^ 
m equal, the Altitucfes AG, CM, are not ib; th<a 
thfc Solid AB will not be equal to the Solid CD, hue 
it is put equal to it. Therefore the Altitude CM i% 
not unequal to the Altitude A G, and fo they are ne- 
' ccflarily equal to one another; and canfequenthr, a« 
the Bafe EH is to the Bafe NP, fo (hail CM be to 
AG. But now let the Bafe EH be unequal to t^ 
Bafe NP, and let EH be the greater: Then fmce 
the Solid AB is equal to the Solid CD, CM is gmjit- 
er than AG ; for otherwife it would follow that the 

/ &lids AB, CD, are not equal, which arc put fiich. 

Therefore make CT equal to A G, and complete the 
folid ParaIlelq)ipedon VC upon the Bafe N P, havJtEr 
the Altitude CT. Then becaufe the folid AB m 
equal to the folid CD, and VC is feme other Solid j 

• > 5- arid fmce equal Magnitudes have * the fame Propor* 

tion to the fame Magnitude, it fliall be as the Solid 

AB is to the Solid C V, fo is the Solid CD to the 

Solid CV; but as the Solid AB is to the Solid C V. 

^ il%^tbisAo isftheBafeEHtothe BafeNP; for AB, CV> 

i ^t.^^^ *^^*"g ^"^ Altitudes. And as the Solid 

l;i5y-'*^CDistothc Solid CV, fo is Jthe BafcMP to the 

Baic 
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Safe PT, aiid fo is MC to CT. . Therefdl-e as tKfe 
BafcEH is to the Bafe NP, fo is MC toCT; but . 
G T is equal to A G. Wheittfofe as the Bafe E H is 
to the Bafe N P, fo is M C tx) . A G. Therefore d» / 
Bftfes and Altitudes of the equal folid ParaHdepipedoiiB 
AB, CD9 are reciprocally proponional. 

Nov^) let the Bafes ahd Altitudes of the folid Pa^ 
fallelepipedons AB, CD, be .reciprocally proportion* 
alj that is, let the Bafe EH be to the B^fe NP^. 
as the Al^tude of the SoKd C D is to the Altitude of 
the Solid AB. I fay^ the Solid AB is equal to the 
Solid CD. . . 

For let again the infiftent lyihes be at Right Anglei 
to the-Bafejf i then if the Bafe £ H be equal to the 
Bafe NP, and E H is to NP, as the Altitude of the 
Solid CD is to the Altitinfe of the Solid A B > tho 
Altitude of the ijolid .C D ihall be equal to the Alti-' 
tudeof the Solid AB. But folid Parallelepipedon^ 
that flandjiiipofi equal Bafes, and have the fame Alti-^ 
tude, are ^. equal to each other. Therefore thp Solid* zi tfthtti 
AB is..cqual to the Solid CD. . ' . 

But now let th^ Bafe EH hot be equal to the Bafe 
N Pi and let EH be the greater; theri the Altitude of 
the Solid CD i« greater tton the Altitude of the So- 
Kd AB ; that is C M is greater than A G. Again^ 
prt CT equd to AG, and complete the Solid C V^ * 
as before: And then bteaufe the Bafe E H is to thei * 
Bafe NP, ss Md is to AG, and AG is eqfual 
to CT; it fhall be as the Bafe EH is to the? 
BafeNP, {o is MC to CT; but as the Bafe EH 
is to the BafeNP, fo is the Solid A B to the Soli* 
VC; for the SoKd» AB, CV, have equal- Altitudes: 
And as MC is to GT, fo is the Bafe MP to the 
Bafe PT, and fo the Solid CD to the Solid CV. 
Therefore as the Solid A B is to the Solid C V, fo \9 
the Solid CD to the Solid C V : But fince each of 
the Solids AB, CD, has the ^ fame Proportion to' 
CV, the Solid A B fhall be equal to the Solid CD* 
^htch was to be demonftraUd, 
, Now let the infiftent Line^ F E^ B L, G A, KH^' 
XN, DO, MC, RP, not be at Right Angte to tbtf 
Baf«; aiid from the Points F^ G, B, E, X, M, D,- 
R, let there be drawn Perpendiculars to the Planes* 
<^f the B^fes EHy NP, meeting the. fame in th*" 

(X Points 
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Points S, T) Y, V, Q2 Z, ft, *, and complete the 
Solids F V, X n, Then, I %, if the SoEds AB, 
C D, be equal, their Ba&s and Altitudes axe recipro- 
cally proportional, viz. as the Bafe.EH is to the Bale 
;NP, fo IS the Altitude of the Solid CD to the Al- 
titude of the Solid AB. 

For becaufe the Solid AB is equal txi the Solid 
* 30 cf this. CD^ and the Solid AB is * equal to the Solid BT; 
for. they (land upon the fame Bafe, have the fame AI^ 
tftude, and their infiftent Lines are not in the fame 
^igfat Lines, and tile Solid DC is*^ equal to the So- 
lid DZ, fmce they lUnd upon the fame Bafe, XR 
have the fame Altitude, and their infiflent Lines are 
not in ^ fame Right Lines; the SoUd BT ttoH be 
equal to the Solid D Z ; but the Bafes and Altitudes 
of thoie equal Solids, whefe Altitudes are at -Right 
t From Angles to their Bafes, are f reciprocally proportional. 
t^' heL Therefore as the Bafe F K is to the Bafe XR, fo is 
frtfvtd! t*e Altitude of the Solid DZ, to the Altitude of the 
Solid BT; but the Bafe FK is equal to the Bafe 
E H, and the Bafe X R to the Bafe N P. Wherefore 
as tiie Bafe EH is to the Bafe NP, fo is the Altitude 
of the Solid DZ to the Altitude of the -Solid BT 1 
but the Solids DZ, DC, have the fame Altitude, and 
fo have the Solids BT, BA. Therefore the Bafe EH 
* ^is to the Bafe NPj, as the Altitude of the Sofid D C 
is to the Altitude of the Solid AB ; and fo the Bafes 
and Altitudes of equal' Solids are reciprocally propor* 
tional. 

Again, let the Bafes aftd Altitude of. the folid 
Parallelepjpedons A B, CD, be recipixKally poroporti- 
bnal, vi%. as the Bafe E H is to the Bafe N P, fo let 
tlie Altitude of the Solid CD be to the Altitude of 
the Solid A B. I fay, the Solid AB is equal to the 
Solid CD. 

For the fame ConftrudUon remaining, becaufe the 
Bafe EH is to the Bafe N P, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; and 
fmce the Bafe E H is equal to the Bafe FK, and NP 
to XR, it fhall be as the Bafe FK is to the Bafe XR, 
fo IS the Altitude of the Solid C D to the Altitude of 
the folid AB ; but the Altitudes of the Sofids- A B, 
&T, are the fame ; as alfo of the Solids CD, D Z. 
Tliextfore the Bafe FK i^ to the Bafe XR, as the 

Altitude 
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Altitude of £h« Solid DZ 16 to thfe Altitude 6f the 
Solid B T ; wherefore the Bafes and Altitudes of the 
folid ParaUelepipedons BT, DZ, are reciprocally 
proportionate but thofe folid Parallelepipedons^ whofo 
Altitudes are at Right Angles to their Bafes^ and the 
Bafes and Altitudes are reciprocally proportional, 2x6 
equal to each other. But the Solid B T is eqicd to 
the Solid b-A ; for they fland upon the fame Bafil 
FK, have 'the fame Altitude) and their infiftent Lines 
are hot in the fame Ri^bt Lines \ and the Solid DZ 
is flifb equal to the Solid D C, fince they ftand .upon 
thefame Bafe X R, have the fame Altitude, and their 
miiflent Lines aire no^ in the fame Right Lines^ 
Thei^ote the Solid A B is equal to the Solid CDi 
Uibich was U be demoh/lraud, 

PROPOSITION XXXV. 

'Theorem* 

y' there he two plane Ai^ks equals and from tb&Ver" 
ikes ^ tbofe Angles two Kigbt Lines be elevated 
ab&oe the Planes, in which the Angles are, contain^ 
ing equal Angles with the Lines firft given, each to 
its correjpcndent one ; and if in thofedevaiedLines 
any Points be taken, from which Lines he '^rawn 
perpendicular to th^ Planes in which the Angles 
Jirft given are, and Right Lines he drawn to the 
Angles firfi given from the Points nmde by the 
Perpendiculars in the Planes, thofe Right Lines 
will contain equal Angles with the elevated Lines. 

£T SAC, £DF, be two equal Right-lined 
/ Angles ; ind from A, D, the Vertices of thofe 
Angles, let two Right Lines AG, DM, be dcvatei 
'above the Planes of the faid Angles, making equal 
Angles with the Lines firft given, each to its corie- 
ipondent one, viz. the Angle. ^MDE equal to the 
Angle GAB, and the Angle MDF to the Angle 
G A C ; and take any Points G and M in the Right 
Lines AG, DM, from which let GL, MN, be 
drawn ^rpendicular to the Planes paiSng thro' B A Q 
EDF, meeting the fame in the Points L, N, and 

Q^ 2 join 
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join LA^ ND. I fay the Angle GAL is equal to 
the Angle MDN. 

Make AH equal to DM^ and thro' H let^ HK be 
dravm parallel to GL ; but GL is perftendicular to 
the Plane paffing thro' BAG. Therefore H K (hall 

y'^Zof tbh. be ♦ alfo perpendicular to the Plane pailing thro' BAG. 
Draw from the Points K^ N, to the Right. Lines AB, 
AC, DE, DF, the Perpendiculars KB, KG, NE, 
NF^ and join HC, GB, MF, FE. Then becaufc 

1 47. I* the Square of HA is t equal to the.Squaresi of HK> 
K'A, and the Squares of KG, G A, are f equal to 
the Square of K A ) the 'S^^re of HA fhall be oqual 
to the Squares of HK) KC9 CA ; but the Square of 
' HG is equal to the Squares of H K, KG. Therefore 
the Square of HA will be equal to the Squares of 

J 45. 1. HG and G A ; and fo the Angle HG A is J a Right 
Angle, For the fame Reafon, the Angle DFMis 
alfo a Right Angle. Therefore the Angle ACH is 
equal to D FM ; but the Angle HAG is alfo equal 
to the Angle M D Y. Therefore the two Triangles 
M D F, HAG, have two Angles of the one equal (0 
two Angles of the other, each to each, and one Side 
of the one equal to one Side of the other, viz. that 
which is fiibtended by one of the equal Angles ; that 
is, the Side HA equal to DM; and fo the other 

♦ -^6. f. Sides ef the one, (hall be* equal to the other Sides 
of th^ other, each to each. Wherefore AG is equal 
to DF. in like manner we demonftrate, that AB 
IS equal to DE ; for let HB, ME, be joinod. Then 
becaufe the Square of A H is equal to the Squares of 
AK and KH; and the Squares of AB, BK, are 
equal to the Square of AK; the Squares of AB, BK, 
K H, will be equal to the Square of A H ; but the 
^Square of B H is equal to the squares of B K, K H ; 
for the Angle H K B is a Right Angle, becaufe H K 
is perpendicular to the Plane pafling through BAG. 
7'herefore the Square of A H is equal to the Squares 

1 4«. I. of AJB, B H. Wherefore the Angle A B H is t a Right 
Angle. For the fame Reafon, the Angle DEM 
is 3fo a Right Angle. And the Angle BAH is 
equal to the Angle £ D M, for fo it is put ; and AH 
is equal to D M. Therefore A B is f alfo equal to 
DE. And fo fmce AG is equal to DF, and AB 
to DE, the tw'o Sides G A, A B, fhaU be equal tt> 

2 , „ the 
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the two Sides FD, DE; but the Angle BAG is 
equal to," the Angle FDE. Therefore theBafe BC 
is * c^ to the Bafe E F, the Triangle to the Tri- * 4- i- 
angle, and the other Angles to the other Angles. 
lyhercfore the Angle A C B is equal to the Angle 
D F E ; but the Right Angle A C K is equal to the 
Right Angle DFN ; and therefore the remaining An- 
gle B C K /is equal to the remaining Angle E F N. 
For the fame Reafon, the Angle C B K is equal to 
the Angle FEN; andfobec^ufe BCK, EF.N, arc 
two Triangles^ having two Armies equal to two An- 
gles, each to each, and one Side equal to one Side, 
which is at the equal Angles, Wz^ B C equal to E F j 
therefore they fliall have the othef Sides equ^ to ' the 
other Sides. Therefore CK is equal to FN, bat AC 
is equal to DF. Therefore the two Sides AC, CK,, 
are equal to the two Sides D F, FN, and they con- 
tain Right Angles; confequently the BSfe AK h 
equal. to the Bafe DN, And fince AH is equal to 
DM, the Square of AH (hall be equal to the Square ' 
of D M 5 but the Squares of A K, K H, are ^ujil tgt 
the Square of A H ; for th6 Angle A K H is a Righ^ 
Angle, and the Souares D N, N M, arc equal to the 
Square of D M, hnce the Angle D N M is a Right 
Angle. Therefore the Squares of AK, KH, are 
equal to the Squares of D N, N M ; of which the 
Square of A K is equal to the Square of DN, Where- 
fore the Square of K H remaining, is equal to the re-? 
maining Square of N M ; and fo the Right Line HK 
IS equal to MN. And fince the twp Sides HA, AK, 
arc equal to the two Sides MD, DN, each to each^ 
and the Bafe H K has been proved equal to the Bafe 
N M, the Angle H A K ftall be t equal to the Angle t 8. i 
M D N ; which was t9 be demonjiratei. 

CdrJL From heiice it is manifeft, that if there be two 
Right-lined plane Angles equal, from whofe Points 
equal Right Lines be elevated on the Planes of the 
Angles, containing equal Angles with the Lines firft 
given, each to each ; Perpendiculars drawn from the 
extreme Points of thofe elevated Lines to the Planes 
^ the Angles firft given^ arc equal to one anotjier., ' 
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PROPOSITION XXXVI. 

T.H E O R E M. 

If three Right Ltfiex he .'proportional^ ihefoM Pa- 
ratklepipedon made of them^ is equal to tbefolid 
Paralklepipedon made of the Middle Line, if 
it be. an eqifilateral on^^ and equiof^lar to the 
aforefaid Pur^tUekpipedon* 

IE T thr^ Right tines A,. B, C> Bp f>roport5onaI, 
^ 'Vlz. Xet A be^o B, as B is to CI £17, tbeSo^ 
|id m^e of A» B, C> is ecjpial to the oquilater^ Solid 
made of B, equiangubr to that made on A^ B^^ C. 

Let £ be a folid Angle contained und^ thf t)ue6 
plane Angles D E Q, (f |; F^ F E D; ind piake D E, 
G£, £F# €ach. equal, to ^, ^d cpmplete the folid 
Parallerepipedon £ K. Again, put Lm equ4 to A, 

1 2<i oftliu and at the Point L, at the Right L}nc LM^ n^alce * a 
folid Angle contained under the plane An^es NLX, 
XLIi^, MLN> equal to t^e folid Angle £; and mak^ 
J^N eqpai to B^ mi. LX to C. Thep becaufe A is 
to B^ as B is to^ Cs and A ^ ^^^1 ^ L M^ and B tx^ 
JyN, EF, EG, or fiD, and C to LX ; it (hall be 
as LM is to EF, (oM GE to LX. And fo the Sides 
about the equal Angles ML X, G E F,' arC; recipro- 
cally proportional. Wherefore the . Paxallelogiam 

1 14. 6. M X is t equal to the Parallelogram (J F. And fince 
the two plane Angles G £ F, XL M^ arc cquai>, and 
the Right Lines LN, ED» being equ4l, are ere&ed at 
the angular Points containing equal ^gles with the 
Lines firft given, each to each; the "^Peipendiculars 

J Co^, 35. e^drawh J from the Points l^D, to the iQanes drawn 

'^"' thro' X LM, GE F, are equal one ito another. There- 

, fore the Solids LH, EKij ^ye the fame ^titudej but 

Tolid Parallelepipedons that have equal Bafes, and the 

• 31 S^/^M. fame Altitude, are * equal to each other. Therefore 
the Solid H L is equal to the Solid £K. . But the So- 
lid HL is that made of the three Right Line$ A) B, C, 
arid the Solid E K that made of the Right Line B. 
Therefpre, if three. Rif hi Lines be pr(^r.timaly the fin 
lid Parallelepipedon made dfthem^ ts equal to the folid 
Parallelepipedon made' of the middle Line^ if^ it he an 

efui- 
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equilateral one, and equiangular to the aforefaii Pa- 
raUelepipedm i which was to be demonibated. ; " 

PROPOSITION XXXVII. 

Theorem. 

If four Rigb{ Lines be proportional the fdid ParaU 
lelepipedons fimUar^ Md in like manner defcribed 
from tbem , fhall he proportiifnaL And if the 
folid ParallelepipedonSy being Jimilar^ and alike 
ikfcribedj be proportional^ then the Right Lines 
they are ' deferred from^fbaU be proportionuL 

LET the four R^htLines AB, CD, EF, GH, 
be propoitionalt vtTi, 1^ AB be to CD» as EF 
is to G H, and let the fimilar and alike fituate Paral- 
Idep^oivi KA, LC, ME, NG, be defcribed fipm 
them. I fzy^^ KA is toLC,as ME is to NGf 

For becauie the folid Parallelepipedon KA is iou* 
lar to LC, therefore KA to LC fhall have* a,Pro-» 33 eT'*'* 
foitioii triplicate of that which A B has to C IX For 
the fame Rjeafon, the Solid ME to NG will havf a 
tri^icale Proportion of that which EF has to GH. Btit 
AB is to CD, as EF is to GH. Therefore AK isto ^ 

LC, at ME is to NG. And if the Solid AK 1^ to 
theSolidLC, as the Solid ME is to the Solid NG* 
I £iy, a$ theRight Line AB is to the Right Line CD, 
ik^ is theR^ht Line EF to the Right Line GH. For 
becaufe A<& to LC has fa Proportion triplicate oft 33/ ^^'''* 
th^it which AB has to CD, and ME to NG has a 
Prepoition triplicate of that which E F has to G H, 
and finccAK i8tDLC,as ME is to NG; it fhall 
be asABistoCD, foisEF toGH. Thcreifore, 

'fmr JUgii Lines be properiional^ the fdid ParaU^ 

^pHrna fimloTy find in. Hie Manner aeferibed fhm 
* them; Jball be proportional. And if the faHd Paral- - 
lelepipedonsy being Jimilar and alike defer ibed^ be pro^ 
portianaly then the Right Lines they are defiribed from 
JbaU be proportional', which was to be demonftrated. 
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PROPOSITION XXXVIIL 

The o r e m. 

V 

Jf a Plane he perpendicular to (i Plane^ and a 

Line he drawn from a Point ii\ one of tbt 

Planes perpendicular to the other Plane^ that 

• Perpendicular *fbiall fall in the (ommn S^ipn 

. of the Planes. 
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E T the Plane CD be perpendicular to the Plane 
AB, let their common Se£lion be AD, and let 
fonie Point E be taken in the Plane CD. I fay, a 
Perpoidicular, drawn from the Pc^ £ to the Plane 
AB> fells on AD. 

For if it does not, let it fall without thir feme, as 

/ EF meeting the Plane A B in the Pomt F^ and bom 

the Point F let F G be drawn in the Phne A B per- 

• ^?/? 4? pendicular to AD ; this fliall be * p^F^ndicukr to 

S^'^"- the Plane -C D j and jofri E G. Then becaufe F G is 

perpendicular to the Plane CD, and the Right Line 

EG in the Plane of CD touches it: The Angle 

♦ fDtf. 3. o/YGE (hall be t a Right Angle. But EF fe alfo 

^ "* at Right Angles to the Plane A B ; thereftMie the 

Angle E F G is a Right Angle. And fo two Angles 
of the Triangle EFG are equal to two Right Anr 

I *^i ^v glcs; which is Jabfurd. Wherefore if a Right Line, 
drawn from the Point £, pei^ndicular toT the Hane 
AB; does not fall without tiie<Right LineiAD: And 
fo it muft heceffiirily M on it. ' Therefore, ^aPJane 
be pirpendicular to a Pland^- and a Line ke^^' drawn 
from a Pgini in one ofthePUnes perpehdicular to 
the $ther Plane^ that Ferpeh^icuhtr ft>au fidl in . the 
common Section of the Pianeii which wa$. t» bc\de>; 
m<mftrat€d. • ''' ' t'v ^^ 
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PROPOSITION XXXIX. 

Theorem. 

If the Sides of the oppofite Planej of a folid Par^- 
lelepipedoH be divided into two equal Par ts% and 
Planes he drawn thrg* their SeSions ; the com- 
fnon SeHion of the Planes^ and the Diameter of 
the folid ParaUelepipedon^ JIfaU divide each other 
into two equal Parts. 

LE T the Sides of C F^ AH, the oppofite Pknes of 
the folid Par^Ielepipedon AF, be cut in half in 
the Points K, L, M, N, X, O, P, R, and let the 
Planes KN, XR, be drawn through the Seftioris: 
Alio let Y S be the common Se£lion of the Planes, 
and DG the Diameter of the folid Paiallelepipedon. - 
I fay, Y S, D G, bifea each other, that is, Y T is 
equal to TS, and D T to TG. 

For jcAiDY, YE,^BS,^ SG. Then becaufe DX 
is paralM toO£, the altertmte Angles DX Y, YOE 
afe * equal to one another. And becaufe DX is equal * 29. li 
io 0£, and YX to YO, and they contain equal 
Angles, the BafeDY (hall befequal to the Bafe YEj f 4. ,. 
and the'THangle DX Y to the Triangle YOE, and 
the other Angks equal to the other Angles: Thel-e* 
for* the Angfe X Y D is equal to the Angle O^ E ; 
and fo DY'E is J a Right Line. For the fame R«a^ j 14. j, 
fon BSG is alfo a Right Line, and BS is equal to 
S G. Then becaufe C A is equal and parallel to DB, 
as aHo to EG, DB fliaU be equal and parallel to EG; 
and the Right Lines DE, G B join them: Therefore 
DE is* parallel to BG, and D, Y, G, S arcPoints* 33, ,. 
taken in eaoh of them, and DG, i S are joined. There- 
fore D G, Y S are t in one Plane. And fmoe D E is f 7 o/tbk. 
parallel to B G, the Angle E D T fliall be * equal to * 29. i. 
the Angle BGT, for they are alternate. But the Angle 
D T Y, is t equal to the Angle GTS, Thereforet is- 1- 
DTY, GTS are two Triangles, having two An- 

i;les of the one equal to two Angles of the other, as 
ikewife one Side of the one equal to one Side of the 
Other, viz. the Side D Y equal to the Side G S : For 

they are Halv^ of PE, B G : Therefore they ihall 
/ ' ' . have 
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have the other Sides of one equal to the other Sides 
of the other; and fo DT is equal to TG, and YT 
, to T S. Wherefore, if the Sides of theoppoftte Planes 
of a fJid Pdralleli^eeUm be divided into two ^ equal 
Faris^ and Plants be dratm tbro^ tbeir Sextons ; the 
common Section of tbe Planes, and the Diameter of the 
folid Parallelepipedon Jhall divide each other into t%m 
gqual Parti \ which was to be demonftrated. 

PROPOSITION XL. 

Theorem. 

Jfoft^o triangular Frifms, oheftanding on ^ Bafij 
which is a ParallelograiHy and the other on a 
triangle J if ipeir Altitudes from tbefe Bafes are 
equal J and the Parallelogram double to the Tri- 
angle i then tbofe Prifms are equal to each other. 
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ET ABCDEF, GHKLMNbetwoPrifma 
of equal Altitude. ^ .The fiafe of on0 of which isf 
the Parallelogram AFy and that of the other, the 
Triangle GHK, and kt the Pamllelogmm AF be 
double to the Triat^ (SHK- I iay; the Prifm 
ABCDEF is equal td the Prifm GHKLMN, 

For complete the Solids A X, G O. Thtn Jbecaufe 
the Parallelpgram AF is.d<^le to tht Trnngfe 

• 41.x. GHK, and fince the Paiallebgram HK is* dou- 
ble to die Triangle GHK, the Parallelogram AF 
ihaU be eqfual to the Parallelogram. H £. But fdid 
ParalleJepipedons, that ftand. upon equal Bafes,^ and 

t 31 •fthii. have the ikme Altitude, are f equal to one aiMfaer. 
Therefore the Solid AX is equal to the Solid O O. 
But the Prifm AB C D £F is half the Solid AX, and 

111 e/'r*". theErifmGHKJ.MKi$thalf the Solid GO. Thc»- 
fore the Pnfm ABCDEF is equal to the Prifm 
GHKLMN. Wherefore^ if there be two Pri/ms hav- 
ing eqiUtl j^tiiies^ the Bafe, tf one of winch, is. a Pa- 
r^ilekgrifyny Mnd that ^. tbe.oiher a Triangle, ; and if 
theParallebgram. be douNe to the Triangle, the fatd 
Prifms Jbail be equal to each qtber^ 

^ Tbe End of tbe E l e* v £ n t h B oq ic. - 
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PROPOSITION I. 

T H E O REM, 

Similar Polygons^ infcrHbed in Circles^ are to one 
another as the Squares of the Diameters of the 
Ciffte^. 

PT ABCDE, FGHKL, be Circles, 
whereiii 2Xt infcribed the fimSar Polygons 
ABCDE, FGHKL, andlctBM,GN, 
be Diaineters of the Circles* I fajr, as the 
Scpiarcf of B M is to the Square of G N, fo is the Po* 
lygpn ABCDE to the Polygon FGHKL. . 

For join B E, A M, G L, F N, Then begiufe the 
Polygon ABCDE is fimilar to the Polygon FGHKL, 
the Angle B A £ is equal to the Angle G F L ; 
9nd BA is to AE, as GF is to FL. Therefore 
the two Triangles BAE, GFL, have one Angle of 
the one equal to one Angle of the other, viz* the An* 
gle B.A£ equal to the Angle GPL, and the Sides 
about the ecpal Angles proportional Wherefore the 
Tristtgie :f^Bt is * equiangular to theTmi%]e FGL; • 6. & 
■ ^ and 
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and fo the Angle A£ B is equal to the Angle FLG; 
1 21. 3. But the Angle A£B is f equal to the Angle AMB; 
for they ftand on the £une Circumference ; and the 
Angle FLG is t eoual to the Angle FN G. There- 
fore die Angli A M B i$ equal vto the Angle F N G. 
But the Right Angle BAM is % equal to the Right 
Angle GFN. Wherefore the other Angle fliall be 
equal to the other Angle. And fo the Triangle AMB 
is equfangular to the J'riangje f GNi and confer 
quently*asBM is to GN, fo fe BA to GF. B# 
rile Proportion of the Square-of B M to tiie-Square 
of G N, is duplicate of the Proportion of B M to 
GN; and the Proportion of the Polygon ABCDE 
to the Polygon F G H K LJ is t duplicate of the Pro- 
portion of B A to GF, Wherefore, as the Squareof 
BM is to the Square of GN, fo is the Polygon 
ABCDE to the Polygon.FGfaKL. Therefore, 
Jimilar Pohgonsj infcribed in Circles j an to one atir 
iiher as the Squares of the Diameters of the Circles i 
which was to be demonftrated. 
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If there he two unequal Mag- 
nitudes propos^d^ and from 
the greater be taken a Part 
greater than its Half\ and 
if from what remains 
there be agmtr taken a Part 
greater than half' tins Re- 
mainder V mtd again from 
this lafi Remainder a Part 
greater thm its half-^ and ' 
if this be done continually j 
there will remain at lafi a 
Magnitude that^ fbaU he 
lefs than the leffer of \ the 

, propQs\d Magnitudes. , 



A 



D 



K 



n 



y. 



K. 



H 



B C E B 



Lt- 1 AB and C be two unequal Magnitudes, 
whpreof A B is the greater. I fey, if from A B 
be t^i^ea h. gft^i^x ?m than hal^ and &6mt^ Part 

remaining 
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remaining there be s^in taken a Part gn&iter than its 
halfy ana this be done continually, there will remain 
a Mamntude at laft that (hall be Ids thin theMagni-^ 
tudc C 

For C being Jbme Numbar of Times multiplied^ 
mil become gi;eater t^n the Magnitude AB. Let 
it be multiplied, an4 let D £ be a Multiple of Q 
greater than A B. DHide D E into Parts D F, FG» 
GEeachequalto Q^nd takeBH a Part greater thani 
half of AB from AB, and again from AH the Part 
HK greater than half AH, and from A K a Part 
greater than half AK, and fo on, until the Divifions 
thsrt are in AB are tcfjal in Number to the Divifions 
in DE. ^Therefore let the Divifions AK, KH, HB, 
be equal in Number to the Divifions DF9 F G, G£» 
Then becaufe D£ is greater than AB^ and the Part 
£ G is taken from £*£>, being lefs than half thereof^ 
and the Part BH greater ;than half of AB is taken 
from it, the Part remaining G D, fhall be greater 
than the Part remaining HA.. Again, becaufe GD 
is greater than HAi and GF being half of GD, i^ 
taken from the fame ; and H K being greater than 
half H A, is taken from this likewiie ; the Part re-^ 
maining FD, fhall be greater than the^F^ rei^n^ 
ing AK ; but FD is equal to C Therefi^ C it 
greater than A K ; and fo the Magnitude A K is 
lefler than C. Therefore the Magnitude AK being 
the Part remaining of the Magnitude A B, is lefs 
than the lefler proposed Magnitude C ; which was if 
be I denumjiratii. If the Halves of the IV^nitudes 
(hould have been taken, w^ demonftrate this after the 
feme Manner. Thh is ihifirji Fr^fofttim of the tenth 
Book. 

PROPOSITION IL 

The oTr^ m. 

Ctrtles are to each other as. the Squares of their 

'Diameters. 

LET AB CD, pFGH, be Circles, wbofeDIa- ^ 
meters are BD, F, H» I fav, as the. Square of 
B D is to the Square of F H, fo the Circle A BC D 
to the Circle EFGH. ' i' * F6r 
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F6rif it he not fo, the S^iure of BD (h^U be ta 
the S'quaife of F H, as the Circfe ABCD is to fdme 
Sp^»iithfer'*rfs or gitater than the Circle EFGH* 
Firft let it be to a Space S, lefs than the Circle EFGH^ 
and let^th^ Square E F @ft -be defcribed therein. 

This Square EFGH will te greater than Itelf the 
Circle £ f G' H ; ' becaufe'aF w4i draw Tsmgeiits to the 
Circle th^* the Points E, F/ G, tt, the Square EFGH 
will be half that defcribiri kfeout . the'Circtei' but the 
Circle is lefs than the'8q\torc ^fcrlbfed aboufk. There- 
fore the Square EFGH is gifeatc^ than hsif-thc? dfrde 
E F G H. Let the t^ircuMferences E F^ - F Gi GH, 
HE, be bifefted in the Points K, L^ M, 1<* atid jbki 
EK, KF, FL, LG, GM, Mft, HN,NE. Then 
each of the Trian-gles EKF, FLG, G'MH, ItNE, 
4i-,i. win be * ^eater than bnk half of the Se^tnmi of the 
Circle it flands in. Becaufe if Tangents- at thor OAJe 
wbe drawn thro' the Points IC,L, M, N, arid the t'akl- 
Wograms that arc on the Right Lines EF, F G, GH, 
HE be ccfmpleated, each of theTriangle? EKF,FLG^ 
GM H, HNE is half of each of the corre^iohding 
Parallcfogtteis ; but tHd iScgfticnt ii lefs' th«i the Pa- 
raBdogi^m; 'Wherefore each^rf the Triangtes EKF, 
. F tr G, GMH, HJfE is greater than onclialf of thi 
Segment of the Circle in which it ftands. Therefor* 
if thefe Girciimferences^ be again bifefted, and Right 
Lines be;drawn joining the Points of l^Heflion, and 
you do- thus continually, there will at *laft remain 
Segmient^ of the Cirde, that'^hall be lefs than the Ex- 
cefs, by which thfe Circle EFGH exceeds the Space 
S. For.it is deihonftrated 'fn 'the fbregoihg Lehtma^ 
that if tWe be two unetjtial Magnitudes propofed, 
and if from the greater a Part greater than half be 
taken from it, and again from the rart remaining a Part 
greater than^ half be tsdcdi, -and you do this continually; 
there will at laft remain a Magnitude that will be Ids 
than the lefler piti^x^ed Magititude. Let the Seg- 
ments of the Circle EFGH eathe Right Lines EK, 
KF, FL, LG, GM, MH, HN, NE, be thofe 
which are lefs than the Excefs, whereby the Circle 
EFGH exceeds the Space S , ^d then the re- 
jnaming Polygon EKFLGMHN fliall be greater 
■ than the* Space S. Alfo defcribe the Polygon 
AXBOCPDR in the Circle ABCD, fimllar to the 
2 polygon 
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Poly^ EKF LGMHN. Wherefore as the Square 

of BD is to the Square of FH, fo is the I^olygpn AX 

BOCPDRto*thePolygDnEKFLGMHN. But^ !•//*/> 

as the Square of BD is to the Square of F H, fo is the 

Circle AB CD to the Space S. Wherefore as the 

Circle ABCD is to the Space S, fo bfthe Polygon f ". 5. 

AXBOCPDR to the Polygon EKFDQMFIN. 

But the Circle AB CD is greater than the Polygon 

in it. Wherefore the Space S fhall be f alfo greater 

than the Polygon EKFl-GMHN, but it is lefi J t Fr«i th 

likewife; which is abfurd. Therefore the Square of '^^' 

BD to the Square of FH> is not as the Circle ABCD 

to foihe Space hk than the Circle EFGH. After ' 

the fame manner we likewife deii\onftrate that the 

Square of FH to the Square of BD ik hot as the Cir- . 

de EFGH, to fome Space lefs than the Qrcle 

ABCD. Laftty, I iayy the Square of BDto the Square 

of FH is not as the Circle ABCD, to fome Space 

greater than the' Cih3e EFGH; for if it be poffible, 

let it be fo, and let the Space S l>e greater dian the 

Circle EFGH; then fhaU it be (by Inverfions) as the 

Square of F H is to the Square of BD, fo is theSpaoe 

S to the Circle ABCD. But becauie S is greater than 

the Circle £ F G H, the Space fhall be to the.Circle 

ABCD, as the Circle EFGH is to fome Space left 

than the Grcle ABCD. Therefore, as the Square 

of FH is to the Square of BD, fo is * the Ciide* "-S- 

EFGH to fome Space Ks than the Circle ABCD; 

which has' been demonftrated to be ii^ipoffible. Where* 

fore the Squafe of B D to the Square of F H, is net 

as the Circle ABCD to fome Space greater than the 

Circle EFGH. But tbk alfo has been proved, that 

the Square of BD to the Square of FH, is not as the 

Circle ABCD to fome Space kfs than the Circle 

EFGH. Wherefore as the Square of BD is to the 

Square of FH, fo ihall the Circle ABCD be to the 

Circle EFGH. Wherefore Circles are to each other 

as tht Squares of their Diameters ; tvikh tvas to U 

demmjtraud. 
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' PROPOSITION HI. 
' ■ :' Theorem. 

]EA)erj P'jfainid having d tftdngUtar 6a/e may li 
divUed inh two Fyramidsy equal and fimtlar 
tv mt another y having triangular Bafes^ and 
Jimilar to the whole Pyramid^ and into tmf 
equal. Prifms^ which two Priftns are greaiet 

than the half of the whole Pyramids 

* -.'. 

E T there be a Pyrachid^iWhofaBafe is Ac Tri-^ 
angle ABC;, and Vertex the Point D. I fayy 
the Pyramid ABCD may be divided into two.Pyra^ 
' mids equal and ilmilar to one another, hayilig triaftr' 
gular BaTes, and finiQar to the whole; and into two 
equal Prifms ; which two Prifin^ are greater. than .the 
half of the whok Pyraffiidi 

For biiia AB, B Q CA, AD, DB, DC, in the 
Points.E, F, G, H; K4L, and joih EH, EG, GH, 
HK, KL, LH, EK, KF, FG. Then beeaufe AB 

* 2. 6. is cquai'to EB,-and AH to HD, EH fliall be* pa^ 

rallcl to DB. For the feme Reafon, HK alfo is par 
ralleltoAB.. Therefore HE BK is a Parallelogram^ 

+ 34* !• and fo H K is f equal to E B, but EB is equal to AE^ 
TherefoxTc: AE ihall be alfo equal to H K, but AH isr 
equal to HD, Wherefore the two Sides A£^ AH 
are equal to the two Sides KH, HD, ejjch taeach^ and 

t a9- I- the Angle EAH is J equal to the Angle K HD: 

• 4- «* Wherefore the Bafe E H is * equal to the Bafe KD : 

And fo the Triangle A E H is equal and fimilar ^ thci 
Triangle HKD. For the fame Reafon, the Triangle 
AHG ihall alfo be equal and fimilar to the Triangle 
HLD. And becaufethe two Right Lines EH, HG^ 
touching each other, are parallel to the two Right Lines 
KD, DL, touching each other, and not in the fame 

t la II. Plane with them, they fliall contain f equal Angles^ 
Therefore the Angle EHG is equal to the Angle, 
KDL. Again, becaufe the two Sides EH^ HG are 
equal to the two Sides KD, DL, each to each, and 
the Angle EHG is equal to the Angle KDL, the 

•4- I. Bafe EG ihall be * equal to the Bafe KL: And 
therefore, the Triangle EHG is equal and fimilar to, 
theTri«igleKDL, For the Jame Reafon, the Tidf 

aiigk' 
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angle A£ G is alfo equal and fimilar to the Trkngle 
H K L. Wherefore the Pyramid whofe Safe is die 
Triangle A£ G, and Vertex the Point H, is equal and » 

fimilar to the Pyramid whofe Ba<e is the Triangle 
H KL^ and Vertex the Point D. And becaufe rfK 
is drawn parallel to the Side A B of the Triangle 
ADB, the Triangle ADB ihall be equiangidartc^ Ae 
Triangle D K H, and they have their Sides piiipor- 
tional. Therefore the Triangle ADB is fimilar to 
the Triangle DHK. And for the (ame Reafon, the 
Triangle D B C is fimilar to the Triangle D K L $ and 
U|e Trisiftgle AHG to the Triangle DHL. And 
(mce the two Right Lines B.A, A C, touching each 
other, art parallel to the two Lines KH, HL, touch- 
ing each other, not being in the fame Plafie with thern^ 
thefe fhall contain equal Angles. Therefore the An- 
gle B AC is equal to the Angle KH L. And B A is 
to AC, as KH is to HL. Wherefore the Triangle 
AB C is fimilar to the Triangle HKL ; and fothel7- 
famid^ whofe Bafe is the Triangle ABC, and Vertex: 
the Point D, is fimilar to the Pyramid, whofe Bafe is 
the Triangle HKL, and Vertex the Point D. But 
the Pyramid, Whofe Bafe is the Triangle HKL, and . 
Vertex the Point D, has been proved fimikr to tliB 
Pyramid whofe Bafe is the Triahgle AEG, tod Vei^ 
tex the Point H. Therefore the Pyramid whofe Bafe 
is the Triangle ABC, and Vertex the Pdnt D, is fi- 
milar to thfe Pyramid whofe Bafe is the Triangle AEG. 
and Vertex the Point H. ' Wherefore both the Pyra- 
mids AEGH, HKLD, are fimilar to theivhole Py- 
ramid A BCD. And becaufe BF is equal to FC, 
the Parallelogram EBFG wiB be double to the Tri- 
angle GFC. And fince there are two Prifms of equal 
Altitude, one of whkh has that Parallelogram for a 
Bafe, and the other the Triangle, and the Parallelo- 
gram is double to the Triahgle; thofc Prifms will be 
•f equal to one another. Therefore the Prifm ,con-f 40. u, 
tamed under the two Triangks BKF, £HG, and 
the three Parallelograms EBFG,EBKH, KHGF, 
is equal to the Prifm contained under the two Triangles 
G F C, H K L, and the three Parallelograms K FCL, 
L C G H, H K F G. And it is manifeft that each of 
rhofe Prifms, the Bafe of one of which is the Parallelo- 
gram EBGF, and oppofite Bafe to that the Right Line 

Iv K M, 
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KH, and thcBafe of the other the Triai^le GFC 
lind the idppofite Bafe to this, the Triangle KLH^ are 
greater than either of the Pyramids, Whbfc Bales arfc 
the Triangles AE G, H KLj and Vertices the Points 
H and D* For fince, if the Right Lines EF, EH 
be joined, the Prifm, lyhofe Bafe is the Paralldogram 
E'BF G, and oppdfite Bafe. tq that the Right Line 
&{1, is greater than the Pyramid, whofe Bafe is tte 
' Triangle E B F, and Vertex the Point K. But the 
Pyramid whofe Bafe is the Trianglct.EBF, and Ver- 
tex the Point K, is equal "to the Pyramid whofe Bafe 
is the Triangle AEG, and Vertex the Point H. For 
they ai^ contained under equal and fimilar Planes. 
Wherefore the Prifm whofe Bafe is the.PariJlelograin 
' E B F G, and oppofite Bafe to it the Right Line H K, 
is greater than the Pyramid whofe Bafe is the Tri- 
ar^le A E G, and Vertex the Point H. But the Prifm 

. whofe Bafe is the Parallelogram E B F G, and oppo- 
fite Bafe to it the Right Line HK, is equal to the 
Prifm l^hofe Bafe is the Triangle G F C, and oppo- 
. fite Bafe to this the Triangle H K L : And the Pyra- 
mid whofe Bafe is the Triangle AEG, and Vertex 

. the Point H, is equal to the Pyramid whofe Bafe is 
the Tiia|3gte H KL, and Vertex the Point D. Tbcre- 
■£>re the two Prifms aforefaid, are greater than the 
faid two Pyramids, whofe Bafes are the Triangles 
AE Q, HKL, and Vertices the Points H, D. And 
fo the whoje Pyramid whofe Bafe is the Triangle 
-ABC, and Vertex the point D, is dividoi into two 
equal Pyramids, fimilar to eaich other and to the 
Whole : And into two equal Prifms ; wMch two 
.Prifms together are greater than half of the whole 
Pyramid. Therefore, Ev^ Pyramid having a tri- 
•Angular Bafe may be dmided into two Pyramids^ equal 
and fimilar to one another j having triangular Bafes y 
and fimilar to the whole Pyramid'^ and into isojo tiptul 
Prifmsy which two Prifms are greater than the half of 
the whole Pyramid \ wnich was tobe demonilrated. 
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PROPOSITION IV. 
Theorem. 
If there are two Pyramids of the fame Altitude^ bal- 
ing triangular Safes ^ and each of them be divided 
into two Pyramids^ equal to one another^ andfi- 
fnilar to the whole y as alfo into two equal Prifms ; 
and if in like manner each of the two Pyramids^ 
made by the formerDivifivny be divided, and this 
be done continually ; then as the Safe of one Pyra^ 
mid is to the Safe of the other Pyramid^fo.are all 
the Prifms that are in one Pyramid to all the 
Prifms that are in the other Pyramid being 

equal in Multitude, 

« 

LET tfa^re be two Pyramid^ of the fame Altituct^ 
having the triangular Safes ABC, D£F> whofe 
Vertices are the Points G, H, and let each of them be 
. divided into two Pyramids, equal to one another, and 
iimilar to the whole, and into two equal Prifms ; and 
if in like manner ^ach of the Pyramids n^e by the^ 
former Divlfion be concdived to be divided, and this 
be done continually. I fay, as the Safe ABC is to 
the Safe D£F, fo are all the Prifms that are in the 
Pyraipid A B C G to all the Prifms that ai?e in the 
Pyramid D £F H, being equal in Multitude. 

For fmce B X is equal to X Q and AL to L C, 
XL flball be* parallel to AB, and the Triai^le ABC* »•«• 
iimilar to the Triangle LX C. For the fame Reafoa 
the Triangle DEF ihall be alfo fimilar to^ the Trian- 
gle RQF. And becaufe BC is double to CX, and 
EFtoF<^ itfhallbeasBCistoCX, fois EFto 
F(^ And fmce thereare defcribed upon BC> CX, 
fijght-lined Figures ABC, LXC, fimilar and alike 
fituate, and upon EF, F Qj Right-lined Figures DEF, 
R.QF, fimikr apd alike fituate. Therefore as the 
Triangle B A C is to the Triangle L X C, fo is t the t ai. «• 
Triangle DEF to the Triangle RQF i and (by Al- 
ienation) as the Triangle ABC is to the Triangle 
DEF, fo is the TriangleiX C to the Triangle RqJ*. 
But as theT/iangle LXC is to the Triangle RQF, 
fo is t the Prifm, whofe'Bafe is the Triange L X C, X^^^^ ^«^ 
and oppofite Bafe to that the Triangle OMN, to the^** "* 
. . R 2 Prifm, 
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Prifm whofc Bale is the Triangle R OF 5 and oppo- 
fite Bafe to that the Triangk STY. Thcl^fore as the 
ii. 5. Triangle ABC is to the Triangle DEF, fo is* the 
Prifm whoTe Bafe is the Triangle LXC, and oppbiite 
Bafe to that the Triangle OMN, to the Prifm whofe 
Bafe is the Triangle R QF, and oppofite Bafe to that 
the Triangle STY;, and becaufe the two Prifms that 
are in the Pyramid ABCG are equal to one another, 
as alfo thofe two that are in the Pyramid DEF H ; it 
ihall j)e fis the Prifm whoft Bafe is the Paralidc^ram 
K L X B, and oppofite Bafe to that the Right Line 
MO, is to the Prifm whofe Bafe is the Trkngle 
hX C ; and oppofite Bafe to that the Trian^e O M N, 
ibi^.cJiePrifm whofe Bafe is the Parallelo^m EPRQ^ 
aiid oppofite Baie to that the Right Line S T, to 
the Prifm whofe Bafe is the Triangle R QF, and 
oppofite Biafe to that the Triangle STY. Therefore 
' ( hy* compounding ) as the Prifms K B X L M O 9 
LXCMNO, to the Prifm LXCMNO, fo the 
vPrifnK^ PBQRST, RQFSTY, to the Prifto 
RQFSTY. And (by Alternation) as the Prifms 
KBXLMO, LXCIVWO, to the Prifms PEQRST, 
RQFSTY, fo the Prifin LXCMNO, to the 
Prifih RQFSTY; but as the Prifm LXCMNO 
is to the Prifm RQF STY, fo has the Bafe LXC 
been proved to be to the Bafe RF Qj and fo the Bale 
ABC to the BafeDEF* Therefore alfo as the Tri- 
angle AB C is to the Triangfe DEF, ib are the two 
' Prrnns that are in the Pyramid ABCG, to the two 
Prifms that are in the Pyramid D EFH. If in the 
fame Manner each- of the Pyramids O M N G, 
STYH, made by the former Divific»i, be divided, it 
j(hall be as the Bafe OMN is to the Bafe ST Y, fo 
Ae two Prifms that are in the Pyramid OMNG,^ta 
the two Prifms that are in the Pyramid S T Y H, But 
as the Bafe OMN is to the Bafe STY, fois the Bale 
ABC to the Bafe DEF, Therefore as the Bafe 
' ABC is to the Bafe DEP, f6fe the two Prifms that 
are in the ft^lamid ABCG, to the two< Prifms that 
are in the Pyramid DEF H j and fo the two Prifms 
that are in the Pyramid O M N G, to the two PHfins 
.that are in the Pyramid STYH, and fo the four to 
'' * ' tht four. Wc^ demonftrate the fam&ofPrifais made 
by the Divifion of the Pyramids AKLO, D.PR.S, 
v» *' • and 
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and of all other Prifms, bdng equal in Multitudes 

wbici was ta he danmftraud. , 

PROPOSITION Vi 

T H i O R E M. I 

Pyramids of the fame Altitude^ and having trian'^ . 
pilar Bafes^ are to one another as their Bafes. 

LET there be two Pyramids of the fsime Altituds, 
having the trianguhr fiafes ABC, D£ F, whofe 
Vertices are the Points G, H. I fay, as the Bafe 
A B C is to the Bafe D£F, fo is the Pyrramid ABCG 
to thp Pyramid DEFH. 

For if it be not fo, then it fhaU be as the Bafe 
AB C is to the Bafe DEF, fo is the Pyramid ABCG 
to fome Solid, greater or lefs than the Pyramid 
DEFH. Firft^ let it be to a Solid lefs, which let be Z, 
and divide the Pyramid DEFH into two Pyramids 
equal to each other, and fimilar to the Whole,. and 
into two. equal Prifms; then thefe two Prifms are 
greater than, the half of the whole Pyramid. And 
agaifi, let the Pyramids made by the former Diviflon, 
be divided after the fame manner, and let this be don« 
contsAuaHy, until the Pyramids in the Pyramid 
BEF H, are kfs than the Excefs by which the Pyri* , 
mid D £F H exceeds die Solid Z. Let thefe, for Ex- 
ami*^ be the Pyramids DPRS, STYHj then the 
Prifms remaining in the Pyramid DEFH, are greater 
than the Splid Z. Alfo, let the Pyramid A B C G, 
be divided into the fame^ Number of fimilar Parts as 
the Pyramid DEF H is; and then as the Bafe ABC 
is to the Bafe DE F, fo ♦ the Prifms that are in the*42/' '^"» 
Pyramid ABCG, to the Prifins that are in the Pyra- 
mid DEFH. But as the Bafe ABC is to the Bafe 
D E F, fo is the Pyramid A B C G to to thcj Solid Z. 
And therefore as the Pyramid AB C G is to the Solid 
Z, fo art die Prifms that are in the Pyramid ABCG, 
lo the Prifjtis that ai^ in the Pyramid DE P H ; but 
the Pyramid A B C 6, is gitater than the Prifms |h^t 
9it in ic. Wherefore alfo die ^ Solid Z, is greater 
d»n the Prifms that are in the Pyramid DEF Hs bdt 

R 3 it 
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•^'^^^f it b Ids ♦alfo, which is abfiird. Thcrtfcrc the Bafe 
W^L^n ABC to the Bafe DEF, is not as thePyianrid 
/ W A B C G to fomc Solid lefs th^n the Pyramid D E F H. 
After the fame Manner we demonftrate than the Bafe 
DEF to the Bafe ABC, is not as the Pyramid 
D E F H to fomp Solid lefs than the Pyramid ABCG. 
Therefore, I lay, neither is^the Bale ABC to the 
Bafe DE F, as the Pyramid AB C G to feme Solid 
greater than the Pyramid D E F H. For if this is pof- 
fible, let it be to the Solid I, greater than the Pyra- 
mid D E F H. Then (by Inverfion) the Bafe DEF 
ihall be to the Bafe ABC, as the Solid I to the Pyra- 
mid' ABCG: But fince the Solid I Is greater than 
tife Pyiumid EDFH, it (hall be as the SoHd I is to 
the Pyramid AB CG, fo is the Pyramid DE F H, to> 
ibme Solid lefs than the Pyramid ABCG^ as Juft 
now has been proved. And fo as the Bafe D E r is 
toi.the Bafe ABC, fo is the Pyramid DEPH, to 
, fome Solid Ids than tl^ Pyramid ABCG, which is 
ahfurd. Therefore the Bafe ABC to the Bafe DEF, 
i^ not as the Pyramid AB C G to feme Solid greater 
than the Pyramid D £ F H. But it has been alfo prov- 
ied, that the Bafe ABC to the Bafe DEF^ is not as 
the* Pyramid ABCG to fome Solid lefs than thePy- 
rarhid D£ F H. Wherefore as theBafe A B C is to 
:ihe. JJafc DEF, fo is the Pyramid A B CG to the 
Pyraiittd D E F H. Therefore, Pyrmnids rf the fame 
Akitude^ and having triangubtr Bafts^ are to we an^ 
Mher.As their Bdfes j which was to be dcmonftratcd. 

PROPOSITION VI. 

T H 10 R fi M. 

Pyrdmidi of the fam, Jltitu4^^ an4 baviftg p4ygh 
nous Bafssy are to ma^ another as tibeit &ajis. . 

IET there be Pyrami«l8 of the fiuoe Akltude, 
, > which have the poijgQhow Bales ABCDE, 
F G H K L, and let their Vertices bt the Points M, 
N. I fajy 9s the Bafe ABCDE is to th^ Bafe 
FGHKl., fo is th? PywaaW AB C DE M to the Py- 
wnujiFeHK^N. ii • 

; :. For 
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For let the Bafe ABCD£ be divided inta the Tri- 
angles ABC, ACD, ADE; and the BafeFGHKL 
into the Triangles FGH, FHK, FKL; and let 
Pyramids be conceived iipon every one of thoTe Tri- 
angles of the fame Altitilde with the Pyramids ABC, 
DEM, FGHKLN. Then becaufe the Triaiigle 
ABC is to the Triangle ACD, as ♦the Pyramid *5y'^'* 
AB CM is to the Pyramid A C D M : And (by com- ^ 

pounding) as the Trapeziufn A B C D is to the 't^ri- 
angle ACD, fo is the Pyramid ABCDM to the 
Pyramid A C D M ; but as the Trian^e A G D is to 
the Triangle AD E, fo is * the Pyramid A C D M \b 
the Pyramid A D E M. Wherefore ' (by Equality of 
Proportion) as the Bafe A BCD is to the Bafe ADE, 
fo is the Pyramid ABCDM to the Pyramid At)EM. 
And again (by compofition of Proportion) as the 
Bafe ABCDi: is to the Bafe ADE, fo is the Pyra^ •* 
mid ABCDEM to the Pyramid ADEM. For the 
fame Reafon, as the Bafe F G H KL is to the bafe 
FKL, fo is the Pyramid FGHKLN tdthePyra- 
mid FKL N. .And fmce there ore two Pyramid^ 
ADEM3 FKLN, having triangular Bafes, and \h^ 
fame Altitude, the Bafe ADE (hall be* to the- Bafe 
FKL, as the Pyramid ADEM to the -fyr^fd 
FKLN. And fmce the Bafe ABCDE is'to the'JBafe 
AD-E, as the Pyramid AB CDE M is t(yiht Pyra- 
mid.ADEMi and as the Bafe AD E is to "flic Bafe 
FKL, fo is the Pyramid ADEM to the Pyraniid 
FKLN; it fhall be (by Equality of Proportion) 
as the Bafe ABCDE to the Bafe FKL, fo is'the 
Pyramid A B C D E M to the Pyramid F KLN.;' but . 
as the Bafe FKL is to the Bafe FGHKL,' fowas 
the Pyramid FKLN f6 the Pyramid FGHKXN; 
Wherefore, again, ( by Equality of Prt)porti6B^ ttt the 
Bafe ABCDE is to the Bafe FGHKL)fo fe the 
Pyramid ABCDEM to the Pyramid F QJi filLN. 
- Therefore, Pyramids of the fame Altitudey -and having 
folygdnous Bafesy are to one another as their Safes ^ 
which wa$ to be demonftratcd. ^ 
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PROPOSltlON VII. 

T H B O K E M- 

EvfryPrifm having a triangular Bafe^ may he di- 
\ . vided into three Pyramids equal to one another ^ 
and bavir^ triangular Bafes. 

LET there fee a Prifm whofe Bafe is the Triangle 
ABC, and oppofite Bafe to that the Triangle 
PEF. I %, the Prifm ABCDEF n»y be divided into 
the three oq^al Pyramids that have triangular Bales. 

For join BD, EC, CD. Then becaufe ABED 
is a Parallelogram, whofe Diameter is BD, the Tri- 

• H* !• angle AB D fliall be * equal to the Triangle E B D. 
Therdbre the Pyramid whofp Bafe is the Triangle 

t « t^i* AB D,, and Vertex the Point C, is t equal to the Py- 
ramid whofe Bafe is the Triangle E D 189 and Vertex 
the Point C. Bi^t the Pyramid whofe Bafe is the 
Triangle EDB, and Vertex the Point C, is the 
£iipe as the Pyramid whofe Bafe is the Triangle 
£ B C9 and Vertex the Point D, for thsy arc con- 
'tained under the fame Planes. Therefore the Pyra* 
jnid^ whofe Bafe is the Triansle AB D, and Vertex 
the Point C, is equal to the ryramid whofe Bafe is 
the Triai^ E B C, and Vertex the Point D- Again, 
becaufe FOB £ is a Parallelogram, whofe Diameter 
]6 C E, the Triangle E C F fhall be * equal to the Tri- 
angle CBE. And fo die Pyramid whofe Bafe is the 
Tx^iaiigle BEC, and Vertex the Point D, is f equal to 
thei PyiaaiKl whofe Bafe is the, Triangle £ C F, and 
Vett^X thpPointD: Bujt the .Pyramid whofe Bafe is 
tbeTrias^e BCEy and Vertex the Point D, has been 
prpvjKl Mial to the Pyramid whofe Bafe is the Tri« 
angle A B D, and. Vertex the Point C. Wherefore 
aiibt^.l^ramid, whofe Bafe is the Triangle CEF, 
and Vertex the Point D, is equal to the Pyramid, 
whofe* Bafe is the Triangle ABD, and Vertex the 
Point C Therefore the Prifm AB CD E F is divide 
, • ed into thrse Pyramids equal to one another, and 
having triangular B|afes. An4 becaufe the Pyramid, 
whofe Bafe is the Triangle A B D, and Vertex the 
Point C, is the fame with the Pyramid whofe Bafe 
is jhc Triangle C A B, and Vertex the Point D ; for 

2 they 
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«hey are contained under the famePlanes^ and thejE^j^- 
ramid, whofe Bale is the Triangle ABD, and Ver- 
tex the Pomt Cj has beep proved to be a third Part of 
the Prifm, whofe Baft is the Triangle AB C, aiu} 
©ppofite Bafe to that the .Triangle D E F, Therefore 
alfo. the. Pyramid, whofe Bafe is the Triangle A B C^ 
and Vortex the Point D, is a third Part of the Jk-ifni 
having the fame Bafe> viz. the Triangl^ A B C, i and 
the oppofite Bafe the Trianglp P£Fs svhic'h was t9 
be dUmonftrated. . . , * 

enroll. I « It is manifeftirom hejKe^ that every I^ra-f 
mid is a third Part of a PrKm, having th« iam^ Bafe 
and an equal Aldtude^ becaufe if the Bafe of a 
Prifm, as alfo the oppodtc Baf^ be oiF any othet 
Figure, it may be divided into rrifms having tri- 
angular Bafes! 

2« Prifnos of the fame Altitude, are to one another as 
their Bafcs. ./ . . 

PROPOSITION VIIL 

Theorem. 

Similar Pyramids^ having triangular Bafes-, are ih 
a triplicate Projportidn of their homologous Sides. 

LE T there be two Pyramids fimilar and s^ijce fitu- 
ate, having the triangular Bafes' A B Q, D E F, 
and let their Vertices be tli Points Cr, H. I fay,, the 
Pyramid ABCG to the Pyramid DEFH has a pro- 
portion triplicate of that which. B C has to EF, * 

For complete the fo}id Parallelcpipedons BGM.L, 
E HP O ; then b«:aufe the Pyramid A B C G is fioii- 
lar to the Pyramid DE F H, the Angle A B C . Ihall 
te *,equal to Uie Angle D E F, the Angle G 6 C *!>£/: 9- "• 
equal to the Angle H £ F« | and the Ar^gle A B G 
ipquaji fo the Angle P^:If« And XBis toDEas 
BCVis to E F i and "fo ^ BG to EH. Therefore 
becaufe A B is to DE^ as BC.is to £F;. and the 
Sides abcHit the equaj Angles are proportional, the 
Parallek^am BM fbaU + be fimilar to the Paralldo- 1 6- ^« 
gram E P. For the ' fame * Reafon, the Parallclogiam 
BN is iiinilar to the Parallelo&rsun £R, and the Pa* 
: «llcIogram 



i^t Euclid's Elements. Book XII. 

rallklogram BK to the Parallelogram EX. There- 
fcrc three Parallelograms ' B M, KB, B N, ^e fimi- 
kr to. three Parallelograms EP, EX, ER; but the 
three MB, BK, BN, arie ^ual and fimilar to the 
three oppofite ones ; as alfq the three £P, EX, £R. 
Therefore the SoHds BGML, E|IPO, are con- 
tained under equal Numben of flmilar and equal 
Plan^; ahd confcquc^tly, the Sblid BGML is fi- 
milar to' the Solid E H PO. But fimilar folid Paral- 

•33. n. lelq>ipedons are * to each other in a* triplicate Pro- 
portion of their homologous Sides. Therefore the 
Solid BGML to the Solid EH PO, has a Propor- 
tion triplicate of that which the homologous Side 
BC has to the homologous Side £F. But as the 

t'S-s. Solid BGML is to the Solid EHPO, foisfthe 
Pyramid ABCG to the Pyramid D^FHj for the 
I^ramid is the one fixth Part of that Solid, fince the 
Prifm, which is the half of the Solid Parallelepipedon 
is triple of the Pyramid. Wherefore the Pyramid 
A B C G to the Pyramid D E F H, fhall have a tripli- 
cate Proportion to that which B C has to £ F 3 which 
was to be demonftrated^ 

CoroU. From hence it is manifeft, that fimilar Pyrar 
mids having polygonous Safes, are to one another 
in a triplicate Proportion of their homologous Sides. 
For if they be divided into. Pyramids having trian- 
gular Bafes \ becaufe their fimilar polygonous Bafds 
are diyided into fimilar Triangles equal in l^om^jef, 
and hon^ologous to the Wholes, it fhall be as otie 
Pyramid having a triaiigulai: Bafe in one of the Py- 
lamids, is to a Pyramid having a triangular \Bafe iff 
the other Pyramid, fq^rc' all the Pyramids having 
triangular Bafes in one Pyrainid, to all thp Pyramids 

. Saving triangular Bafe^ in the other Pyramid ; that 
is, fo is one of the Pyiimids having, tfe polyg^notii 
Bafe, to the other; bfit a Pyramid havirig a tjrian-' 
gular Bafe td a Pyramid, having a triangular 'feafe, is 
in a triplicate Proportion of the homoTogbus Sides. 
Therefore one Pyrartiid hkving ^a polj^onoif^' Bafe 
to another Pyramid havirig 4 fimilar Bafe, is in a 
triplicate Proportion of their homologous Sidcs^ 
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PROPOSITION IX. 

^be Bafes andJUituJ^ of equalPyramids^ having 
triangular Bafis^ are ndprecaUy proportional ; 
and thofe Pyramids, iofuing triangular Bafes^ 
wbofe Bafes and 'Altitudes . are reciprocally pro- 
portionaly are eqmt. ^ 



"I >i I 



T 'ET' there be equal Pyramidsi baving the triangii- 
JL^ lar^ Bafes A B C, p E P,'-and Vertices the Points 
G, H* I fay, the Bafcs an^ Altitudes of the Pjrramidf 
A B G Gi D E F Hi are recipitxilly proportional^ that ' 
Ts, » rthe Bafc A B C is to the Bafe D E F, fo is the 
AWtudtfof the Pyramid DEFH to the Altitude of 
the Pyramid ABCG. 

For complete the ,fdki PMiUeleinpedons BGML> 
EHPO. ThenbccaufethePymmid ABCG is equal 
to the Pyramid DEFtt, and the Solid BGML is 
fextuple, the Pyramid A B C G, and the Solid E H P O 
iexti^e of the Sdid DEFH, the Solid BGML 
Ihall be * equal tothe S6M EH P O. But the Bafes • 15. 5. 
and ^Attitudes of equal 'fblid Parallelepipedons are re- 
cipn>cally proportioikd; Tfaensfore,^ as the Bife B M 
IS to the Bafe EP, fo is f the Altittide of the Solid t 34- "• 
EH POiso, the Altitude of the Solid BGML. But 
as the-Bafe B M is to ^he Bafe E P, fo is t the Trian- 
fje A BC to the Triangle D.E F. Therefore, as the 
Triangle ABC is to the Triangle DBF, fo is the 
Altitude of the Solid EHPO to the Altitucfc of the 
Solid BGML. But the Altitude of the Solid EHPO 
is the fame as the Altitude of the Pyramid DEFH; 
and the Altitude of the Solid BGML the fame as 
the Altitude of the Pyramid ABCG. Therefore, as 
the Bife ABC is to the Bafe DEF, fo is the Alti- 
tude of the Pyramid DE FH to the Altitude of the 
Pyramid ABCG. Wherefore the Bafes and Alti- . 
tudes of' the equal Pyramids ABCG, DEFH, arc 
reciprocally proportional'^ and if the Bafts and Alti- 
tudes of the Pyramids ABCG, DEFH, are reci- 
procally proportional, that is, if the Bafe ABC to 
the Bafc DEF, be as the Altitude pf the Pyramid 

z DEFH 
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DEFH to the Altitude of the Pyramid ABCG- 
.1 fay, the Pyramid AB C G is eqaal to the Pyramid 
DEFH: For, the iame Conftrudion remaining, be- 
caufe the Bafe ABC to the Baf« I>£F, is as the Al- 
titude of the Pyramid D £F H to the Altitude of the 
Pyramid ABC G, and as the Bafe ABC is to the 
BafeDEF, fois thePataUdogramBM to thePkral- 
Idoffzm EP$ the Parallelogram BM to the Paral- 
lelogram £ P (hall be dfo as the Altitude of the Py- 
ramid DEFH 18 to the Altitude of the Pyramid 
ABCG. But as the Altitude of the I^ramid DEFH 
is the fame as the Altitude of- the iblid P^ualfeh|^;)e- 
don £HPO, and the Altitude of the Pyramkl ABCG 
the iame as the Altitude of the folid raralldepipedcm 
BGML. Thodbre the* Bafe BM to the Bale £P 
will b<i itt the Altitude of the fislid Paral 
£HPO the Altitude of the ioKd P 
BGML. But thofe folid Parallelepipedons, .whole 
Bafel^ and AllJttid<S$ .tit redpnocally pnaportional, 
1 34* ir. are f ^ual to es^h other.! Thfiidbre>the folid Paral- 
klep^pedon; B GML is equd tb the folid P^uraUdepi- 
pedonEHPO; and thePyralnid AB^G is a fixth 
Part of the Solid BGML. And in like manner the 
Pyramid D£FH is a fixth Rtrt df .the SoHdEHPO. 
Therefore the Pyramid AB CG is efial to ths Pyra^ 
mid DEFH. Whcrefote the Midis mtd-Jltitudesf 
iquaJ Pyrdmids^ Im^hg triangubr Bafos^ tare tect-^ 
prdcally 'proportional 'j and tbofo Pyramids^ having tri' 
angfilar JSafes^ whrfe Safes arid jOtitudes are reeipr^ 
colly pr^ortfQnal^ are equoly which was to be dcmoor 

PROPOSITION X. 

« 

Theorem. 

JEv^ry Cone is a third Pari of, a CyliffdeTf having 
.,lbe fame Bafey and, an e^ualAltUude. 

LET a Cone have the lame Bafe as a Cylinder,. 
t^ia. the Circle AB CD, and an Altitude equal 
to it^ I lay the Cone J9 n ibifd Part of the Cylinder^ 
xhsiXt i^ tiic Cylindi^r is triple to the Cone. ^ ^ 

1* . s • • 
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For if the Cyliiider be not tripk to the Cone, it 
fliall be greatrr or lefs than triple thereof. Fiift; let it 
be greater than triple to the Cone, and let the Square 
AB CD be defcribed in the Circle ABCD, then the 
Square AB C D is greater than one half of the Circle 
AB C D. Now kt aPriim be erefbdupoh the Square 
A BCD, having the fame Altitudes the Cylinder^ 
and tbis' Prifm will be greater than one half of the 
Cylinder; bccaufe, if a Sqp&ne' be circumfcribed about 
the Circle AB CD, 'llie infcrib'd Square will be one 
})alf of the circumfciihKi Square ; and if a Prifm bef 
ere^ed upon the ciicumfcr3>'d Square of the fame 
Al^tude as the Cylinder, fince Prifms are * to one * 2 Cm 7. 
an^faer as their Bafc&> thePrifin ereded iipon the'/'*"* 
Square AB C D is one half of the Prifm ere£ted upon 
the Square defcribed dxxit tht Circle AB CD. But 
the Cylinder is leflfar than the Prifm ere£ted on the 
Square defcribed about the ChcleABCD. Th^re^ 
fore the prifm erected on the Square AB C D^ having 
the fame i&ight as the Cylinder, is greater than one 
hatf of the Cylinder. . Let the CircumfereAces A B, 
BC, CD, DA, be bifiaed in the Points £, F, G,«, 
and join AE, EB, BF, FC, CG, GD, DH, HA; 
Then each of the Triangles AE B, B F C> C G D, 
DH A, is t greater than the l^alf of each of the-S^-t^'V^'- 
ments in which they ftand.- Let Prifms ht ertAcd ^fi£^^ 
fiom each of the Triangles AEB, BFC, CGD, 
DHA, :of the fame Altitude as- the Cylindeir, then 
every one of thefe Prifms erefhedi is greater^ thah- its 
corre^ndent Segment of the' Cylinder. Fbrbecauie, 
a Parcels be drawn through the Points E, F, G, If, 
to AB, BQ CD, D Ay' and Pai:allek^:ams be com- 
pleated on the iaid AB, BC, CD> DA, on' which 
' are ecefied Iblid * AuaHebepipedons of die fame Alti- 
tude as die Cylinder ; then each of thofe Prifms that 
are on the Txianglea A£ B, BFC, CGD, DHA, 
are HalveS'f t>f each of 'the (olid Pkrallelepipedons ; 
and the Se^tients of the Cylinder are lefs than the 
ere£l)ed S(M ParaUelepipedons; and <:onfequendy the 
Prifms that.are on the Triangle* AEB, BFC, CGD, 
DHA,. are greater than ^he Halves of the Segments 
of the Cylinder; and fabifetiking the other Circum- 
ien^nces, joining Right Lines,' and on every oneof thte 
Triangles, eroding Prifms of the fame^ Height as the 

Cylinder > 
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Cylindier; and doing this continually, we flh^ at kft 
have certain Portions 6f the &ylindtfr left^ th^ are 
lefs than' the Excels by which the Cylinder eicCfieds 
triple the Cone. •. • 

I^^jTow let thefe Poitiansistixmiing be A£, £-B^ 
B F, F C, CG, GD^ D H, MA. Then the Prifo 
remaining,' whofe Bafe 'is thePolygpn AE BF C G- 
DH, and Altitude equal to vthat of the Cylinclefs, is 
greater than the Triple of .tl|e C(^e. But: the Prifm 
whofe. Bftfe is the Polygon AEBFGGDH, and 
V^^^' 7* Altitude the fame ; as 'that of ;tJfc.Gylinder's is * triple 
^ ' "' of the Pyramid whofe Baie^is. the Polygon •■ AE B- 
F C G D H, and Vertex the* fibni as that of the Cdne. 
And therefore the Pyramid. whofe Bafe k the Poly- 
gon AE B F C G DH, and Vertex the faine ^ that 
of the Cone, is greater than thb Cone whofe 'Bafe is 
the Circle ABCD; but it is lefler alfo; (fi>r it b 
comprehended by it) which* iS'^abfuid. Therefore 
the Cylinder is not greater than trqple the Cone. I 
fay it is neither leifer than triple the Cone; For if it 
be pof£ble, let the Cyliifdcr ^be lefs thaoi ttipk the 
Cone : Th^ (by Inve^oh) the Cone ihall be greater 
tlun a third Part of the Cylinder* Leit the Square 
ABCD be defcribed in the Cizde ABCD;tiien the 
Square ABCD is greater than half of the Circle 
ABCD, And let a Pyramid be treStei on the Square 
/ ABCD having the fame Vert^ as t|ie Cone^ then 
the Pyr^unid ereffaed is greater than ohe half of the 
Cone I becaufe, as has been already demonftrated, if 
a Square be deferibed about > the Circle, the Square 
ABCD ihaUbe half theieof. And if folid Pamlle- 
lepipedons be ere£bd upon the* Squares of the &me 
AJtitudf as the Cones, . which are alfo called Prifms ; 
then the Prifm ere£led on the Square AB CD is one 
half of that ereded on the Squace defcribed about the 
Circle, for they ^re to each other as their Bafes; and 
b likewife are their third Ports* Therefore the Pyra- 
mid whofe Bafe is the Square ABCD, is one half 
of that Pyramid erected upon the Square defcribed 
about the Circle: But the Pyramid ereffeed upon the 
Square defcribed about the Circle, is greater than the 
C6ne; for it comprehoids it Therefore the Pyra- 
mid whofe Bafe i3 the Square ABCD, and Vertex 
the fame as that of the Cone, b grater than one half 

of 
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of the Cone. BifetEl the Circumferences AB, BC» 
CD, DA, in the Points K, F, G, H, and join AE, 
EB, BF, FC,CG,GD, DH, HA; and then each 
of the Triangles AEB^ BFC> CGD, DHA, is greater 
than one half of each of the Segments they are in* 
Let Pyramids be eroded upon each of the Tnanglcs 
AEB, BFCi CGE), DHA, having the fame Vertex as 
the Gone : then each of thefe Pyramids thus ereded, 
is greater than one Jialf of the S^ment of the Cone 
in which it. is: And fo bife^ng the remaining Cir- 
cumferences, joining the Right Lanes, and erecting 
Pyramids ^X)n every of the Triangles having the 
fame Altitude as the Cone; and doing, this, oontinu* 
ally, we (hall at laft have Segments of the Cone left, 
that will be lefs than the Excefs by which the Cone 
exceeds the one third Part of the Cylinder, Let 
thefe Segments be thofe that are on AE, j^B, BF» 
FC, CG, GD, DH^ HA, and then the remaining 
Pyramid whofeBafeis the Polygon AEBFCGDH, 
and Vertex the fame as that of the Cone, 13 greater 
than a third Part of the X^ylinder^ but the Pyramid 
whofeBafeis the Polygon AEBFCGDH, and Ver- 
tex the fame as that of the Cone, is one thjrd Part of 
thePrifmwbbfeBafe is thePdygon AEBFCGDH, 
and Altitude the fame as that of the Cylinder. . There- 
fpre the Prifm, whofe Bafe is the Polygon AEBF- 
CGDH, and Altitude the fame as that of t^ Cylin- 
der, is greater than the Cylinder whofe Bafe is the 
Circle ABCD ; but it is lefs alfo (as being compre- 
bended thereby), which is abfurd; therefore theCy* 
linder is not lefs tfaai^ triple of the Cone ; but it has 
been proved alfo net to be greater than triple of the 
Cone ; therefore the Cylindo: is neceflarily triple of 
the Cone. Wherefore, every Cme is a third Part of 
A Cylinder^ having the fame Baky and an equal Mtt^ 
tude \ which vf^ tg be demonftratied. 
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'PROPOSITION 3a. 

:■. ' . . . • . • ., 

The or em. 

Cones and Cylinders of the faim AUitude are to one 

another as their Bafes. 
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LiT there be Coimand Cylinders of the lame Al* 
titiide^ "whofe Bafes are the Circles A BCD; 
EFGH, Axes KJL, MN, and DHhietersof the Bafes 
AC, f:G. I fay, as the Circle ABCD is to the 
Circle EFGH, fo is the Cone AL to the Cone EN* 
For if it be not fo, it fliattbe as the Ciide A B C D 
is to the Circle EPG H, fo isf the Cone AL txy fomc 
. Solid cither lefi or greater than the Cone EN. Firfl^ 
let it he to the SoBd X kfs than the Cone ; and let 
the Solid I be equal to the Excels qf the Cbae £ N 
al^ve the Sdid X. Then the Cone £ N is equal to 
the Solids X, I ; let the S^are EF G H be ^crSxA 
in the Grde EFGH, whith Squmis greater than 
one half of the Circle, and ereft a Fyran^ upemthe 
Square EFGH of tfcc fame Altitude as the Cone. 
Therefore the Pyramid ereiSed k greater than one^ hatf 
of the Gone: For if we defcribe a Square about the 
Circle, and n Pyramid be ered^ thereon of the fame 
Altkyide as the Cone,' the Pymmid infcribed wiB be 
one ha3f of the Pyramid circumfertbed, for they are 
* 6 rfthis. « jQ -j^^ another as their Bafes ; .and the Gone is lefe 
than the 0rcumfcrR>cd Pyramid. Therefore the Py^ 
ramW whofe-BafeisriieSquare' EFGH, and Vertex 
the lame ak that- of the Cone, is greater than one half 
of the Cdne. Bifea Ae Citeiimferenccs E F^ F G, 
GH, HE, ^1^ the Points P, R, S, O, and join HO, 
OE, EP,PF, FR, RG, GS, SH; then each of 
the Triangles HGE, EPF, f*ftG, GHS, is great- 
er than one half of the Segment of the Circle where- 
in it is. Let a Pyramid be raifed upon every one of 
the Triangles HOE, EPF, FRG, GHS, of the 
fame Altitude as the Cone. Then each of thofe ered- 
ed Pyramids is greater than the one half of its corre- 
fp^dent Segment of the Cone : And fo bifeding the 
i^emainmg Circumferences joining the Right Lines, 
and ereding Pyramids upon each of the Trian^es of 

the 
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the fame Altitude as that of the Cohe ; and doing thiiC 
' cbntmualiy, thci^ will at bft be left Segments o( the 
Cone that friH together be kk than the Solid I. Let 
thofebe the S^m^nts that are on HO, OE, EP, • 
PF, FR, JlCr, GS, SH. Therefore the Pyramid 
remgi^iing^' whofe Bafc is the Polygon HOEPr RGS, 
apd Alritudf the fame ts that of the Cone, is greater 
than the Solid X. Let the Polygon DTAYBQCVbe 
defcribed in the Circle ABCP, fimilar and alike fitu* 
ate to tBb Polygon HOEPF RG S, and let a Pyra- 
mid be erefled thereon of the feme Altitude as thC' 
Cone AXf . Then becaufe the Square of AC to the 
Square of JIG, is* as the Polygon DT AY BQCV* i •/'*'>^ 
to the Poly^gon H0EPFR6S^ and the Square of 
A C is t to Jthe Square of E G, ks the Cirde A B C D 1 2 e/"'*'^- 
to the Circle E F G H ; it fcalt be a* the Qrclc ABCD 
to th6 O'rcle EFOH, fo is the Polygon DTAYB- 
QCV to the Polygon HOEPFRGS: But as tha 
Cirde A^jCP is to the Circle EFGH, fo is the 
Cone AL to the Solid X; and as the Polygon DTA- 
YBQCV is to the Polygon HOEPFRGS, fo is 
the Pyramid whofe Bafe is the Polygon D TAY B Q^ 
C V, and Vicrtex the Point L, to the Pyramid, whofe 
Bafe is the Polygon HOEPFRG S, and Vertex the 
Point N. Therefore as the Cone AL to the Solid 
X, fo the Pyramid whofe Bafe is the Polygon DTA- 
YBQCYj, ^d Vertex the Point J., to the Pyramid 
TwrhofeB^ is the Polygon HOEPFRGS, and Ver- 
tex ^Fbipt N; but the Cone AL is greater than the 
JViamid th^t is in it. Therefore the Solid X is greater 
than the Pyramid that is in the Cone EN ; but it was 
put Icfi, yiich is abfurd^ Therefi>re the Circle ABCD 
to the Circjc EFGH, k not as the Cone AL to 
ibme Solid lefs than the Cone E N. In like manner^ 
itis deiQiooftratcd ithat the Circje EFGH to the 
CWt ABCD, k not as the Cone EN to fome So- 
Hi lefs than the Cone^ AL. I fay, moreover, that 
the Circle AfiCD to the Circle ^FGH, is not a* 
the Co|ie AL to fome Solid greater than the Cone 
fN: Fpr, if it be poffiUe, let it be to the Solid Z 

freateif than the Cone; then, (by Inverfion) as thp 
, Jircl? EF G H is.to the Orcle AB C D, fo fliall the 
Solid Z be to the Cone AL. But fince the Solid Z 

is£ieaterth^ the Cone EN, it ihall he hs the Sdtd 
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Z b to the Cone AL, fo is the Cone EN to fome 
. Solid lefs than the Cone AL. And therefore as the 
Circle EFGH k to the Circle ABCD, fo is the 
Cone £N to fome Solid lefs than the Cone AL; 
which has been proved to be impoffible. Therefore 
the Circle AB€D to the Circle EFGH, is not as 
the Cone AL to fome Solid greater than the Cone 
EN. It has alfo been proved that, the Cirde AB CD 
to the Circle EFGH, is not as the Cone AL to 
fome Solid Icfe than the Corte E N. Therefoie as the 
Circle AB C D is to the Circle EFGH, fo is the Coiw 
AL to the Cone EN: But as Cone-is to Cone, fo 
«5» 5- is * Cylinder to Cylinder, for each Cylinder is triple 
of each Cone ; and therefore as the Circle A B C D is 
to the Circle EFGH, fo are Cylinders and Cones 
fhuiding on thqm, of the fame Altitude.' Wherefore, 
Cones and Cylinders of the famt Altitude^ are to one 
another as their Bafis ; which was to be demonilr»ted» 

PROPOSITION XII. 

Theorem. 

Similar Cones ar^d Cylinders are to one another in 
a triplicate Proportion of the Diameters of their 
Safes. 

« 

LET there be fimilar Cones and Cylinders, whofe 
Bafes are the Circles ABCD, EFGH, and 
Diameters of the Bafes B D, F H, and Axes of the 
Cones or Qylinders KL, M N. I fay, the Cone whofe 
Bafe is the. Circle A B CD, and Vertex the Point L, 
to the Cone whofe Bafe is the Circk EFGH, and 
Vertex the Ppirit N> hath a triplicate ]^roportion of 
that which BD hasto FH. . „ V 

' ForiftheConeAB'CDLto.theConeEFGHN, 
has not a triplicate Proportion of that which BD has 
toFH, the. Cone ABCDL fliall have that tripli- 
cate - Pr<?portion ft) fome Solid,' either lefs or greater 
•Ihaji the Cone EF 6H N. Firft, let . it have that tri- 
plicate Proportion to the Solid X, lefs > than the Cone 
EFGHNi and let the Squarc EFGH bfedefcribed 
in the Circle EFGH, which will be greater than one 
'iUdCof the Cirde EFGHi anderedt aPyramid oh 
-w the 
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the Sqtare £FGH of the fame Altitudb with thd 
Cone, then that Pyramid is greater than one half of 
the Cone. And fo let the Circumferences EF,FG, 
GH, HE, be bifeaed in the Points O, P, R, S, and 
join EO, OF, FP, PG, GR, RH, HS, SE; theit 
each of the Triangles EQF, FPG, G RH, H S E, . 
is greater than one half of the S^ment of the Circle 
EFGH, in which it is; and ere£i a Pyramid lipoa 
each of the Triangles EOF, EPG, GltH, HSE, 
having the fame Altitude as the Cone : Then each of 
the Pyiamids thus ereAed, is greater than half its cor«. ' 
refponding Segment of the Cone. Wherefore bifeft- 
ing the remaining Circumferences joiniiig Right Lines^ 
and ere^ng Pyramids upon each of the Triangles, 
havii^ the fame Vertex as the Cone; and doing this 
continually, we ihall leave at laft certain S^ments of 
the Cone that (ball be lefs than the Excefs by which 
the Cone E F G H N exceeds the Solid X. Let thefe 
be the Segments that ftand on E O, O F, F P, PG, 
GR, RH, HS, 5E; then the remaining Pyramid 
whofe Bafe is the Polygon E OFP GRHS, and Ver- 
tex the Point N, is greater than the Solid X. Alfb 
let the Polygon ATBYCV'DCt ^ defcribed in 
the Circle ABCD, fimilar and alike fituate to the 
Polvgon EOFPGRHS; upon which ereft a Pyra- 
mid having the fame Altkude as the Cone ; and let 
LBT be one of the Triangles containing the Pyra- 
mid, whofe Bafe is the Polygon AT B Y C VD Q^ 
and Vertex the Point L ; as likewife N F O one of 
the Triangles containing the Pyramid EOFPGRHS, 
and Vertex the Point N, and let KT, MO, be joined. 
Then becaufe the Cone AB CDL is fimilar to the 
Cone EFGHN, it fhaU be asBDistoFH, fo is 
theAxis KLtothe AxisMN; butas BDis toFH, 
fo is ♦ B K to FM; and as BK is to F M, confe- • 'S^ 5- 
quendy fo is K L to MN ; and (by Alternation) as 
BK is to KL, ib is FM to MN. And fmce each 
is peipendicular, and the Sides about the equal Angles 
BKL, FMN, are proportional, theXriangleBKL 
Ih^ be t fimilar to the Triangle FMN. Again, be- f 6. 6. 
caufeBKistoKT, asFMistoMO, theSidesare 
proportional about equal Angles BKT, FMO, for 
the Angle BKT is the fame Part of the four Right 
An^at the Center K, as the AngleFMOisofthe 
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fcur feight Angles at the Center M : the Triangle 
• «* 6. BK T, feaU be ♦ fimiteio the Triangle FMO ; and 
becaufe it has been prov^ that B K is to KlL, Ms FM is 
to MN, and BK is equal to KT, and F M to MO^ 
itlhalIbe^TKktoKL|fe isOMtoMN: and 
die pKjportiond Sides are' actout equal Angles T K L, 
O M N, for they are Right An^es. ' iHierefore the 
Triangle LJKl T fliaU befiaiikr to the Triangle MNO. 
And fince, by the Similarity of the Triangles BKL, 
FMN, it .is asLB is to fife, fois N F to F M ; and, 
by the Similarity of the Triangle BKT, FMO, iC 
is as KB is to B T, fo is M F to FOi it Ihall te (by 
Equality of Proportbn) as L B is to B T, fo is NF 
to FO. Again, fince by the Similarity of the Tri* 
angles LT*K, NOM, it is as'LT is toTKl, fo is 
N O to O M ; and,l}y the Similarity of the Triangles 
KBT, OMF, it is as KTisto TB; fo is MO to 
^ OF. It (hall he (by Equality of Proportion) asLT 

is to TS, fo is NU to OF : But it has beenproved 
tTiat TB is to BI4, as OF is to FN. Wherefore^ 
again Jhy Equality of Proportion) as TL is to LB, 
fo is O In to NP fj^d therefore dhe Sides gf the Tri- 
angles. L T B, N-O F\ are prbpontional ; and £oi the 
TnaaglesLTB, T^'O F, arere^ai^idar.and ifimilar 
to each other. And eonfequently the Pyramid, whofe 
Bafe-is tke Triangle B K T> ^^d Vertex the l^oint I^ 
is iinSaC'to the Pyramid whofe Bafe is the Triangle 
F^ O, and Vertex the Point T^ ; for they are Con- 
tained under Similar PJan^ equal -in Multkude : But 
•fZ of this, fimilar l*yjamids that have triangulai: Bafes, are + to 
one another in the triplicate Proportipii of their .homo- 
IqgQus Sides. Therefore the Pyramid BKTL to thp 
Pyramid F MON rhaJs a triplicate 'Prqportion of that 
t^^hich BKhas to JF-M. In like Mariner^ ^rji^^oM; 
Riglit'Llines from the Points -A,0 , t>, V, C, Y ,to %, 

&aIfo others, from -the Points E, ^/f% ^> G, % to 
, and erefting Pyramids on the Triangles having 
the iame Vertices as the Cones, we dcmonftrate that 
every Pyramid of one Cone, to every X>nc of the -other 
' Cone, has a triplicate -Proportion ^of that ^vfiich tKe 
Side BK has to the homologous Side MF,'fhat is, 
5vhich B D has to F H. But as one of the Antece* 
t 12. 5. detits is to one of the Confequents, fo are % all fhe 
Antecedents to aB the Confequents. Therefore as 

the 



i9 thf whde Pyramid whofc S^fe i&tfae Polj^on A T-^ 
BYCVDQ, ^nd Verlwc tlie Poipt U tothewhoW 
fymnid, ivhofelbfti* thoJPolygqaEOFPGRHS^ 
«ad Vertwc the Pojnt N, .Whemfore the. Pyiamidi 
wJiofe Bafc is the Poljgoft ^AT B Y C VD Q_, aii4 
Vertex the Poiiit L> tcx the Pyramid whofe Bafe is th^ 
Poljrgaii EOFPGRHS* and Vertex the Pbint N, 
btt a triidicate Pjro|xirtioi> af that whkjj BD hath to 
¥H, BitftheCofiewhoi6Bai«i$.theCirckABCI>» 
wd Vemyc the Peint L» is fiifpo&d to have to the 
Solid X » triplicate Propprtio^ of thfit which BD 
liaa to F H« T.herefi>fe as the C^ne, wfaoie Bafe i^ 
tbeCiide ABCDi and Vertex t)ip Point L, istothe 
SoU Xy (o is the Pymmid wh^ B^e is the Polygoii 
ATBYCYDCt, and Vertwc the Pbint L, to th^ 
Pyramid whofe Bafe i$ the Polygon EOFPGRHS, 
and Vertex the Point N. But the feid Cone is great- 
er than the Pyramid that is in it, for it comprehends 
it. Therefore the Solid X alio ia greater than the 
Pyramid, whofe Bafe is the Poly goa EOFPGRHS, 
and Vertex the Point N ; but it is alfo Icfs, which is 
abfurd. Therefore the Cone^ whofe Bafe is the Circle 
AB CD, and Vertex the Point L, to fome Solid hik 
than the Cone, whofe Bafe is the Circle E F G H, 
and Vertex the Point N, has not a triplicate Propor- 
tkm of tjiat wbich fi D h^s to FH. I^ like Manner, 
we denfidiftrai^ t^at the Co«ie £ F G HN, to fome 
&>lid ieS t\»n the C6nfi ABCDL, has not a triplir 
ate PjTppprtipn pf tjbat which JF H hw to B D. Laft- 
ly, I fay the Cone AB CPU ^^ ^id greater th^jp 
die Cao^ EFGHN, h^ not ^ triplicate Proportion 
of tfa^ which BD hae to FH : For^ if this be poffir 
Ue, let it be fo to i<me Solid Zgreater than the Cot^^ 

EFGHN.. Th^ (by Invfrii^) jhe Solid Z, to 

tbe Cooe AB.C£>L> has a triplicate Proportion pf 
that which F H h^ to B D. But fuKe the SoUd Z is 
gfeetfsr than the Cone EFGIf N, the Solid Z ibaji 
le to tjip Cotte ABCDL, as 4»« Qone EFGHN 
ii t9 fome SpW kfs the^ the Coop A3CDL; an4 
Aeiwfecv the Cone EFGHN, to fome Soli4 lefs 
ihttR the Cwe ABCDL, hM » tr^licate Proportiw 
pf Ifcat which F H h^ ^ B D> which has been provfd 

toh9iaipoA]9, T]f^im^fi9^A9CJ)t,t^ 

S3 fome 
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fome Solid greater than the Cone £ F G H N, has not a 
triplicate Proportion of that which B D has to F H. 
It has been alio demonftrated, diat the Cone A B C* 
DL, to fome Solid Icfs than the Cone EFGHN, 
hath not ^ triplicate Proportion of that which B D 
has to F H. Wherefore the Cone ABCDL, to the 
Cone E F GHN, has a triplicate Proportion of that 
which BD has FH. lBut as Cone is to Cbne, {o it 
• 15. 5. ♦ Cylinder to Cylinder. For a Cylinder having the 

+ 10 o/fbrs. ^^^'^ ^^^^ ^ * Cone, and the fame AltitiKfe is + tri- 
ple of the Cone, fince it is demonftrated, that every 
Cone is one third Piart of a Cylinder, having the 
fame Bafe and equal Altitude. Therefore sd(b a 
Cylinder to Cylinder has a triplicate Proportion of 
that which B D has to F H. . Therefore, findlar 
Corns and Cylinders are to ont another in a triplicate 
Proportion (f the Diameters of their Safes i which 
was to be demonftrated. 

PROPOSITION XIII. 
Theorem. 

Jf a Cylinder be divided by a Plane parallel to the 
oppoftte Planes^ then as one Cylinder is to the 
other Cylinder^ fo is the Axis to the Axis. 

E T the Cylinder A D be divided by the Plane 
/ GH, parallel to the oppofite Planes AB, CD, 
and meeting the Axis E F in the Point K. I fay, as 
the Cylinder B G is to the Cylinder G D, fo is the 
Axis £Kto the Axis KF. 

. For let the Axis EF be both ways produced to L 

and M, and put any Number of E N, N L, ^c. each 

.^ equal to the Axis E K ; and any Number of F X» 

X M, fcfr. each equal to F K. And thro* the Points 

^^ V - L, N, X, M, let Planes parallel to AB, CD pafs. And 

\ in thofc Planes from L, N> X, M, as Centers, de- 

, fcribethe Circles, OP, RS, TY, VQ^, eachcqtal 

to A B, C D, and conceive the Cylinders PR, R B, 

^ DT, TQ^, to be compleated. Then becaufe the 

Axis LN, N£, EK, are equal to each other, the 

• 11 5^ /i&M. Cylinders P ]R, R B, B G will be * to one another as 

their Bafes. And therefore the Cylinders PR, RB» 

B G, are equal. And fincethe Axis L N, N£, £ E» 

are 
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are equal to each other, as alfo the Cylinders PR, 

RB, BG; and the Number of LN, NE, EK, is 

equal to the Number of PR, RB, BG: The Axis 

K L (hall be the fame Multiple of the Axis £ K, as 

the Cylinder P G, is of the Cylinder G B. For the 

£une Reafoh, the Axis M K is the fame Multiple of 

the Axis K F, as the Cylinder G Q^is of the Cylinder 

G D. Now, if the Axis K L be equal to the Axis 

KM, the Cylinder PG ihall be equal to the Cylin^^ 

der GQ^; if the Axis L K be greater than the Axis 

K M, the Cylinder P G fhall be likewife greater than 

the Cylinder G Q^; and If lefs, Icfe. Therefore, be- 

caufe there are four Magnitudes, viz. The Axis E K, 

K F, and the Cylinders B G, GD, and there are taken 

their Equimultiples, namely, the Axis KL and the 

Cylinder PG, the Equimultiples of the Axis £K, 

and the Cylinder B G ; and the Axis K M, and the 

Cylinder U Q^, the Equimultiples of the Axis K F, 

and the Cylinder GD : And it is demonftrated, that 

if the Axis L K exceeds the Axis K M, the Cylinder 

P G will exceed the Cylinder G Q^i and if' it be equal, 

equal, and lefs, lefs. Therefore, as. the Axk % K 

is to the Axis KF, fo * is the Cylinder. B G to the •/>£/: 5- 5^ 

Cylinder, GD. Wherefore, if a Cylinder be divided 

fy a Plane parallel to the oppofite Planes^ then as one 

Cylinder is to the other Cylinder y fo is the Axis to the 

Axis s which was to be demonftrated. 

PROPOSITION XIV. 

T'H B O R E M. 

Cones and Cylinders being upon equal BafeSj are 
to one another as their Altitudes. 

w 

LET the Cylinders EB, FD, fland upon equal 
BafcsAB, CD- I fay, as the Cylinder EB is 
to the Cylind^ F D, fo is the Axis Q H to the Axis 
KL. 

' For produce the Axis K ]^ to the Point N ; and 
put LN, equal to the Axis 6 H ; and 1^ ^ Cylinder 
CM be concch^ed about the Axw LN. Then be- 
caufe the Cylinders £B, CM, l^ve the iame Alti- 
pide, they ^e ♦ to one another as their Safes. But * " ^^^' 

s 4 • * ■ 
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their Bafiss are eqtiil. Therefor^ thi Gylmdcn £Bf 
C M, will be alfo ^qual. And b<ca«j|e the Cylinder 
FM 18 cut by a Plane CD, parallel td the c^fite 
Planes, it (hall be as the Cylinder CM b Co the Cy-^ 
Hnder FD, fo is the Axis LN, 10 the Axis Kh* 
But the Cylinder C M is ^uftl to the Cylinder £B ( 
and the Axis LN to the Axis G H. Therefore the 
Cylinder £B is to the Cylinder FDi ^ tbeAatis GH 
16 to the Axis KL. And a$ the C^lindtr £ B is 0* 
1 15* 5- the Cylinder F D, fo is ^ the Cone ABG tjo the CottA 
• lo fftbis, CDK ; for the Cylinders are* trijrte pCthe.Conel^ 
Therefore, as the Akis GH is to the Axift KL, fo 
k the Cone AB G to the Cone CDK, and fo the 
Cylinder £B to the Cylinder FD. WJi^efore^ CtfWI 
gnd Cylinders being upm e^ueii Bafes^ pti'^ 0it4 atuibir 
gs tbtir Attitudes \ which wa$.to pe d^monflrated. 

PROPOSITION XV. 

Theorem* 

l!&i? Bafes and Altitudes of equal Cones etnd Cylin- 
ders are reciprvcally proportional , and dones 
and Cylinders J wbofe Bafes and AlUtudes art 

. . redprocally proportional, are ejiial to' t^ne ai^ 

^ other. ' . • . 



LEI 
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E T the Bafes of* the equal Cones and Cylinders 
the Circles ABCD, £FGH, and their Di- 
. ameters AC, EG^ and Axis KL, MNj which are 
alfo the Altitudes of the Cones and^<Cylinders : And 
let the Cylinders AX, EG, be compleated. I fzy^ 
the Bafes and Altitudes of the Cylinders AX, £0^ 
are reciprocally proportional, that is, the Bafe AB CD 
is to the Bafe EFGH, as the Altitude MN it to the 

Altitude KL. .,.,... 

For, the Altitude KL.is either equal to the Alti- 
tude MN, or npt!eq^al, Fiiftj let itbc eaial; and 
the Cylinder AX, is equal to the Cylinder E O. 
But cylinders a^d, Qone^ that have the fame Aldtude, 
• II ^''tbir. are * to prie anQtW as their Bafes. Therefore ths 
Jlafe Ab CD IS ^qli^I to the Bafe EFGH. And 
confequentIy» as tns 'JBate ABCD is to t^e Bafe 
EFGH, to jsUc^Lltltudc MN to the Altitude KL. 

■ ' Bit 
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But if the Altitude K L be not equal to the Altitude 
MN, let MN be the greater. And take PM equal 
to LK from MN ; and let the Cylinder E O be cut 
thro' P by the Plane T Y S, parallel to the oppofite 
Planes^ of the Circles E F G H, R O, and conceive 
£S to be a Cylinder, whofe Safe is the Grde 
EFGH, and Altitude PM. Then, becaufe tKfe 
Cylinder AX is equal to the Cylinder £ O* and £ S 
is fome other Cylinder, the Cylinder AX to the 
Cylinder £S, fhall be as the <>linder £0, is to the 
Cylbder £S. But as the Cylinder AX is to the 
Cylinder £S, fo is^the B^eABCD to the BtSt"" ^t •/ tbiu 
EFGH; for the Cylinders AX, £S have the fame 
Altitude. And as the Cylinder £0 is to the Cylinder 
ES, fo ist the Altitude MN to the Altitude MP jt 13 •/«*'«. 
^r the Cylinder EO is cut by the plane TYS pa* 
rallel to the oppofite Planes. Therefore, as the Bale 
ABCDis to the Bafe EFGN, fo is the Altitude 
MN to the Altitude MP. But the Altitude MP is 
equal to the Altitude K L. Wherefore as the Bafe 
ABCD is to the Bafe EFGH, fo is the Altitude 
MN to the Altitude KL. And therefore the Bafes 
and Altitudes of the ecnial Cylinders AX, £0» am 
reciprocally proportional. 

And if the Ba£bs and Altitudes of the Cylinders 
AX, £0, are reciprocally proportional, that is, if 
the Bafe ABCD be to the Bafe. EFGH, as the 
Altitude MK is to the Altitude KL. I hj^ the 
Cylinder AX is equal to the Cylinder EO. For the 
laoie Conftmdion remaining ( becaufe the Bafe ABCD 
Is to the Bafe EF«GH> as the Altitude MN is ly> 
the Altitude KL; and the Altitude KL is equal to 
the Altitude MP. It fluOl be as the Bafe ABCD is 
to the Bafe E F G H, fo is the Altitude MN to the 
Altitude MP. But as the Bafe ABCD is to the 
Bafe EFGH, 'fo is the Cylinder AX to the Cylinder 
£9; for they hkve the fame Altitude. And as the Al- 
titude MN is to the Altitude MP, fo is { the Cylinder t " •f^^''* 
£0 to tbe Cy&ider £S» Therefore, as the Cylindec 
AX is to the Cylinder ES, fo is die Cylinder EO ' 
to the; Grinder £:& Wherefove die Cylinder AX 
m.tffoX t« the Cylinskr: EO. In Ulbe Mnuter we 
4«DV9>'this ift GoQK} wind} wm t9 ie dmrnfiratid. 

PRO- 
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PROPOSITION XVI. 

Problem. 

Two Circles being ahtmt the fame Center^ to infcrihe 
in the greater a Polygon of equal Sides even in 
Number', tbatfhall not touch the lejfer Circle. 



L 



ET ABCD, EFGH, be two pven Cindo 
about the Center ]EC. It is required to infcribc a 
Polygon of equal Sides even in Number in the Circle 
A B C D, not touching the lefler Circle EFGH. 

Draw the Right Lhie B D through the Cbiter K» 
as alfo AG, from the Point G at Right Angles to 

• 16. 3- B D, which produce to C ; this Line will * touch 
the Circle EFGH. Then bifedting the Circumfe- 
rence BAD, and again biiefting the half thereof, 
and doing this continually, we (h^ hare a Circumfe- 
rence left at laft leis than AD. Let diis Circum- 
ference be LD, and draw LM from the Point L per- 
pendicular to BD, which produce to N; and join 

t a9' 3- LD, D N. And then.LD b t equal to DN* And 
fmce LN is parallel to AC, and AC touches the 
Circle E F G H, L N wfll not touch the Circle E F- 
G H. Arid much lefs do the Right Lines L D, DN, 
touch the Circle. And if Right Lines, each e^ial to 
LD, be applied round the Circle ABC D, we fliaH 
have a Polygon infcribed therein of emial Sides, even 
in Number, that does not tDuch the leflter Circle EFG» 
which was to be demon/iratid. • 

PROPOSITION xvn. 

> ft 

P R O B LI M. 

To . defcribe a folid Polybedrmy in the ff'iaUr if 
two Spheres', having the fame Center ^ which JbaU 
not touch the Superficies (fthe leffer Sphere. 

LET two- Spheres it fuppofed about the fame 
Center A. It is required to defcribe a folid Pb^ 
lybedron in the {greater Sphere,' not touohing the Su- 
perficies of the k&r Sphero^ 
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Let the Spheres be cut by fome Plane j^Mifluig thro' 
the Center. Then the Se^onswiU be Circles; for 
becaufe a Sphere is * made by the turning of a Semi- *Z)^ 14. 
circle about the Diameter which is at reft : In what-- ''* 
ibever Pofition the Semicircle is conceived to be, the 
Plane in which it is fliall make a Circle in the Super* 
fides of the Sphere. It is alio manifeft that this Cir- 
cle is a great Circle, fince the Diameter of the Sphere^ 
which is likewife the Diameter of the Semicircle, is 
f greater than all Right Lines that are drawn in the t 'S* 3* 
Circle, or Sphere. Now, let BCDE be that Cirde 
of the greater Sphere, and F G H of the kiler Sphere; 
and let BD, C£ be two of their Diameters drawn at 
Right Angles to one another. Let BD meet the leT- 
fer Circle in the Point G, fix>m which to AG let GL 
be drawn at Right Angles, and AL joined. Then 
bifeding the Circumference. Efi, as alfo the half 
thereof, and doing thus continually, we fhall have 
left at laft a certain Circumference lefs than that Part 
of the Circumference of the Cirde BCD, which is 
fubtended by a Right Line equal to G L. Let this 
be the Circumference B K. Then the Right Line 
BK is lefs than GL; and BK {hall be the Side of a . 
Polygon of equal Sides, even in Number, not touch- 
ing the lefler Cirde. Now, let the Sides of the Po- 
lygon in the Quadrant of the Qrde BE, be the R%ht 
!Lines BK, KL, LM, ME$ and produce the Line 
joining the Points K, A, to N: And raifcj AX^ »**"• 
from the Point A, perpendicular to the Plane of the 
Cirde BCDE, meeting the Superfides of the Sphere 
in the Point X^and let Planes be drawn thro' AX, 
and BD, and thro' AX, and KN, which from what has 
been faid will make great Circles in the Superfides of 
the Sphere. And let BXD, KXN, be Senudrdes on 
the Diameta^ BD, KN. Then becaufe XA is perpen- 
dicular to the Plane of the Circle B CDE, all Planes ' 
that pafs thro' X A ihall alfo * be perpendicular to * '^* ^^ 
that £une Plane. Therefore the Semidrdcs BXD, 
KXN are perpendicular to that fame Plane. And 
becaufe the Semidrdes BED, BXD, KXN, are 
equal; for they fland upon equal Diameters BD, 
KN; their Quadrants. BE, BX, KX, fhall be alfo 
equaL And therefore, as many Sides as the Polygon 
in the Quadrant BE ha$i fo fliany Sides may thei« 

be 
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ht in the Qmdrtnta BX, KX, eqwdto tfe &kle». 
BK^ KL^ LM, ME. Let thofe Sid^ be BO^ 
OP, PR, RX, KS, ST^ TY, YX: Ani joki 
SO, TP,: YR; and fet Perpcndfctilars be itxnn 
fromO,. S, to tbo Plane o£ the Cii ck BCDE^ 
t s^ XI. Thefe will tiall <ai BI>, KNy the coAunoit Seaions 
ef the Planes; becaufe the Phne&isf the Semictrclea 
BXD^ KX N, ane {terpBndicttbr to the Phne of tho 
Circle BCDE. Let the ikid Pinlpeadkuhrs i>o OV^ 
SQ^andJomVQ. Tbra fince the eqiial CiKCitmfe<- 
rences BO, SK^ aie taken in the. ecwalSenucuxlea 
BXD, KXN^ and OV, SCLant Perpcndicidars, 

OV fhall be equal to SQ2 »»1 BY to KQ. But 
the Whole BA is ecjual . to tht Whole KA« Thcre^ 
ibre the Part remaining V A, is caqual to the Part to* 
maining QA. Therefore as BV is to VA, fo is KQ^ 
J». 6. to QA : And fo. VQ^ia J paralW to BK. And fiace 
OV and SQ^ are both perpendicuhurt^ the Plane of 

• 6. II. the Qrclc BCDE, OVihalL be ♦|iarallclix> SQ. 

Butit has.aKb been prov'ed equal to it. Whcrefore[ 
t 33- 1* Qy> SO are t equal and parallel. And. becaufe QV it 

parallel to SO, and alfo parallel to KB, SQ ilull be 
t 9. ir. sl^o X {araM to KB : But BO, KS, join them. 

• 7. II. Therefore KBOS is*a quadrilatend Figure in one 

Phne : For if two Right Lines be paralH, and 
Points be taken in both of them^ a Right Liiie join^ 
ing the faid Poii^ts is in the fame Plane as tfaei Bural'^ 
kls are. And for. the fiime Rcafon, each of the qua^ 
.drilatcral Figures SO P T, T PRYi ame in one Kmic, 
1 2. II. And the Triangle Y RX, is f in on^ Pbne, Tfaece^. 
fore. If Right Lines be fuppofed ti^be drawn koak 
the Points O, S, P, T^ R,Yy to the Point A, thtt» 
lariU be conftituited a certain tbiKd {xiinrheilfOus..Figute, 
ivithin the Circumferehods fiX, KX, oompnfed of 
Pyramids, whpfe Bales are.the'q6«driiatenl Figuns^ 
KBOS, SOfT, TPRY, and the Triangle YRX; 
and Vertices the Point A. < Aiki if theie hef made 
the iame ConihuQion on each of the Sides KL, LM, 
ME, 1ilDe as ire have done on .the Side KB, and 
akb m the other three (^airaats,- and the other He- 
snilphefeiy there wiU be oo^ftitjueei a pdyhodrpus Fi- 
gure defcribed in the Sphete, coa^oied of 9ypaDii& 
vhoft Baies ane the afenifaid quadrilateisal Yigasa^ 
and t)ie:TnsUi|^ YRX^ieidgbf the £i8Piednkr^ 

and 
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and Vertices the Point A. I fey, the faW Polyhe- 
^dron do^ not touch the Superficies of the Sphere, 
trfierdn the Circle F G H is. Let AZ be dnwn J t n. it. 
from the Point A, perpendicular to the Phnc of the 
cwadxilatcjral Fjnire K B S Q, meeting it in the Point 
;?;, and join B Z, Z K, Then fince AZ » pcrpendi* 
cedar to the Plane t^. the qoadrilateral Figore KBSO, 
it ft^ Jdfo be * petpendiCufer t» aM Ri^rt Linei that • ^ |. "• 
toircji' it, and are in* the fanie Plant.- Wherefi)re A Z 
is pcrpoidicular to B Z aiid ZK. And becaufe AB is 
€opst\ to AK, the SqnsfTe cff AB ftaH be aMb cquj 
136 .the. Square of AK : And the Squares of AZ, ZB 
;iTe+ eauij to the Square rf AB. For the Angle att 47* «• 
Z !is a- Right Angk. And *e Squares of A Z, Z K, 
ate cqind to the "Sqaare tsF AK. Therefore the 
Sc]aare6 if A Z, Zfi, arc equaj to ifjc Squares of AZ, 
ZK. ' fcet the common Square of AZ'Wtaketl arway. 
Arid ijien the Squiarc of B Z remaming j is equal to 
the Square of Z K rcmairiing r And fo the ' Right 
Line BZ is equa! to the Ri^t Line ZK. After the 
(ame Marnier we demonfttate tJiat Right Lines duawn 
item the feint Z to the Points O, S, areeach -equal 
to fiZ,. ZK. Thperefore a Circle defctibed about 
flie CentCt X , ^h titter of the Diftances Z B, 
ZKi wffl aJfo pafe thrtf ^ Points O, S. Airf be- 
C«jfe B KS O is a quadrilateral Figure in a Cifcle, and 
OB. B K, KS, are equal, and O S is.lds than B K f 
^^Angle B.Z K. iha9 be dbtufe ; and fo 6 K greater 
fteriBZ. But <j L affo is t»uch -greater than BK. 
Tteftfore GL is greater than SZ. And -the 'Square 
<tf <ali is greater 'tSan the 'Square of fi Z. And &ice 
AL is eqi^ to AB^ the Sqtiare of AL ihall^be equal 
to the Scpare of A B. But the Squares of AO> G L, 
tdgedier^ are equal to the Square of AL, and the 
Squares gf BZ, ZA, tog^her, equal to tiie Square 
6f A B : Therefore the Stjuares of A G#/G L, toge- 
d^er, are eqioJ to the Squares pf B Z, Z A, together: 
Bt<t H*re Sqtkre of B E is lefsthan the Square cflf GL : 
*fisd:d0rt the Square of ZA is greater than th« 
Square of AG ; and fo the Right Line Z A will be 
gieater than the Right Line AG. But AZ is per- 
pendicular to one Bafe of the Polyhedron, and AG 
to, the Superficies. Wherefore the Polyhedron does 

fiOt touch the Superfitics of th^ kSsK Sphcrt • There- 
fore^ 
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btty ' tbire is dejcribei a foUi Polyhedron in the greater^ 
iff two Spheres having the fame C enter y which doth not 
fouch the Superficies of the lejfer Sphere-^ which was to 
be demooflrated. 

CoroU. Alio if a folid Polyhedron be defcribed in (bme 
other Sphere, fimilar to that which is defcribed 
in the Sphere BCDEj the folid Polyhedron de- 

. fcribed in the Sphere BCDE, to the folid Poly- 
hedron defcribed in that other Sphere, ihall have 
a triplicate Proportion of that which the Diame- 
ter of the Sphere BCDE hath to the Diameter of 
that other Sphere, For the Solids being divided 
into Pyramids, equal in Number and of the fame 
Older, the fame Pyramids fball be fimilar. But 
fimilar Pyramids are to each other in a triplicate 
Proportion of their homologous Sides. Therefore 
the Pyniniid whofe Bafe is the quadrilateral Fi-* 
gure KB O S, and Vertex the Point A, to the Py- 
ramid of the fame Order into the other Sphere, 
has a triplicate Proportion of that which the homo* 
logous Side of one, has to the homologous Side of 
the other; that is, which AB, drawn from the Cen* 
ter A of the Sphere, to that Line which is drawn 
from the Center of the other Sphere. In like Man- 
ner, every one of the Pyramids, that are in the 
Sphere whofe Center is A, to cv^ry one of the Py» 
ramids of the fame Order in the other Sphere, 
hath a triplicate Proportion of that which AB has 
to that Line drawn from the Center of the other 
Sphere. And as one of the Antecedents is to one 
of the Confequents, fo are all the Antecedents to 
all the Confequents. Wherefore the whole folid 

> Polyhedron, which is in the Sphere described about 
the Center A, to the whole folid Polyhedron that 

. is in the other Sphere, hath a triplicate Pn^rtioa 
of that which AB hath to the Line drawn from 
the Center of the other Sphere; that is, which the 
Diameter B D has to the Diameter of the other 
Sphere, 
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PROPOSITION XVIII. 

Theorem. 

Spheres sre to one another in a triplicate Propor^ 

tion of their Diameters. 

QUppofc ABC, DEF, are two Spheres, * whofe 
O Diameters are B C, E F. I fay, the Sphere ABC 
to the Sphere DEF has a triplicate Proportion of that 
which B C has to E F. 

For if i£ be not fo, the Sphere AB C to a Sphere 
dthcr Icffer or greater than DEF, will havfe a tripli- 
cate Proportion of that which B C has to E F. Firft, » 
. let it be to a lefler as GHK. And fuppofe the Sphere 
>DEF to be defcribcd about the Sphere GHK; and 
let there be defcribed* a folid Polyhedron in the great-* iTrfthiu 
tr Sphere DEF, not touching the Superficies of the 
lefler Sphere GHK; alfo let a folid Polyhedron be' 
defcribed in the Sphere ABC, fimllar to thsLt which is 
defcribed in the Sphere D-E F. Then the folid Poly- 
hedron in the Sphere ABC, to the folid Polyhedron 
in the Sphere DEF, will have t a triplicate Propor- jf^* " '^ 
tion of that whicH BC has to EF: But the Sphere '^ '^ 
AB C to the Sphere GHK, hath a triplicate Propor- 
tion of that which B C hath to EF. Therefore as the 
Sphere ABC is to the Sphere GHK, fo is the folid 
Polyhedron in the Sphere A B C to the folid Polyhe- 
dron in the Sphere DEF ; and (by Invasion) as the 
Sphere ABC is to the folid Polyhedron that is in it, 
fo is the Sphere GHK to the folid Polyhedron that is 
in the Sphere DE F ; but the Sphere ' AB C is greater 
than the folid Polyhedron that is in it. Therefore the 
Sphere GHK is alfo greater than the folid Polyhedron 
that is in the Sphere DEF, and alfo lefs than it, as 
being comprehended thereby, which is abfufd. There- 
fore the Sphere A B C to a Sphere lefs than the Sphere 
DEF, hath not a triplicate Proportion of that which 
fiC has to EF. After the fame Manner it is demon- 
ftrated that the Sphere DEF to a Sphere lefs than 
ABC, has not a triplicate Proportion of that which 
TE F has to B C. I fay, moreover, that the Sphere 
ABC to a Sphere greater than DE F> hath not a tri- 
plicate 
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plicate Prqportbo of that which BC has to £F ; for, 
if it be pofiMe, let it have to the Si^ieie.LMN greater 
than D£ F. Then (by Inverfion) the Sphere LKfN 
to the Sphere ABC, mail have a triplicate Pn^rdon 
of that which the Diameter £F has to the DiaoKfer 
BC; but as the Sphere LMN is to the Sphere ABC, 
fo is the Sphere DEF to feme Sphere kfs than ABC, 
becaMie*the Sphere LMN is greater than D£F. 
Therefore the Sphere DEF tQ ^ Sphere kfs than 
ABC, hatb a triplicate Proportion to that which £F 
has to BC, which is abfurd, and has been before proved* 
Therefore the Sphere ABC to a Sphere greater dan 
DEF, Jias not a triplicate Propoxtipn of that which 
BC has to E F* But it has alfo been demonftrated, 
that ths Sphere ABC to a Sphere ]e(s than D£ F, has 
not a tri^cate PjK)portion of tjiat which B C hsKs t» 
EF. Therefore the Sphere ABC to the Sphere DEF, 
has a tnplicat»^ Proportiaa pf that which B C has tx^ 
£ Fj vibicb W0S tp be danonfiraUd^ 
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TUB Blifmifs cf t^rigtnmitry isioj/^ tie 
.4^lis whin theiSifUs art giwHy and tbi 
StdiSy wthtRatWs rf Ae Sides, iuhm the 
^ JngUs art ghen, and to find Sides andJn^ 
gtiSj wbm BuUs and Angles an given: in erder U 
vdncb, it is Heeeffary thai net enfy the Peripheries ^ 
-Cir^Us^ bfet alfo eertain JUght Zones in and about Or-- 
lies be fufpofed divided into fome determined Uumberjf 
farts* 

Ad Jo the ancient Maihemetticians thos^t fit to 
Svide fbe Periphery efa Circle into 5610 Feui:ts (v/Uch 
they ceM pegrees \) and every Degr^ into 60 Minutes^ 
atnd ^ery SRnmte into 60 Seconds: And agaifi, ivay 
^eemd into 60 Thirds, and Jo on. And every Angle ts 
faid to be of Inch a Number ^ Degrees and Minutes^ 
as there Ore en the Arc meafitrtiig tbatAn^. 

There are fime that vfmdd have a Degree divided 
into centefimal Parts^ rather than fexag^mal ones.: 
And it fUodd perhaps be more uMd to divide^ nei.onfy 
a Degree^ but .even tie whole CercU in a decuple Ratio^i 
wbith Divifien may fithe time or other g^in Places 
AWcf) ^ a 'Cirile contains )6o Degreuy a Quadrant 
fktrtf^ vfUhb h ikiMsafifre fa Right MgU, mli 
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bi gorf tbofe Parts : And if it cmtains lOO Parts^ a 
Quadrant will b$ z$ rf theje Parts. 

The Complement ^ an Arc is the Difference thereof 
from a ^adrant. 

A Chord, or Subtenfe, h a Right Line drawn frm 
one End of the Arc to the other. ' 
. 7i&^ Right ^kcvt of any Arc^ which xdfo is-tomnundj 

f'Ued only a Sine^ is a Perpendicular failing from one 
ndof'an Arc\ to the Radius drawn through the other 
End of the faid Arc. And is there/ore the Semifubtenfe 
of double theArCy viz. D E=i DO, and the Arc DO 
is double ef the Arc D B. Hence^ the Sine of an Arc 
of 10 Degrees^ is equal to the one half of the Radius. 
' For (by 15. El. 4.) the Side of an Hexagon infcriVd in 
ef Cirfky that is, the Subtenfe of 60 Degrees is efual 
to the Radius. A Sine divides the Radius into two 
Segments C E, E B ; one of which, C Ey-whith is in* 
tercepted between the Center and the Right Sine, is the 
Sine Complement rf' the Arc DB to a Quadrant, (for 
C E=F D which is the Sine of the ArcD H J and is 
called the Cofine. The other Seg^nt B E, which is 
intercepted betfveen the Right Sine and the Piripher^^ 
is called a verfed Sine, and finutinus a Sagitta. 

And if the Right Line CG be^produced from theCen- 
ter- Cy thro* one End D of the Arc, until it meets the 
' Ri^ht Line BG, which is perpendicular to the Dia- 
meter drawn thro* the other End B of the Arc, then 
CG is called the Secant, and BG the Taogeot of the 
^cDB. .^* 

The Cofecant and Cotagent of an Arc is the Secant 
or Tangent of that Arc, which is the Convenient ef 
the former Arc to a ^adrant. Note, As. the Chord 
of an Arc, and of its Complement to a Circle, is thf 
Jame ; fo likewife is the Sine, Tangent, and Secant of 
an Arc the fame as the Sine^ Tangont, and Secant ef 
its Cotnplement to a Semicircle. . 

The Sinus Tcttus is the greateft Sin4, or, the Sine 
of 96 Degrees, which is e^ual to the Radius of the 

Circle: . • .• 

^Trigonometrical Canon Js a Table, which, be- 
ginning from one Minute,, orderly expri£es the, Lengths 
thist .every Sine, Tangent, and Secant, have in refpeff 
of the Radius, which is ftppofed Unity,', and is conceived 
to ic divided 1 Oyooo^opo^ or more detimal Parts. And 
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J9 the Sine J Tangent^ cr Secant of any ArCj nun It 
^d by Help of this Tables and eontrarywifey a Sine^ 
Tangent^ etr Secant ^ being given, we may find the Arc 
itexpreffes. Take Notice^ That, in in the foUowing 
Traay Kfgnifies the Radius, S a Sine, Cot a Coftne^ ' 
T a Tangent, and Cot. a Cotof^eit. 
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The Construction of the Tri^ 
gonometrkal Canon. 

* « • 4 ^ * ft I 

PROPOSITION t 

T H S O R S M • 

The two Sides of any Right -angled Triangle being 
given, the other Side is alfo given. 

FOR'(Jby47.ofti»cfix!k Element) AC^psABq 
-f-BCqand ACq — BCq=:ABq, and in- 



terchangeably 
the Extra^i 



ACssi/ABq rhBC.qand AB = i/ACq~BCq. 
And BCssVACq— ABq. ^ 

PROPOSITION 11. 

IP R O B £ E M. > 

the $ine D E i>f the Arc D B, and ihe Radius 
Cp, ien^ iydi^y to find tbeCofine D F. 

THE Rjidius CD and the Sine Xi% being giren 
JntheRigbt^a^ledTriang ^ CPE, th ere will 
6c given (by the laftPf^,) i/CDq — DEq=DF* 
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t' R B L E M. 

ne Sine DE of any ^c DUbeiugpftf^^lo^nd 
DM ^r BM /i»^ Sine of ba^ the Arc. 

'DE being given, CE (by the laft i*r^.) will be 
given, and accordingly E B which is the Difierence 
Jetwten the Cofuie and Radius. Therefeie D £, 
£B, being ^ven ii\ the Right-angled Triangle DBE, 
theie will be j^wi'EXB, wbofe half D M b die 
Sine of the Arc DL=:i: the Arc BD* 

PROPbiSITION IV. 

Problem. 

^e' Sine B M of the Arc BL being given, to find 
the Sint vf double iBat Arc. 

TrrE 'Sue S^Kt' .ftcjhg ghren, them will *? given 
(by Prap. '2O' the^Cofuie O M. Bat the Trian- 
feles CBM, DBE,, »ie- equiangular, ^betatlfe the An- 
•glesat'E ^d M are Right Angles, and the^Angleat 
•B-c6mmon. 'Whereft)re (by 4. 6j ) we havc' OB^ : CM 
:: BD, or 2 BM ; t)!^ Whsi^e, i^nfie the thrae 
firft Terms of this Analogy are given, the fourth aIfo> 
which is the Sine of the Arc^DB, wiJ14»& known. 

Cerott. Hence, CB : 2 CM : : BD : 2 D£, that is, 
the Radius is to double the CoJine of one half of 
the Arc i>B, as the-Subtenfedf the Arc DB, « 
to the Sbbfehfe of double that ' Arc. AUb C B : 
2 CM :: (2BM: 2DE ::) BM:DE:: I 
C B : C M. Whei^fere «he^$irie oF«y J^ and 
^be Sine of its Sotibie bd»giftrto» tiie'^CaGne of 

, <*Mi:c it fclf isijlveiv 
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PROPQSIiTtON V. 

SK&^ Siws of" tWD-4rcs B D^ F Da ifiiifg givwy t^ 
find F I the Sim of th^- Si^m,^ aslikewifi EL, 
the Sim of tbeinDhffertmf. 

» 

LET the Radios CI) be djawn, and then CO is 
the Cofuie of the Arc FD, which accordingly 
1$ given) and draw OP thija'O. parallel to DK« ^(o 
Mjfe 6 Mi <? E, ' J)e drawn. pair^Ucl to C B. Then be- 
caufe the Triangles CDK, COP, CHI-, FOH, 
F O M, are equiangular. In tKe firft Place, C D : 
DK : : QO : O P, * which- confequently is known. 
AlfowehaveCn:eK::EO:FM, and fo like- 
wife this iha]l be known.: > But hecauie F O = 
EG, thqi.willFM=s;.MG=;=QN. AndfoOP 
-+-► F M s= F I =5 Sine of th? gui^ of the Aits: And 
OP-FM, that is, OP-~pN = EL = Sin<;of 
tibe Diribrwce of the Arcs, W. Vf. D» 

CorJl* Beo^ufc^ th^ Diilefences of tl^e Arcs B^^ B D, 
BF, are equal, the Arc BD.fhall be an Afithjpe-' 
ikaX Mean between the A;bq^ 3 ^ B F. 

PROPOSITION' VI. 

fbefamt Things being fuppfi^^ Radius is to dou- 
ble tb4 Qefine of the mem Ar£ as the Sine of 
the Hifference^ to the Diffeu'encei of the Sines of 
the Extremes* 



O R w« have CD : C K :: F O : F M> M^Wcc 
by didubling the Coitfeqacnts CD : z CK :; 

FO : a F M, ov to F G; which is the Difference of 

AeSia^EL^FI- W.W.D.* 
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CerolL If the Arc BD bp 6o Degices, the Difference 
of the Sines F I, EL, ihall be equal to the Sine, 
FOjofthpDiftance, For in this Cafe, CKisthe^ 
Sbit of JO pegzeiss, Double thereof being equal 
to Radius; and (o (tmss CDi;;: a CK we fhall 
have Fb=:;FG. And* coiifequently, if the two 
Arcs BE^ BF,.are E^^diftant from tjic Arc of 6o 

T 3 De- 
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Degrees^ the DHierence of the Sines ihall be equal 
to thp Sine of the Difiance FD. \ 

* C&roO. 2. Hence, if the Sines of all Arcs be given 
diftant from one another by a given Interval, fn>nt 
the Beginning of a Quadrant to 60 Degrees, the 
. other Sines may be found by one A^^^j^i^ only. 
For the Sine of 61 Decrees = Sine of 59 Degrees 
-f- Sine of I Degree. And the Sine of 62 Decrees 
SI Sine of 58 Degrees -4* Sinp of i Degrees/ Alfo 
the Sine of 63 Degrees = Sine of 57 D^rees -h 
Sine of 3 D^rees, and fo on. 

Coroll 3. If the Sines of all Arcs, fmm the B^n* 
ning of a Quadrant to any Part of the Quadrant, 
difunt from each other, by a given Interval be 
given^ thence we may find the Sines of all Arcs 
to the Djouble of that Part. For Example, Let 
all the Sines to 1 5 D^rees be given ; then, hf the 
{)recedent Analogy^ ^1 the Sines to 30 Degrees, 
may be found, r or Radius is to double the G>- 
, fme of 15 Degrees, as the Sine of i D^ree, is to 

the Difference of the Sines of 14 Degrees, and 16 
Denees; fb alfo is the Sine of 3 D^rees, to the 
Dinferencc; between the Sines of 1 2 and 1 8 Degrees; 
and fo on continually until you co(t)e to the Sme of 
36 D^rccs. 
After the fame Maimer, as Radius is to double the 
Cofine of 30 Degrees, or to double the Sine of 60 
Degrees, fo is the Sine of i Degree to the Difl^ 
rence of the Sines of 29 and 3 1 Degrees : ; Sine 
2 D^rees, to the Diilerence of the Sines of 28 
and 32 Degrees ::: Sine 3 Degrees, to the Diflfe* 
rence of the Sines of 27 and 33 Degrees, But in 
this Cafe, Radius is to double the Cpfine pf 3^ 
Purees, as i to v^'^?. . And sic<x>xdii^y) if tbp 

y 1 G. for /^f D Ji p I K I T I o N s. 
f Let B D be an Arch of 30** 

Rod. 'fan.^ Co' fine Sine . 

Th en as CB : BQ ;; FD : DE. DOs CB #^# D£ tr i. 

CD:2CE::i:2v^i=?y'$?sl/7, ^^>D, 

Smcs 
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Sines of the Difflances from the Arc of 30 D^rees, 
be multfdied by i/ 3» the Dificrences of the Sines 
will be had. 
So likewiife may the Sines of the Minutes in the Be- 
ginning of the Quadnuit be feund, by having thf 
Sines and Coihies of one and two Minutes given« 
For as the. Radius is to double the G)iine of z : : 
Sine I ' : Difference of the Sines of i ' and 3^ : : Sine 
2' : Difference of the Sines of o' and 4', that is, 
to the Sine of 4'. ^nd fo the Sines of the four 
fiitt Mfaiutes being given, we may therd)y find the 
Sines of the others to 8', and from thence to 16, 
and fb on. 



PROPOSITION VII. 

T H E aR EM. 

Jnfinail Arcs^, the Sines and Tangents of the fame 
Arcs are nearly to one another^ in a Ratio of 
Equality. 

FO R becaufe the Triangles C E D, C B G, ztt 
equiangular, CE:CB :: ED :: BG. But 

as the Pomt £ approaches B, £B wiU vanifh in 
Refpeft of Ae Arc BP : Whencp CE ^ill become 
nearly equal to C B. And fo ED ivill be alfo nearly 

equal to BG, If E B be lefs than the '- 



1 0,000,000 
Part of the H^dius, tjien th^ Di^^rence between the Sine 

I 

and the Tangent will be alio lefs than the 

• ^ 10,000,000 

Part of the Tangent. 

Corott. §ince any" Are is lefs than the Tangent, and 
greater than its Sine, and the.Sin^ and Tangent 
of a v^ry fmall Arc, are nearly equal ; it follows 
that the Arc ihall be nearly equal to its Sine; an^ 
fo in very fmall Arcs it {hall I|e> as Arc is to fycqf 
foii^Siheto Sine. ^ 



T 4 P R Q- 




1? 



» » r- ... 

PROPOSITION Vltt. , 

?V Jind the Situ ^f ibi Arc 4f onu Mitmte^ 

Ta £ Si<ie oT 9 H^agpn infcriB^cf in is Circle, diat 
1% the Subtenfe of 66 purees* is equal to the 
Kadius, (iy i stff of tlie ^hy) and fb the half of thenar 
^us Ihall be theSkieof the Arc 30 Degrees. Whcre^ 
fore the Sine of the Arc of 30 Degrees being givim> 
theSineof the Arc of 15 l>(^rees tD2N be ibmic^ Cby 
Prop. 3.) Alfo the Sine of the Arc or 15 D^rees be- 
ing given, {iy tie fanie Prop.) we may have the Sine 
of 7 D^rees 30 Minutes: So likewife can we find 
the Sine of the half of this, viz. 3 Degrees 45'; and 
ifo on, until twcdve B^edions bdng made, we come 
to an Arc of 52% 44^, 03^, 45 5, whofe Cofine is 
liearly equal to the Radios,' iii which Cafe (as is ma^ 
nifeji from Prop. 7,) Arcs are proportional to their 
Smes : And £> as the Arc of 50^*, 44S 3^» 45% 
fs to an Arc of one Minute, fo ihall the Sine before 
found, be to the Sine of an Arc of pne Minute^ 
which therefore will be given, 'And when the Sind 
of on'e Minutl? is fouixd, t)l<^li (by Pr^^ 2. Md \.) 
ihsi&nc and Cofine of two A^utOB will be had. 

: • ,T • ■ 

PROPOSITION IX. 

Theorem, 

* > • • 

Jf the Ahgle B A C, being in the Periphery ofn 
• Circle, be- bifeSled by the Rigbi Line AD, Md 
ifA.Cbe pftuhfced iftttU PE = A D meets it 
in E : tbenjhall CE = AB. 

IN the tniadri|ateral FisMrc ABDC (by zz. i.) 
the Anglo B arid A CD are equsJ to twb ftfcht 
Arigres=DCE4-l3CA(1^t3.^/ Whsneethc 
Angle B=: DCE. But likewifc ihfe Angle fe = 
DAC (iy 5. I.) —DAB ahd DC =s Dfi. WlkSre- 
fere fhb THih^ BAD and €ED art congruous, 
MCE is equal to AB. W.W.D; '^ 

PRO- 
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PROTOSITiON X. 

N 

T » t d' R i M. 

tet the Arcs AB, BC, CD, DE, £P, 6fr- be 
equal \ and let the Subtenfes ef ibe Jbxs A B, 
AC, AD, AE, &G. beikaum'9 then will AB 
:AC:: AC:AB4.AD^:: ADtAC+AE 
::AE:AD+AF::AF:AE4^AG. 

IET AD be produced to H, AE to I, AF toK, 
J and AO to L, that die Triaf^ks ACH, ADI» 
A£K) AFLy be Ifofcefes ones; then beCaufe the 
Angle BAD is bife£ted, we (hall haveDH = AB, 
(iy ibetoA Prop.) <a UkeWife Audi EIi^AC, FKst 
AD, aI(oGL7=A£. 

But the liblceles Triangles ABC, C HA, DAT, 
EAK, FAL, becaufe of the equal Alices at the 
Baies, are equiangular. Wherefore it ihall be as AB : 
AC::AC;AH;=AB+AD::AD:AI = AC-f- 
AE : : AE: AK = AD+AF :: AF : AL = AE 
+AG. W.W.D. 

C9roU. I. fiecaufe AB is to AC, as Radius is to dcKK 

bfe the Cofuieol i the Arc AB^ it ihall alfo be (by 

CoroQ. fr(A, 4.) as Radius is to double the Cofme 

of i the ArcAB, fois 4 AB :i AC :: i AC :: 

4ABH-iAD::iAD:iAC-h4AE::iAE 

r¥h AD-l-4 AF, l^c Now let ^ch of the Arcs 

ABj BQ CD, {jTr, be 2'; then will f AB be the 

Sine of one Minute, t AC the Sine of z' Minutes^ 

i AD the Sine of 3' Minutes; i AE the Sine of 

4',.{snBr. Whence if the Sines of one and two Mi- 
nutes be given, wenutyeafily find aH the other Sine» * 

18 die Mowing Manner. 
Let tlie CoTine of the Arc of one Minute, ^t is, the 

Stheof the Arc of 89 D^. 59', be called (X and 

iniftlee Hit flowing Analogies; tl: 2 CL:: Sn. %' 

:8. i' Hh S; 3'. ' Wherefore the Sine of 3 Minutes 

im ht^fii: AlfoR : 2 CL:: S. 3' : S. 2''+ 

5. 4'.^ Wh»rfbrc the S. 4' is given; ahd R. is 

<^::^.4': So'-f-S. s'j and fo tbcSincof 5' 

fiBbehad. ^' ^ 

I Like- 



-rr- 



284 ' 5rJ&^ Elem«kts^/ 

Likcwifc R : 2 Ct: : S, 5' : S. 4'+ S. 6'; and 
fo we fliadl have the Sine of 6\ And in like Man- 
ner, the Sines of every Minute of the Quadrant 
wiU be given. And becaufe the Radius, or the 
firft Term of the Analogy is Unity, the Operatioi^ 
will be with great Eafe and Expedition calculated 
by Multiplication, and contra^ed by Addition. 
When the Sines are found to 60 Degrees, all the 
other Sines may be had by Addition only, (by 
Cor I, Prop. 6.) \ . ; 

The Sines being given, the Tangents and Secants 
o^ty.be found from, the icdlowing Analogies, (ih the 
Figure for the Definitions 5) bepaiuie the Triangles 
C£D, CBG, CHI, are equiangular, we have.. 

CE:_ED:: CB : BGj thatis, Cof. : S ::R:T 
GB :BC:: CH:HIi thatis, T:R::R:Cot. 
CE:CD:: CB : CGithatis,Cof. :R::R:Secant 
DE:CD::CH:CIi thatis, S:R;:R:Cafcc 



SCHOLIUM, 

That great Geonutrieian and incomparabk P^bibfi^ 
fheTj Sir Ifaac Newton, was the firji that bid dimm. 
a Series converging^ in infinitum j jrom xvhich^ ba%^ng 
the Arcs giveny their Sines may he founds Thus if 
an Arc be calkd A, and the Radius be au tln^ty the 
Sine thereof' witl be found to be - ^ ^ 
A A'^ 1 A^ A^ ' / A? X, 

1.2.3 ' 1.2.3.4.^ i,2,3.4,5,o.7 • i.2.3*4.5.6.7.8^9 . 
And the Cofine^ 

A* , A+ A^ . A» .^ 

1.2.3 ' I-2.3.4 i.2.3,4,5.6 ' i.2.3*4.5.6,7.8 ' 

Thefe Series in the Beginning of the Quadrant when 
the Arc A is but fmaU^ foon converge. For in the S^ 
ries fof the Sincy if A aoes not e^^eed 10 MiputeSy the 
two firft Terms thererfy vi^. A — s\h* gives the^ine 
to 1$ F laces .of Figures, If the Arc A be not ^ greater 
than one DegreCy the thrieftft Tern^ Vfitl ixhiUtthe 
Sine to }S Places of Figures ; ana fo thefmd Series are 
very ufeful for finding . the firft OHcf'' laft Sines of > the 
Quadrant* But the {greater the 'Arc ^ fs^ the 9vr<^ 

' ' art 
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grt the Terms of the Series required to have the Sine 
in Numbers true to a given Place of Figures. And 
thin when the Arc is nearly equal to the Radius^ the 
Series converges very flow. And therefore^ to remedy 
ibis I have devifed other Series^ fimilar to the Newto- 
nian me^ wherein^ I fuppofe^ the Arc^ whofe Sine is 
fmghty is the Sum and Vifference of two Arcs^ viz, 
A-I-Z5 9r A — z : And let the Sine of the Arc A, 
ie called a, and the Cofine h. Then the Sine of the 
Arc AH-z wiU he extreffed thus : 

, bz az* bz' , az* , bz^ 

I 1.2 1.2.3 i.2»3.4 i I.2.3.4.5 
And the Cofne is^ 
, a'z bz* , az' , bz4 az* bz® 

?f b — ;— . J 

I 1.2 • 1.2.3 '•^•S^ I.2.3-4-5 1.2.3.4.5.6 
fie. 
In Uke Manner the Sine of the Arc A — z is 

bz az^ , az^ . az4 bz^ az® 

3. a — — — 

I 1.2 ' 1.2.3 1.2.3.4 1.2.3.4.5 I.2.3.4.5.6 
l$c. 
Arid the Cofne isy 

. , az bz* az' . bz4 , az' 

4* D H-'" — ' '— — ■ — I - Im fgc. 

I 1.2 1,2.3 * 1.2.3.4 1.2.3.4.5 

The Arc A is an Arithmetical Mean between the Arc 

A — ZtfifrfA-f-z. And the Difference of the Sines arcy 

b« az* bz' , az4 , bz* az^ ,^ 

5. — ^-^ j_ . ^J:fc^ 

I 1.2 1.2.3 '•2-3.4 I.2.3.4.5 1.2.3.4.5.0 
^ bz , az* bz^ az4 bz^ , az^ 
0. -^ — r — — ■*• — -+— +.*^ a Car. 

I 1.2 1.2.3 1*2.3.4 i*2-3«4-S i.2.3«4«5«^ 

Whence the Difference rf the Differences or fecond 
Difference. 

■ . aaz* z^jf" , 2az® 

7. Produce -r-^— H 2^^- 

1.2 1.2.3.4 ' 1.2.3.4.5.6 

^ z* z* , z^ , 

Or 2 a X > He. 

1.2 1.2.3.4 * 1.2.3.4.5.6 

Which Se^es is equal to double the Sine of the Mean 
Arc, drawn into the veHed Sine of tie Arc z, and con-' 
verges very foon. So that if 2, he the firft Minute of 
the Quadrant, the firJlTerm of the Series gives the fe- 
cond Difference "U I ^Places of Figures^ and the fecond 
Tfrm to 25 Places. 

Frm 
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frm hence^ if ^^^ ^^^^^ ^ ^ ^^^ ^B/hme^om^JUt^ 
• fmf& frtm eUtb-ol^ h ghen^ tbe SinHBf aW HsftArei^ 
that ure in the fame Pr^effim mdy ht fmnJHif ai^tof^ 
etfUng eafy^Operathm 

Ik the fir/t^ and^ ficsrut SerieSy if A =ao j then JliM 
zz:zOy and h itr Co/hie^ unM" ieame- Madiufy ^r iv 
And bencey if the Temm whe^eik- a ih, a^e tHm 
moajy and x f^ be pkt in/lead' of b, /A^ Shots' uM 
become the Newtonian. In tht'tkirdambfom^k' Series^ 
if A be go Degrees, titft Jhef£l'iia%/t'\>^so^ emdv^:s^f^ 
Whence again^ taking away a^ the Terms "Udntrei^f b 
isy and putting i infitadtf z^ .mAjhaU have the ^ivi'^ 
tonian Series arife. 

Note, AH the faid Series eaJUy flow from the Nlwr» 
tonian ones. By the fifth Propohtion. 



PROPOSITION XI. 

In a Right' angled Triangle, if the Hjfoibcnufe 
he made the Radius, then are the Sides the Sines 
$f their oppofite AngJ^s ; and if either of thi 
Legs be made the Radius, then the 6tli<fr Let is 
the Tangent cf its oppafite An^:^ and ib$ ilyr 
f§thenuje is the Secant of that Angle, . 

IT is manifeft that CB is the Sine of the' Arc QD, 
. and AB the Cofine thereof; but the Arc CD is the 
Meafure of the Angle A, and the Complement of the 
Meafuie of the An^e C. Moreover,, if A B, in the ¥iy 
gure to this Propofidon, be fuppofed Radius^ then BC 
is the Tangent, and AC the Secant of ^ Arc B£!» 
which is the Meafure of tJie Ai^le A- So alfo ifBC 
be made the Radius, then is B A the Tangent, and AC 
the Secant of the Arc B E, or Angle C, W. W: D, 
Therefore as A C being taken as fome given Meafui^ 
b to BC taken in the fame Mcafiire; fo feall the 
Number 10,000^000 Pam in which the Radius isffi^ 
pofed to be divided, be to a Number expreiflng in 
the fame Parte the Length of the Sine of the ^gte 
A 5 that is, it will be 



as 
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. . 3s AC : BC :(R : S, A. 
by-the fame Realbn, as AC : BA : R : S, C. 

alfo as A B : BC : R : T, A, 
andBC : BA : R : T, C- 

And .£> if any difee of thdfe Pfoportkuials be gtven^ 
the fourth, may be found by the Rule of Three. 



PROPts^siTtoisr ^n. 

the iides of Plain Triof^jgles are as the Sines ff 

ibeir.oppafite ^Kjjes.. 

9F tiie Sides of a Tfiaogle, jnfcribed inaXSrcle, be 
biie(3cd by ^leryendicubrvRadii, <tbeniha]I the half 
Sides he the ^^nes of the Aisles ^t, the Perjpheiy,^ 
for the Angle iB:E^C at the Center, is jdpuble.of the 
^Aaigle BAC ^t the Pedphcary; (by aorELJS^. 3 J 
and forthe-Mf of eveiy.of them, W%. B£>£?;pBAC» 
9ind *B£ is the Sine dioreof. For the fstmelftcaron^ 
BF fliaU'be the^fiine^of ^Afgk B<C'A» and AG 

tlnfuS^ghtto^gled Triangle > wet ha^r£D« I B^ 
ip^Radttis (fy '^uEml. 3.^ bvt Rad^tf is th^ Sine 
4rf a^ht .iVH¥ :. Whcwce i RC.is ,t^e Sine-uof, the 

J^^ iQbtufe-^af]^ Tii^ngje, .let lEI, CI, be 
fdfi^fiini, 4Mld .d)9ii the An^e L ilull be the pomi^e- 
JBRSXitQf th(S Angle A to mo Right Angles,, (by zz 

^.tiJ 1^ ^ '^y fli^i ^^ ^^ve the (aine.Sin& 
But the Angle BDE, (whofirSinc is BE) =;;. Angfe 
L- Therefore B E (hall be the Sine of the Angle 
B A C And fo in every • Triang;le, .the Halves of 
the Sides are the' Sines of the oppofite Angles; but 
it i^'inttnJf^Kfl: that\the Slides vire to :one another as 



' » ^ • 
1 V 



<i .. m: ' . : ' • ♦ 
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PROPOSITION XIII. 

In a plainYrianghj tbeSumoftbe Legs^ tbehif- 
ference <?/ the • Legs, the Tangenl of the half Sum 
of the Angles at the Bafe^ and the Tangent of 
.one half their 'Difference^ are proportional. 

LET there be a Triangle ABC, whofc L^ are 
AB, BC, and Bafe AC. Produce AB to H, 
'' fo that BHssBC, then fliall AH be the Sum of the 
Legs; and if you nialce BIssB A, then IH wiB be 
the Difierence of the L^s. Alfo the Angk H B C 
±=AnglcsA4-ACB, (by^t.El. tJandfoEBCthc 
half thereof = half the Sum of tht Angles A and 
ACB, and its Tan^t (putting theRadius = EB) is 
£ C, A^in, let BD be drawn parallel to A (^, and 
make H F = CD. Then fince HB = CB, we fhall 

liavc(iy4.£/.i.)theAnglcHBF = CBD=BCA. 
(hy 29. EL 1.) Alfo the Angle HBD = Angle A; 
whence F BD ihall be the Difference of the Anglo 
A and ACB5 and EBp, whofc Tangent is ED, 
half their Difierence. Let IG be drawn thro' I pa* 
ralld to AC or BD, and then (ly 2. EL 6.) AB: 
BI :: CD: DG, butAB = BI; whence we fhaH 
haveeD=:DG,butCD=HF,andfoHF=DG, 
and confequendy, HG = DF, andi HG= ^DF 
ssDE; and becaufe the Triangles AHC, I HG, are 
equian^dar, it ihall beas AH : IH :: HC:HG:: 
4HC:*HG ::EC:ED. Thatis, AHtheSum 
of the L^ to I H the Difference of the Legs, fhaH 
be as E C the Tangent of one half the Sum of the An- 
gles at the Bafe, to ED the Tangent of one half tfarir 
Difference. W.W.D. 

PROPOSITION XIV. 

Jn a plain Triangle^ the Bafe^ the Sum of theSides^ 
the Difference of the Sider^ and the Difference 
of the Segments of the Bafe^ are proportional. 

IET DC be the Bafe of the Triangle BCD 
J about the Center B, with the Radius B C, let a 
CSrck be dcfcribcd. Produce DB to G> and fiomB 
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ht fall BE perpendicular to the Safe; then fliall 
DG=DB-+-BC=Sum of the Sides, and DH = 
Difierence of the Sides; and D£, C£, are the Seg- 
ments of the Bale wtefc. Difference is D F j becaufe 
(by Cor. Prop. 38. EL 3 J the Redangle under DC 
and DF, is equal to the Re£bngle un^r DG, D If, 
it ihall bcf/y le.EL 6.)^ DC: DG :: DH :DF. 



• « 



P RO B L I M. 

J2>^ Su0k and Differtme of any two ^antities he^ 
• ing giv^j to find the Sluantities tbemfelves. 

IF one half of the Sum be added to one half of tne 
Difference, the Aggregate (ball be equal to the 
greater of the Quantities; and if from one half of 
the Sum be takea ope half of the Difference, the Re* 
fidutf Ihall be eqiiial to the leffer of the Quantities. 
For let there be two Quantities A B, B C, apd let 
there be taken AD=BC; then DB will be their Dif- 
ference, and AC their Sum;. which, bifeded in £, 
gives A£ or EC the half Sum, and DE or £B the 
half Difference. H^ce AB.= A£ Hr£B= the 
half Sum H-^ the faff Difierence, and BCsCE— 
£ B = the half Sum ^ the half Di&rence;' - 

In any plain Triangle if two Anglcis be given, the 
third Angle b alfo given, becaufe it is their Comple- 
votat to two Right Angles. i ' 

If one of the acute Angles of a Right-an^ed Tri- 
angle be given, the other acute Angle will be given, 
becaufe it is the Complemept of the givei) Angle to 
*a' Rights Angle. 

.And if two Sides of a Right-Wangled Triangle be 
^ven, the other Side may be found by the firft Pro- 
pofition without a O^non. ; ; . ^ 
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fbe ^figommefrical Solutions of a Rsgk^ 
angka TnMtgle, may be us filkw. V id- 
Fig. A. 



Gtfca 



The 
Legs AB 

andBC 



mm 



Sought 



The 
Angles. 



- 



The 
1a% AE 
and the 
Hypb- 
thenufe 
AC. 



1 1 < * 



The 

LegAB, 

amd the 

AijygleA* 



The 
Hypo- : 
jd^ttfe : 

AQuoii 
the An- 



The 

Angles. 



M^eas 



other 
rSidcBC, 
and -the 
Hypo- 
.tbenufe . 
AC. 



The 
JUj^AB. 



AB:BC::R:Tofthe 
Ang^ A* whofe Comide- 
ment is die Angle C. 

AC : AB :: R :S, C 
whofe Compfemart is the 

Angle A. 



K : T,A:: AB : BC 
S,G :R :: A:B :Ae. 



KT:S,.C: A^ : AB7 



I , , iiai^^«,„fc..^^ 



mmmV 



Ttbe trigonometrical Solutions (f ObUque 
dn^lriangles. Vid.jFiff, to Prop. 12. 



Given 

The 
Angles 
A,B,Ci 
and the 
SideAB. 



Sought 

The^ 
:^ides 
BCaiid 
AC 



MaEe as 



T-S- 



S, C:SA ::AB :BC.Alfo 
S,3C:S,B::A3: AC: But 
whj^ two Ai^l^ are given, the 
third is alfo given ; whence the 
Cafe wherein two Andes and 
a Side are given, to find the 
reft, fells into this C afe. 

Gives 



■^ 
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I- 



-2 



Given 

AUlhe" 
Angles 



'^ 



C. 



Sought Make as 

AU"the S,^G rCATTAB : BC. And 



SidesAB, 

AC,BC. 



The two 
Sides 
AB,BC, 
and C, 

theAi^le 
oppofite 
to one of 
them. 



The two 

Sides 
AB,BC, 
and the 
interja- 
cent An- 
gle B. 



The 
Angles 
AandB. 



S,C:S,B::AB:AC:Whence 
if the Angles arejiven, the Pro- 
portions of the Sides may b^ 
' found) but not the SidM-them*. 
felves, unleis one of them be 
firit known. 

a!B : BC ::S,C : S, A; which 



AU the 

SidesAB, 

BC,AC. 



The 
Angles 
A and C. 



The 

Angles. 



therefore may be found. When 
AB the Side oppofite to C» the 
givoi Angle is longer than BC 
tne Side oppofite to the knight 
Angle, the fought Angle is lefs 
than a right one. But ^^hen it 
is ihort;er, becaufe the Sine of aa 
Angle, and that of its Comple- 
ment to two Right Angles, is 
the fame, the Species of the An^ 
gle A muft be firft known, or 
the Solution will be ambiguous. 



f'id.fig. to/'r^)).! 3.BC-+-AB : 

BC-AB :: T,^±^T,'^ 

Whence is known theDifFerence 
of the Angles A and C, whofe 
Sum is given ; and fo (by the 
Pr$k following Prop. 14.) the 
Ar<T)es themfelves wiU be given. 



f'ia, Fig, B. Lret the Perpendi- 
cular be drawn from the Vertex 
to the Bafe, and find the Seg- 
ment of the Bafe by Prop., 1 4. 
viz. Make as BC : AC-+-AB: : 
A C — AB : DC— DB. And 
fo BD, DC^ are given* frotn 
this Analogy ; and thence the 
Angles A B D, A D C, will be 
given by the Rtifolutbn of 
Right-angled Triangles. 
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DEFINITIONS. 

I; A'JI 1 H E Poles of a Sphere are two Points 

in the Superficies of the Sphere that 
are the Extremes of the Axis. 
11. ^he Pole of a Circle in a Sphere^ 
is (t Point in the Superficies of the Sphere j from 
"which all Right Lines that are drawn to the 
Circumference of the Circle , are equal to one 
another. 
HI. A ff^at Circle in a Sphere^ is that whofe 
Plane P^Jf^is tbro^ the Center of the Sphere^ 
and wbaje.' Center is the fame of that tf the 
' Sphere. 

IV. A fpberkal Trian^ is a Figure comprehendr 
: yi under the Ares ^ three greaP Circles in a 

Sphere. 

V. A fpherical Angle is that which^ in the Super- 
ficies (fthe Sphere^ is contained under two Arcs 
^ great Circles \ and this Angle is equal t$ the 

of tbti Phn^s of the f^id Circles. 



PRO- 




Spherical Trigonometry. 49J 

PROPOSITION I. 

On at Circles A CB, A F B, mutually hifcEt each 

other. 

O R finCc the Circles liave the fame Center^ 
their common Sedlion fliall be a Diameter of 
each Circle, and fo will cut them into two 
equsQ Parts* 

CorolL Hence the Arcs of two great Qrcles Iri the 
Superficies of the Sphere, being lefe than Semicir- 
des, do not comprehend a Space ; for they cannot^ 
unlcfs they meet each other in two oppofite Point* 
in a Semicircle* 

PROPOSITION II. 

If from the Pole C i^ anj Circle APB^ hedraivn 
a Rigbt Line CD to the Center thereof the 
faid jLine will he perpendicular to the Plane of 
that Circle. Vid. Fig. to Prop. r. ^ 

LET there be drawn any Diameters E F, GH, in 
the Circle AFBj then becaufe the Triangfci 
CDF, CDE, the 'Sides CD, DF, are equal to the 
Sides CD, DE, and the Bafe CF equal to the Bafe 
CE; {by Def 2.) then (by 4. EL i.) fhall the Angle 
CDF =2 Angle CDE 5 and fo each pi them will be 
a Right Angle. After the feme Manner we demon- 
ftiate that the Angles CDG, CDH, are Right An- 
gles ; and fo (by^. £/. 1 1 J C D ihall be perpendicular 
to the Plane of the Circle AFE. W.W.D. 

CoroU. I* A great Circle is diftant from its Pole by 
the Interval of a Qgadrant ; for fince the Angles 
C D G, C D F, are Right Angles, the Meafures of 
thenT, vi%. the Arcs CG, C F, will be Quadrants^ 

2. Great Circles that pais thro' the Pole of fome other 
Circle, make Right Angles with it ; and contra- 
riwife, if great Circles make Right Angles with 
fome other Circle, they fhall pafs thro' the, Poles of 
,that other Circle, for tW iiiuftncce&silypa&t&rGr 
theR^htLincDC PRO- 
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PROPOSITION III. 

y a great Circle EQF be defer ibed about tbt^ 
Tm A ; then the Arc C F intercepted between 
A C, A F, is the Meafure of the Angle CAF, 

, or CDF. Vid.Fig.toProp.i. 

THE Arcs AC, AF, (by C^r. i. Prop. 2.; arc 
Quadrants, and confequendy the Angles ADC, 
ADF, are Right Angles. Wherefore (by Def 6. 
EL I I.J the Angk CDF (whofe Meafure is the Arc 
CF) is equal to the Inclination of the Planes ACB, 
AFB, and alfo equal to the fpherical Angle CAF, 
prCBF. W.W.D. 

Corott. I. If the Arcs AC, AF, are Quadrants, then 
ihall A be the Pole of the Circle paffing thro' the 
Points C and F J for AD is at Right Angles to the 
Plane FDC(^/y i4.£/. ii.j 
3. The vertical Angles are equal, for each of them k 
' equal to the Inclination of the Circles \ alfo the ad- 
joining Angles are equal to two Right Angles. 

PROPOSITION IV. 

Triangles fhalt be equal and congruous^ if they have 
two Sides equal to two Sides^ and the Angles 
., comprehending the two Sides alfo equal. 

PROPOSITION V. 

Alfo Triangles fhaUbe equal and con^nous^ if one 
• Side^ together with the • adjacent Angles in one 

Triangle^ be equal to one Sid'e^ and the adjacent 

Angles of the other Triangle. 

PROPOSITION VJ. 

« 

Triangles mutually Equilateral^ are alfo mutually 

Equiangular. 

PROPOSITION Vlf. 

• ■ , ' 

inlfofielefTriaiiffeSt theAnglesat $btBafe>are e^- 



-• -. 
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PROPOSITION VIII. 

jind if the Angles at the Bafe be equaly then the 
Triangle Jkall he Ifofceles. 

Thefe four laft Propofitions are demonftrated ' in 
the fame Manner, as in plain Triangles. 

PROPOSITION IX. 

Any two Sides of a Triangle are greater than 

the third. 

FOR the Arc of a great Circle is the fliorteft 
Way, between any two Points in the Superficies 
of the Sphere. 

PROPOSITION X. 

A Side of a Jpherical Triangle is lefs than a. 

Semicircle. ' 

LET AC, AB, the Sides of the Triangle ABC 
be produced till they meet in Dj then ftallthe 
Arc A CD, which is greater than the Arc. AC, be ai 
Semicircle. 

PROPOSITION XI. ' 

The three Sides of a fpherkal Triangle are lefs 

than a whole Circle. 

FOR BD-f-DC is greater than BC, (by Prop. 9 J 
and adding on each Side BA+ AC, DBA-f- 
DCA; that is, a whole Circle will be greater than 
AB-I-BC + AC, which are the three Sides of the 
fpherical Triangle A B C. 

PROPOSITION XII. 

In any fpherical Triangle ABC, the greater An- 
gle A is Jtib tended by the greater Side. 

MAKE the Angle B AD = Angle B; then fliall 
AD = BD {by 8 of this) and fo BDC=:DA 
•4- D C, and thefe Arcs are greater than A C. Where- 
fore the Side BC, that fubtends the Angle BAC, ts 
greater than the5ide AC, that fubtends the Angle B. 

U 3 PRO- 
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PROPOSITION XIII. 

■ 

jRr atv^ fpherical Triangle ABC, if the Sum ofiht 
Legs AB and BG be greater^ equals or lefs^ than 

, : Oi Semicircle^ then the viternalJngle at theB^ife 
AC Jhallle gre<itery eqtuiU or Ufs^ than the 
external and oppoftte Angle B'CD, and fo the 
Sum of the yhgles A and A C B Jhall alfo ie 
greater^ equals or lefs^ than two Right Angles, 

I^IRSr/let AB-hBCi= Semicircles AD, 
n tHcn (hall BCp^iBD^ and th^ Ajigfcs. BCD 
Hid :D equal, (by ^ of this) and cker^dre the An- 
gle B C D fhall be = Angle A. 

Secondly, LetAB-f-BCbe greater than ABD; 
then fliall BC be greater than BDj and fo the Angle 
D (that is, the Angle A, by 1 2 of this) fliall be greater 
than the Angle BCD. In like Manner we demon- 
ftrate, if AB + BC'be fogether lefs than a Semicir- 
iifej tbit the Angle A WiB be left thftri the Angle 
BCD. And becaufe the Artgles B GD and BCA, an? 
csi^two^ Right Angles 5 if the Angle A be grfeaCer than 
the Angle BCD, then fliall A and B C A, !je greater 
than two Right Angles; if the Angle A=;^BCD, 
then fliall A and B C A be equal to two Right Angles. 
And if A be Jefs than BCD, then will A and BCA 
be lefs than two Right Angles, W. W. D. 

PROPOSITION XIV. 

In an^^fpherical Triangle G H D, the Poles of the 
.^ Sides being joined by great Circles*^ -do confiiiute 
another TriangLe X M N, whieb is the SufpU- 
ment of the "Triangle GHD, viz. the Sides 
' NX, X M, and N M, Jhall be Supj>kments of 
the Arcs that are th^ Meafures of the Angles 
D, G, H, to the Semicircles ; and the Ares that 
are the Meafures of the Angles M, X, N, will 
le the Supplements of the Sides G H> G D, and 
HD, to Semicircles. , 

ROM the 9o]es G, H, D, let the great Circles 
XCAM, TMNO» XKBN^ be defcxiM; then 

b^ufe 



F 
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becaufe G is the Pole of the Circle XCAM, weihall 
have GM = Quadnmt (if Cpt. i. Prop, 2.) and fuice 
H is the Pole of the Cicde TMO,. then wai HM be 
alfo a Quadrant; and 10 (fy Cor. 1. Pr^: 3 J M fhall 
be the Pole of the Circle G H. In Jike Manher. be- 
caufe D is the Pde of the Circle X BN, and H the 
Pole of tb(i Circle T MN, the Arcs D N, HN^'wiH 
be Quadrants; and fo (fy Cor, 1. Prop* jj t^'feaO 
be the Pole of the Circle HD^ And becaufe GlX, 
D X, are Quadrants, X win be the Pole of the tSrcle 
GD. Thefethino premiied. , 

Bediufe NK = Quadrant (by Cor^ i. Prop. 2.;^ then 
willNK4-XB, that is, NX + KB=:two Qua-, 
drants, or a Semicircle; and fo NX is the Supple- 
inent of the Arc KB, or 4)f the Meafure of the 
Angle HDG to a Semicircle. In like manner3 becaufe 
M C = Quadrant, and X A rs Qiiadrant, then will 
M C -f- X A ; that is, X M -+- AC = two Quadrantsj^ 
or Semicircle; and confequently, XM is the Supple^ 
ment of the Arc AC, which is the Meafure of the 
Angle HGD. Likewife, fmce MO, N T, are Qua- 
drants, wcihaUhave MO-+-NT = OT-+-NM 
= Semicircle. And therefore NM is the Supple^ 
ment of the Arc O T,. or of the Meafure of the An*^ 
gle G HD, to a Semicircle. W, W. D. 

Moreover, becaufe DK, HT, are Quadrants, 
DK H^ HT, or KT -4- HD, are equal to tWo Qua- 
drants, or a Semicircle. Therefore KT, or the Mea- 
fure of the Angle XNM, is the Supplement of the 
SideHD to a Semicircle. After the fame manner it 
is dempnfbated, that OC, the Meafure, of the Angle / 

XMI^, 18 the Supplement of the Side QH, and BA 
the M^ure of the Angle X, is the Supplement of 

the Side GD.W.W.D. 

» 

PROPOSITION XV. 

Equiaffgular fjpberical frian^es are alfo epildtiral^ 

FO R their Supjdementals (by Hof thh) are ^- 
lateial, 4nd therefore equiangular alfo; and (6 
themfeltres are liktwife equilateral (by Pari 2. Prop. 
14.; 

1 ' U 4 PRO- 
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P R O P O S I T 10 N ,XVI. 

^be tl^ee yi^d^s of a, Jfipi^rical triangle^ are greater 
than fuwRigbi Affgie^^^ . 

FOR the thrce'lMearures of, thci Angles G,H, D, 
togetW wlt/i'tKe tbr&P Siijes of .tfi^ Triangle 
X N M, mate ^tferee .SeiJi^iQii^clcs (by ' I'j^'of this) but 
the three.ades of "^the Tiiar^^^ X N M, are lefs than 
two Semicircle (by 1 1 ofihjs,) Wlicreforc the thre^ 
Mcafures of the Angles G, Hi TJ;- are greater than a 
Semicircle J and' fbthe Angles G, H,*Pa are greater 
than two Right Angles. ' . 

The fecond Part of the Propofition is, ni^feft j 
for in every fpherical 'JTriangle, the external and in- 
ternal Angles together^ qnly make fix Right Angles} 
wherefore the interilal" Aiigjies are- lefs than fix Right 
Angles. ".' 

i . si 1 . . . 

I 

PRQPOSItI<3'N XVlt' 



J ' * 



If from the Point K^ not being the Pole of the Cir^ 
cle AFB E, there fall the Arcs RA, RB, RG," 
R V, ^ great Circles to the Circumference of 
that Circle ; tbeti the greateft of tbofe Arcs is 

' RA, which paffes thro* the PoleC thereof \ and 
the Remainder of^ it is the leajl y and tbofe that, 
are more diftant from the, greateft are kfeJhan 
tbofe which are nearer to ity and tbey make an 
obtufe Angle with the former Qirik A F P, on 
the Side next to the greateft Are. 'Vid;, Fig, to 
Prop. I. _ • 

Ecaufe C is the Pole of the Circle AFB, thcti 
ihall CD and RS, which ia parallel thereto, be 
perpendicular to the Plane AF B. And if S A, S G, 
S V, be drawn, then fbai! SA (by 7. EL 3 J bcgreater 
than SG, and S G greater than S V. Whence in the 
Right-angled plain Triangles RSA, RSG, RSV, 
^ /^^ we fhall have RSq-f-SAq, orRAq, greater than 

Jxlr RSq-hSGq, or Rtfqj and fo RA will be greater 

than RG, and the Arc RA greater than the Arc RG, 
In like manner^ RSq+SGq»Qa:RGc[ ihall bp greater 

than 



B 
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thanRSg + SVctorRVg; and foRGfliall be greater 
than R V, and the Arc R 6 greater than the Arc R V. 
. zdly. The Angle RQ A is greater than the Angle 
CGA, which is a Right Angle, {by Cor. Prop. 3.) 
and the Angle R V A is greater than the Angle C V A, 
which alfo is a Right Angle. Therefore the An- 
gles R G A, RV A, are obtufc Angles. 

PROPOSITION XVIII. 

In afpberical Triangle right-angled at A, the Legs 
containing the Right ^ngU^ are of the fame Jf" 
fe5ion tvitb the oppofite Angles ; that is^ if tbk 
Legs be greater or lefs than ^adrants, then ac^ 
cordingifi will the jingles oppoftte to tbem be greater 
or lefs than Right Angles. V id. Fig. to Prop, i . 

FOR if AC be a Quadrant, then will Che thePok 
of the Circle AFB, and the Angles AG C, or 
AVC, will be Right Angles. If the Leg AR be 
greater than a Quadrant, then ihall the Angle AG R 
be greater than a Right Angle, {by 17^ ef this 5) and 
if £e Leg A X be lefs than a C^drant, the Angle 
AG X fhall be lefs than a Right Angle. 

PROPOSITION XIX. 

If two Legs of a right-angled fpherical Triangle be 

. of the Jame AffeQlon \ {and confequently the An^ 

gles^) that is^ if they are both lefs or both greater 

than a ^adrant^ then will the Hypotbenufe be 

lefs than a ^adtjant. Vid. Fig. to I^rop. i. 

IN the Triangle ARV, or BR V, letF bethePofc 
of the Leg AR, then will RF be a Quadrant^ 
which is greater thai^^RjV^'(fy 17. df this^) 

P R O P d S I T I O N XX. 

If they be of a different AffeSlions then fhall the 
Hypotbenufe be greater than a ^adrant. Vid. 
Fig. to Prop. I . 



F 



OR in the Triangle ARG, the Hypothenu/^ 
R G is greater than R F, which is a Quadrant 
.2 PRO. 
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PROPOSITION XXI. 

If the Hypoibenuje he greater than a ^adrant^ 
then the Legs of the Rigfit jfrtgle, and Jo the Angles 
0ppojiie to tbem^ are da different AffeSiion ; hut jf 
lejfery of the fame Affection. Vid. Fig. to Prop. i. 

THIS Propofition being the Converfe of thq for- 
mer ones, eifUy follow from them.. 

PROPOSITION XXIL 

In any fpherkal Triangle ABC, if the Angles at 
the Bafe B andC^ beof the fame AffeSion^ then 
the Perpendicular falls within the Triangle 5 and 
if they be of n different AffeStionj the Perpen- 
aicular falls without the Triangle. 

N the firft Ca(e> if the Perpendicxilar does not M 

"Within, let it fall without the Triangle, (a« in Fig. 2*) 

then in the Triangle ABP, the Side AP is of the fame 

's Afiedlion with the Angle B. And in. like manner, 

V - in the Triangle ACP, AP is of the fame Affeftion 

^ with the Ahgle AC P. Therefore frncc ABC, and 

ACP, are of the fame AfiedHon, the Angles ABC, 

ACB, fliall be of a difiefent Afie^lion; which is 

contrary to the Hypothefis. 

Ifi the fecond cafe, if the Perpendicular does not 
bit without, let it M within, (as in Fig. i.) Then in 
the Triangle A B P, the Angle B is of the fame Affec- 
tion with the Leg A P. So likewife, in the Triangle 
ACP, the An^e C is of the fame AffedHon with 
^ AP; and therdfore thh Angles B and C are of the 

^une Afiedion ; whkh is contrary to the fiypothefis. 

PROPOSITION XXIIL 

In Jpberica I Triangles BACrBHEy right-angled at 
A and H, jfthefame acute AngUB be at the Bafe 
B A iorBll^ben the Sines of the Hypothenufesfiall 
beproportionaltn tbeSinesoftbeperpendicularArcs. 

TOR the Right Lines CD, E F, being perpcndi- 

" clilar to the fame Plane, are paialld. AUb FR, 

DP, perpendicular to the Rudius OB> afe likewife 

.2 . . paral- 
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pafftUel } wherefoite the fhats of the Tri^gles EFRi 
CDP, are 9Ub par^lel, {by %$. El tu) Whei^ra 
(2P9. E.Ri the ocHfinK>il Sefiicnsof thofe Planes, With 
the Plane paflfog thro' BJE, CO, will be parallel, 
{by 16.. JFA n.) Thefefdfe the Trianfcles CDP, 
E F R, fhall be equiangular. Wherefore C P the Sine 
of the Hypothenufe BC, is to CD the Sine of the 
perpendicular Arc CA, as £R the Sme of the 
Hypothenufe BE to £F,.. the Sine of the perpendi- 
cular Arc EH. W.W.D. • • 

PROPOSITION 3cxiy. 

HTbe fame Tbiffgs being fuppofed^ A Q, H K, the 
SifU$ ^fibt Bafesi dreprvp^riidMlid lA, GH, 
the TangeHls of tbs perpendituiur Art^. 

FOR after the fame Manner, as in the laft Pro- 
pofidon, we demdnftrat^ that tfa^ Triangles 
QAI)' KH(j., are equiangular i whence QA: Al:: 
KH:Ha 

PROPOSITION XXV. 

In afphmcalTrlan^k ABC, right-an^kdnt A, as 
she Cofine of the Angle B, at the Bafe BA, is to 
the Sing of the ver4i€d Angle ACB^ Jo is the 
Cofine of the Perpendicular to the Radius. 

P REPARATId'M. 

L£T the Sides AB, BC, CA, be produced, fo 
. that B E, B F, C I, C H, be Quadrants ) and frofn 
the Poles B and C, draw the' great Circles EFDG, 
IH Gj then will tho Angfes it E, F, I, H, be Right 
Angles, And fo D i$ the Pole of B A E, {by Cor. 1. 
J?rob. z.oftbi5y) and G the Pole of IF C B j alfo A E 
will be ;=; Complement of the Arc BA, and FEthc 
MepfiR-e of the Aiiglc B55GD, andDF their Com'r 
plement : Alfo B C Iball be=F I=;=Meafure of the 
Angle G, and CF their Complement. Likewife 
CA=:HD, and DC their Complement. Thefc 
Things premifed in the Triangles HI C, D C F, right- 
angled at I and F, and having the fame acute Angle 
C^ fince BA is lefs than a Quadrant, it will be as S. 

DF: 
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DF: S, HI::S, DC: S, ttC; that is, thtfCofiiie 
of the Angle B, is to the Sine of the vertical Angk 
BCA, as the Cofine of C A is to Radius. W. W.D. 

PROPOSITION XXVL 

7be Coftne oftbeBafe: Cbftfie of the HypotbeHufe:: 
ft : Cof. of the Perpendicular. 

FO R in the Triangles A E D, C F D, rieht-angled" 
at E, F, having the fame acute Ande D ; becaufe' 
AE is le& than a Quadrant, we have S^ £ A: S, CF :: 
S,DA:S,DC. w;w.D. 

r 

PROPOSITION XXVIL 

S, of the Safe :R::Ty of the Perpendicular : T, 

of the jingle at tbe.Bafe. 

FOR in the Triangles B A C, BE F, right-angled 
> at A and £, and having the fame acute Angle B^' 
becaufe A C is lefs than a (^adrant, we have S, B A: 
S, BE::T,AC:T,EF. W.W.D. 

PROPOSITION XXVIIL 

Cof. of the vertical Angle : R : : T, of tbe Perpenr 
dicular : T, of the Hypothenufe. 

IN the Triangles GIF, GHD, right-angled at I 
and H, and having the fame acute Angle G, be- 
caufe HD is left than H C, or a Quadrant, it is as 
S, GH:S, GI::T,HD:T,IF. 

PROPOSITION XXIX. 

S, of the Hypothenufe : R : : S, of tbe Perpendicu- 
lar : S, of tbe Angle at the Safe. ; 

IN the aforefaid Triangles, we have S, IF : S, GF 
::S,HD:S,GD, 
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PROPOSITION XXX. 

R : Cof. of the Hjpotbenufe : : T, of the vertical 
Angle : Cot. of the Angle at the Bafe. 

IN the Triangles HIC, DFC, right^ingled at 
I and F9 and having the fame acute Angle C, be- 
caufe DF is lefs than a Quadrant, we have S, CI; 
S, CF:: T, HI: T, DF, that is, R:Cof. BC:: 
T, C:Cot. B. 

The laft fix Propofitions are fufficient for folving 
all the fixteen Cafes of Right-angled fpherical Trian- 
gles. Thefe fixteen Cafes, with their Analogies de- 
duced from the faid Propofitions, are as follow : 





Given 

befides 
the 


Sought 


— 


Right 
Angle. 

AC^ 




B. 


I 


andC. 

1 


1 
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— 


AC~ 


C. 
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andB. 
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Band 


AC. 


3 


C. 


BC. 


BA» 
CA. 


4 
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Vid. Fig. to Prop. 25, 26, 27, 28, 
29j 30. 



R : Cof. C A : : S, C : Cof. B of By the 



the fame Kind with C A. 



Cof. C A : R : : Cof. B : S, C, 

this is ambiguous. 



Inverfe 
of Prop. 

25- 



S, C : Cof. B :: R: Cof. CA. of|by Prop. 

25. ana 



the fame Kind with the Angle B. 

R: Cof. BA::Cof. A C : Cof. 
B C. If B A, A C, be of the fame 
AfFedtion, and not Quadrants, then 
B C will be lefs than a Quadrant. 
If they be of a different AtfeSKdn, 
B C (hall be greater than a Qua 
drant. 



by Prop. 
25. 



by Prop. 

6. 19, 

and 20; 
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jGiven [Sought 

befides 

the 

Right 

BA, 
BC. 



6 



BA, 
CA. 



BA,B. 



AC,B. 



BCC. 



10 



AC. Cof. BA: R tiCof.BCrCW'. 
.CA. If BC bKT left than4 Qua- 
di:a<it, then ihall B A ^nd CA be 
<>f the faipe Aftedion^. if gresiter. 



B. 



AC. 



BA. 



of a difierent ; but B A b giyen^ 
and therefore the Species thereof. 
Wheiefi^re the Species of A C 

is alfo given* 

S, BA:R::T, CA:T, B orf|^^ 
the fiune kSkOoaa widi the oppp- 27, and 
fitc Side C A. 1 8. 

R : S, B A : : T, B : T, A C of by Proi>. 
the fame kind with B. 27, aod 

18;;^ 

by Prop. 

27. 



ByPron 
>6, and 
21. 



T, B:R::T, CA:S, BA am 



biguoin. 



AC. 



AC,C 



B^ 



RT'(S>rfc'?TYrEi'cirTrc A. by prop. ' 

If B C be lefs than a Quadrant, 28, and 
the Angles C and B are of the fame 21, 
Afiedlion, if greater, of a different.! 
Therefore, if the Species of the] 
Angle B be given, then will A Cj 
be given.' — ) 

Cbf. C: R : : T, CA : T, B Cby Prop/ 



II 



BC. 
AC. 



iAimI £»if the Angle C^ and C A, 28, so, 
be of the fame Afeftion^ then B C|2 1. 
ffaaQ bcr IdSer than a (Radiant, if 
of a different, greater. 

C. T, BC:R:: Tj, CA : Cof. C. 



If B C be lefs than a Quadrant, 
then CA and B A, and confequent- 
ly ths An^es, ihsdl be of the {amc 
Affe&ion, if greater, of a different^ 
but" the Species of C A is given. 
Therefore the Species of the An- 
gle C will be alfo given. 



by Proo. 
28, anji 
zi« 
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Given Sought 

befidcs 

the 

Right 

Angle. 



JdC'^Ij* a \m^» 



«3 



H 



R : S, BC::S,B : S, A C of 
the fame Species with B. 



AC,B, BC. S, B : S, AC:: R : S, B Cambi- 

guous. 



»S 



16 



BC. 
AC. 



B. 



By Prop. 
29, and 
1 8 

by Prop, 



29, 



B> C* . B C. 



BC,C. 



S, B C : R : : S, A C : S, B ofjby Prop/ 
the fame Species with C A. .129, 

_ ^ 1 

T, C: R : : Cot. b': Cof. B C.by Prop. 
And fo if the Angles B and C are3o, 19, 
of the fame AfFedlion, then ihalland 20. 
B C be kfe than a C^drant» if 
of a different, greater. 






B. 



_ *' V \ t 



R : Cof. B C : : T, C : Cot. B. by Prop. 
And fo if B C be fcfler than 330, and 
Quadrant, the Angles C and B3i. 
fhall be of the fame Alfeaion ;' 
if greater, of a different. But the 
the Species of the Angle C is given ; 
therefore the Species of the Angle 
B will be given alio. 
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Of the Solution of Right-angled fpheri- 
fol Triangles^ by the five circular Farts. 

TH E Lord Napi^Ty (the noble Inventor of Loga- 
rithms^) by a due Confideration of the Analogies, 
by which right-angled (pherical Triangles are folv'd» 
found out two RuieS) eafy to be remembred, bjr 
means of which, all the fixteen Cafes may be folv'd; 
for (ince in thefe Triangles, befides the right Angle, 
there are three Sides and two Angles ; the two Sides 
comprehending the right Angle, and the Complements 
of the Hypotbeiiufe, and the two other Angles, were 
called by Napier, Circular Parts. Ahd then there 
are given any two of the faid Parts, and a third is^ 
fought ; one of thefe three which is called the Middk 
Part, either lies between the other two Parts, which 
are called Adjacent ExtremeSj orisfeparatedfromthem, 
and then are called Qppofite Extremes j fo if the Com- 
plement of the Angle B {Fig. to Prop. 25.) be jTuppof- 
ed the middle Part, then the Leg A B, and the Com- 
plement of the Hypothcnufc B C, are adjacent extreme 
Parts 5 but the Complement of the Angle C, and the 
Side A C, are oppofite Extremes. Alfo if the Com- 
plement of the Hypothenufe B C> be fuppofed the mid- 
dle Part, then the Complements of the Angles B and 
C are adjacent Extremes, and the Legs A B, A C, are 
oppofite Extremes. In like manner, fuppofing the 
'LGg AB the middle Part, the Complement of the 
Angle B and A C, are adjacent Extremes ; foit the 
right Angle A does not interrupt the Adjacence, becaufe 
it is not a circular Part. But the Complement of the 
, Angle C, and the Complement of the Hypothenufe 

B C, are oppofite Extremes to the faid middle Part. 
Thefe Things premifed, 

R U L E I. 

^ In any right* angled fpberical Triangle^ the ReSlan- 
'^ gle under the Radius, and the Sine of the middl/t 
Part, is equal to the ReSangle under the tan- 
gents of the adjacent . Parts. 

RULE 
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R U L E 11. 

fhe ReSian^t under the Radius^ . and the Sine, of 
the middle Part^ is equal to the Re£f angle under 
the Cojines of the oppoftte Parts* 

Each of the Ruks have three Caie$. For the nod- 
dle Part may be the Complement of the Angle B, or ■ 
C,: or the Complement of the Hypothenufe B C;- ort 
one of the Legs, A B, A C. ■ ^x 

Cafe u Let the Complement of the Angle C be 
the middle Part. Then fhall A C, and the Co^ifde* 
ment of the Hypothenufe B C, be adjacent £xtrei|ici$*^ 
By Prop..z%. the Cofine of the Vertical Angle C is to 
Radius, as the Tangent of C A> is to the Tangent of 
the Hypothenufe BC. Then (by Alteration) wc? 
fhaU have Cof. C : T, C A : : R ; T, B C. But Re 
T, BC : : Cot. B C : R. (as lias been before (hewn.) 
Wherefore Cof. C: T, AC:: Cot. BC: Ri whence; 
RxCof. C=T,ACxCot. BC. 

And the Ccmiplement of the .Angle B, .anii 4k B^ are 
oppoftte Extremes, to the fame middle Part, t^e 0>m'-. 
plement of the Angle C> (and by Prop, z^J as the 
Cofine of the Angle C, to the Sine of the Angle 
CDF, to is the CS>iine of DF to Radius. But the 
Sine of CDF=, AE=Cof. BA, and Cof. DF = 
S, EF=S, Angle B. Whence it will be as Cof. C : 
Cof. BA::S, B:R. And RxCof. CssCof. BA 
X S, B ; that is, Radius drawn into the Sine of the 
mkldle Part, is equal to the Redangie under the Ca^ 
fines of the oppoflte Extremes. 

Caji 2. Let the Complement of the Hypothenufe 
BC, be the middle' Part; then the Complements of 
the Angles B and C, will be adjacent Extremes. In- the 
Triangle DCF {ty Prop. 27,) it is as S, CF : R : : T,DF. 
T,C. Whence (by Alternation) S, CF : T, DF :: (R : 
T, C : : ) Cot. C : R. But S^ C F=Cof. B C and T, 
D F = Cot. B. Wherefore R x.Cof. B C==Cot. Cx 
Cot. B ; that is, Radius drawn into the Sine of the, 
middle Part, is equal to the Product of the Tangents 
«tf the adjacent extreme Parts, x 

X And 



And B A, AC, are the oppofite Extremes to the 
faid middle Part, vh. the Cpii?plem(ent of B C ; and 
(hy Prcfp. 26.} Cof. B A : Cof. B C : : R : Cof. AC. 
Wherefore we IhaU have R x Cof. B Cs? Cof. B A x 
Oofc AC.^ •■ . - 

Cafe 3. Laftly,.kt AB be the n^ijdk^ Parti ^d 
then the Complement of the Angle B, and A C will 
b^ ftdiacehf Extf^nes^ and (by^ Fitp^ ^70^> AB : 
R.vT,CA::TR Whence, S^ AB : T,C A:: 
(R:1r, B::'>Q)t. B :R. Aiad fo,R >iJ S, AB ;= 
T, CAxCot. B. 

Moreover, the Complement of B C, and the An- 
' gle C, acje c^pdflte Extismes^ to, the fame Aiiddk IVirt 
A^S aild m tbe.T/iangles GHD {hy:PncfL xs.)w 
kftve Co(; D :S, DaH::CQf.Q^:R. ButOiC 
IfasCof. AEasS, AB, and S, G=S, IF.=5S, BC. 
AlfoCof. GHa&S^ HId=S, C. Wherefoa it wifl 
Ite'asS, AB : S, &C i ^ S, C : R. And hwiQeRxS, 

A%si\BCxS/e.:" : 

' And fb in etm^. cafe t)ie.Re£bngleutiderttbe Ra- 
dk»^ and ^e Sine.: oD the middle Part, (baU fae equal 
to the Re£i:ai%le under the Cofines^f tleLOppofit^ £xi 
tre«n^ aind to tli^ fie&angle under tfa& Tai^nlaof 
thf adjittiseat Extfistnas; Andi con^qae&tl)r if tbs 4^ 
ferefaid \£c;^tJDn^ ^ »fo^ved into An^c^icG^ (fy 16^ 
Mt, ^ ) the unknoiua Par|;& may he £Diund> by tho 
JRule* c^ Propottton. And if the Part fouglit be tho 
middle one i then ihaU the fixfi Terpt of tbe Analog 
be Radius, arid tike iecond and third, the Xange&tsi or 
Gbfine^ of the extreme Partt. If one of tfaa Extremes 
be fought, the Anabgy muft lii^in with the ^th^ ; 
and the Radius, ^d sh& Sine of the middle Part, muA 
be put in the middle Pkces, that fo tbp IWpt.iiM^[lifc 
may be in the fourth Place. 

fit olf)iqu€^angkd^ fpbnncal Trktmlest ^^f; ta Ih-ifu. 
4 It:} BCD, ifapeipendicular AroAChefat&II 
front ^he Angle C t&- die Bafe,. eonti^d^ if need be^ 
fi> as to mate tmo, Right-«flngkd ^encal TriaogleB 
B AiC, I>A C; then hj AofeRighe-an^edrTriaogla 
di^^imcA of the Caw of obbop-angled eocs hd 
fe^A--' '■' i '. •- '■ ...i . .; ; , 
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PROPOSITION XXXI. 

ne Ceftnes of the Angles B and D, at the Bafe 
B D, are proportional to the Sines of the Fertkal 
.Angles BCA, DCA. 

FOR Cof. Angle B : S, BCA :: (Cof. CA: R: ;) 
Cof. D : S, D C A. (*y 25. ^ this,) 

PROPOSITION xxxn. 

72v Coftnes of tb( Sides BC, DC, are froportional 
to the Coftnes of the Safes BA*, DA. 

FOR Cof. BC :C6f. BA :: (Cof. CA:R::) 
Cof. DC: Cof. DA. (*r a6. ef this.) 

PROPOSITION xxxnr. 

The Sines (ftbe Safes BA, DA, are in a recipro- 
cal Proportion of the tangents of the Angles B ani 
Vattbt Safe BD. 

BEcaufe (iy 27. af this) S, B A : R : : T, A C: T, 
of the Angle B. And by the £uiie inverfely, R : 

S, D A : : T, of the Angle D : T, A C. Then win it bo 
(by the Einialinr of pei^irbata Ratio, acoo(dii% to Pnf. 

aj. .£/. 5 J S,B A : S, D A: : T, AngleD: TjAngUB. 

PROPOSITION XXXIV. 

The J'angmts of She Sidesf BC, DC, are in a reci^ 
frecal Proportion of the Cojines of the Vertical 
.rf;?g/rj BCA, DCA. 

BCcaufe liy akernating *die 28di PrapofiticHj we 
have - * 

T, B C : R : : T, A : Cof. B C A^ 
and by the fame R: Cof. DCA: t T, DC: T, CA, 
WhcMfim by Equalitv of perturkate IHpoportion. 

T,BC:Cof.DCA::T,DC;Cof.BCA 



TH^ PRO- 
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PR OPO S I T I ON^XXXV. 

Thf Sines of the Sides BC, DC, are proportional 
\ toth( Sines of the eppofite Angles D and B. 

BEcaufe by the 29th of this^ S, B C : R : : S, C A: 
< S, of the Angle B. And by the fame, inverting 
R : S, DC : : S, .Angle D : S, of C A, whence by 
Equality of perturbate Ratio, S, B C : S, D C ; : S, D : 
S, B. . 



I • 



P R O POSITION XXXVL 

In any fpherical Triangle A B C^ the ReSfangk CF • 
' . X AE, or FM xAE, contained und^er the Sines 
of the Le^'i BC, B i\ , is to the Squar^e. of the Ra^ 
diusy as iL or I A— LA theDifference of the verf 
ed Sin.es of the B'afe CA, and the Diffetence of the 
Legs AMj toGNf the verfed Sine of the AngleB. 

LET a great Circle PN be defcribed from the 
Px)le B; and let,BP, BN be Quadrants, and 
then PN is the Meafyir^.of the Angle B ; alfo defcribc 
frdm the fame Pole B a lefler Cirdc CF'M thro' Cj 
the Planes of thefe Circles fhall be perpendicular to 
the Plane BON, (hy the zd of this.) And P G, CH 
being perpendicular in the iame Plane, fell on the 
common Se£Hdns ON, FM; fuppofe in G, H, 
Again draw H I, perpendicular to A 0> and then the 
Plane . draw thro' C H, HI, fliall be perpendicular 
to the Plane A O B. Whence A I which is perpendicu- 
lar to H I will be perpendicular to the right Line C I, 
(by Def 4. EL n.) and fo Al is the verfed Sine of 
the Arc A C, and A L the verfed Sine of the Are 
AM=BM— BA = BC-BA. The Ifofceles Tri* 
angles CFM, PON, are equiangular, fince MFi 
NO, as alfo CF, PO f^ 16. EL 11.) are paraDd. 
Wherefore, if Perpendiculars C H, P G be drawn to 
the Sides FM, ON, the Trian^es will be divided 
fimiJarly, and we ihall have FM:ON :: MH:GN. 
Alfo, becaufe the Triangles AOE, DIH, DLM, 
are equiangular, we ihall have AE:AO::IL:MH. 

• But 
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But it has been proved that F M : O N : : MH : GN. 
Wherefore it fliaU be as AExFM: AOx^ON ii^l^yCMVlMfl 

ILxMHtMHxGN, or as IL to GN, that is,' /23<r- r 

the Re£bngle, under the Sines of the Legs, is to the /^ VjM ^rn^ 

Square of Radius, as the Difierence of the verfed Sines 'I't » /^i r^ 

of the Bafe, and the Difierence of the Legs B C, B A, JJ^ rO Ct-N . 
is to the verfed Sine of the Angle B, W. W. D. 

PROPOSITION XXXVIL ^ 

The Difference of tbe verfed Sines, of two Arcs 
drawn into half the Radius^ is equal to the Re£i- 
angle under tbe Sine of half tbe Sum and tbe Sine 
of half tbe Difference oftbofe Arcs. 

LET there be two Arcs, BE, B F, whofe. Differ- 
ence EF, let be bifefted in D ; then fhall BD be 
the half Sum, and F !( the half Difierence of tfaofe 
Arcs. GEsiIL is the Dtfierence of the verfed JSinet 
of the Ara BE, BF ; alfo F O is the Sine of the half 
Differences of the Arcs: And becaufethe Triangles 
CDK,F EG, 'ure equiangular, ive have DK:GE : : 
(CDiFE:':)iCD:iFE. Whence DKx-*- FE, 
orDKxFO=:GEx!CD=:rLx|CD.W.W.p. 

PROPOSIT 10 N XXXVIII. 

^e verfed Sine of any yirc, drawn' into half the 
Rudiuiy is equal to the Square of thie Sine ofqne_ 
half of the jaid Arc. 

THE Triangles CBM, DEB ait 9q«iangiilar, 
fince the Angles at M and E are Right Angles, 
and the Angle at B ircommon. W;herefore E B : B D :": 
BM:BC. And then will EBxBC=BMxBDj 
andEBxiBC=:BMxiBD=BMq. W.W.D. 
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/.. PROPOSITION XXXIX. 

, ■ In anyfpbericalTriangle ABC, wh^fe Legs contain- 
ing the Angle B are BC» AB, and Bafefubtend- 
ing that Angle AC : If the Arc AM ^^ taken =c 
' T>igerencecf the Z.m=BC— AB. Tbenjhall 
the ReSlangle under the Sines of the Legs BC, 
BA, ie to the Square of the Radius, as the KeSt- 

^ ^ AC+AM 

an^ under the Sine of the Arc — ■ — ^ 

AC— AM 

and the Sine of the Arc is to the 

Square of the Sine of one half of the Angle B. 
Yid. Fig, to Prop. ^6. 

BEcaufe the Retaangb unler the Sines of the 
Legs AB) BQ is ^ the Square of Badiim a$ 
I L i& to tbp YttbA Sine of the AngkB, or as i Rx 
IL to i R drawn intD the verfcd Sine of : the Angle B 
iby Prop. 36. rf this.) And fincc i R X IL =3 R«aan- 

ACHrAM, , 

gle uixdcr the Sines of the Arcs ;; -^ ^^ 

- (^ Pr<!^. 57. of this.) And alfo i R drawn 

into the verfcd Sine of the Angle B is equal to the 

Square of the Sine one half of the Angle B. Therefore 

Jthc Reffamgle under the Sines of the Sides to the 

Square of Radius, ihall be as the Re£huigle under the 

c:- , v^ ^ AC+AM ^ AC^AM . ^ 
PKIC8 of tfm Axes and ' ■■ '" ^ » ■ ^ is to 

the S^Jtre of the Sine of one half thc^ ^logle B* 
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Thi Twelve Cafes ^f oblique- aniltd f^trp 
cal Ttiangks ark as fbiww. 



Given |Sougbt|Mak^ aa _ 



JL.±ii 



* t. 



Angles Angle 
B^ D, IG- 
and 
BC. 



Angk^ Angle 



B, 
■BCD 

and 
the 
■ * 'Side 
BC. 



c 



D. 



> ■ 1 t .1 i • 



The 



Sides; V Side 

6 a »D. 



i 






an 



the. . 
Angle 



R : Cof. B C:: T, B i Cot. B d A* 
(by Prop. 3b of this.) Alfo CoC B. 
S, BCA ::Cof. D : S, DGA 
{by 31. of this. ) Wherefore tht 
Sum Of thfc Angles B CA, D C A, 
if the Peiperidicular falls within thi 
Triangle, of the Diflcrbnce, if' it felb 
without^ will be = BCD. Whe^ 
ther the Per|)endicular falls witiiin^ 
or without the Triangle, may -be 
knO^n frbtn the AfR&iori of thd 
Angles h dhd T> (by 22. df'ihis) 
which Adi^onition oiight to be ob- 
ferved Irt the foUowing Solutions. 

R : Cof. B C: : T, B : Cot. B <p/l '*" Pr^ 
(Pr<f.jo, rfthis) Ahd S, hQAi}X'Z'l 
S, D C A" : : Cof. B : Cbf. f). ( iy' nai^:,„ 
Proh. 31. ) If B C A be lefe thai^ '•'">' fin- 
B CD, the Angle D Aiall be of thC^;, "^ 
fame Affeftion with (She A'ligle hA'it ^gk 
[If B C A be greater than tAe Angltf ^^ A 
fi CD, fhen the Angles B arid ftilSt'^, 



In the Ori- 

ginai, the 

Proportion 

ivas thus, 

Cof BC: 

R::TB: 

Cot. BCA. 



U»i 



The 



fiiall bfe of a different Affe<Sion, byj Prop, ig, 
fthe Conver fe of Prop. fe2. s 

R : Cofi B: : T, BC:T, BA 



\'^^ 4^ ;;a*«« ^.> ^y 



(/y 2g. rf iktf:) and Cof. BG:: 
Cof. 6 A : : Cof. D C : Cof, DA 
(^ ji. of this,) the Sum or Ijifier- 
ence of BA and DA, aeoofding 
as ihe Perpendicular faljs widfiin, 
or without the Triangle, i§ e^ual 
to B 0, .wbjch cannot T)e Icriown, 
unlefs the i^fecies of the Angle f) 
be firrt kflowh. » 



tf/^i/ 19. 
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Given I Sought | Make as 



The 

Sides 
BC,DB, 
and the 
Angle B. 



(The 
Side 
CD. 



Angle 

and the 
Side 

!bc. 

iThe 

'Sides 

BC, BD, 

and the 
Angle B. 



"" |Tiie 
Sides 

[BQDC, 
and the 
J 'Angle B. 



The 
Side 
BD. 



.The 
Angles 
BCD, 
and B. 
and the 
SideBC. 



R:Cof.B::T, B C: T, B A, 
(by 28. of this.) and Cof. B A : 
Cof. B C :: Cof. DA: Cof. DC. 
i^yProp. 3 2. of this.) According 
as D A IS fimilar or diffimilar to 
C A, or to the Angle BDC, fo 
(hall DO be leiTer or greater than 
Quadrant, (by 19. and 20. of 
hisQ 

R:Cof. B::T,BC:T, BA, 
(by 28. of this.) And T, D : T, 
B::S,BA:S,DA(by 33- of 
this.) The Sum or Difference rf 
which B A and D A is=B D. 



8 
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R:Cof. B::T,BC:T,BA, 

(by Prop. 2 8 . of this. ) and S, D A: 
S,BA::T,B:T,D.(by33of 
this.) According as BD is greater 
orleilerthanBA, the Angle D 
(hall be fimilar or diffimilar to 
the Angle B, (by 22. of this.) 

CdrBCTRTCbrBrT,BCA7 
(by 30. of this.) and T,DC: T, 
BC : : Cof. BCA : Cof. DCA, 
(by 34. ofthis.) The Sum or Dif- 
ference of the Angles BCA, 
DCA, according as the Perpen- 
dicular &lls within or without 
the Triangle, is equal to the An- 
gleBCD. 

Cof.BC::R::Cot.B:T,BCA, 
by 30. of this.) Alfo Cof. 
CA:Cof.BCA::T, BC: 
T, p C, (by 34. of this.) If 
the Angle DC A be fimilar to 
the Anglp B ( that is, if AD 
be fimilar to C A, ) then DC 
flu^l be leis than a Quadrant, 
If the Angles D C A and B be 
diffimilar, then DC ihall be 
greater than a Quadrant, which 
follows (from Pr^^. 1 8, 1 9, and 
20 of this. 
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Given j Sought 



The iThe 
Sides 'Angle 
BC,DC,D. 
and the 
Angl e B. 

The 
Angles 



II 



The 
Side 

B,D,andpC. 

the Side 

BC. 



Make as 



S, CD:S, B::S, BC:S, D: 

which is ambiguous. The Ana- 
logy follows from Prop. 35. of 
this. 



12 



AH the jThe 
Sides i Angle B. 
AB, BC, 
CA. 
Vid. Fig. 
Prop. 36. 



S, p:S, BC::S,B:S, DC, 

which Side is ambiguous. 



All the 
Angles 
G, H, D. 
Vid. Fig. 
Prop. 14. 



The 
Side 

GD. 



As the Re£bnde under the Sines 
of the Legs A B, B C : the Square 
of Radius : : the Redbmgle under 

theSinesoftheArcs^-^ltAM 



AC-AM 



•■■«■ 



and : the Square of 

z 

the Sine of 7 the Angle B, (by 

Prop. 39.) 

In the Triangle XNM, the Arc 
M N is the Complement of the 
Angle G H D to a Semicircle. 
X M is the Complement of the 
Angle G, and X N, the Com- 
plement of the An^e D. And 
the Angle X, the Cpmplement 
of the Side G D to a Semicir- 
cle. Wherefore if the Angles be 
changed into Sides, and the Sides 
into Angles, the Operation will 
be the fame^ as in Cafe 1 1. of 
this, fince Arcs and their Com* 
plements to Semicircles have 
the fame Sines. 



J15 
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The foUowmg REMARK b^ 

Samuel Cukn. 

THAT this is true hut in a particular Cafe^ tf/z^ 
when two 6f the Angles of the Triangle art 
Right ones, and two of the Sides Quadrants^ ttifiy bd 
thus demonftrated. For if poffible^ let foitie Triah- 
gle R S T, Fig to Prop, 1 4th be fuch, thfct its Sided 
R S, S T, TR, be equal to the Meafures of O HD, 
HGD, GDH, the Angles of a Triangle GHD; 
and alfo, that the Meafures of R S T, S T R, T R S, 
the Angles of the Triangle R 8 T be equal to G H, 
GD, HD, the Sides of the Triangle G HD- And 
produce MX, MN, two Sides of the fupplemontal 
Triangle to Semicircles^ and they, will meet fome- 
where ; fuppofe at E j and there will be conftruSed 
thereby the Triangle NEX, of which XE (the 
Supplement of XM, which, by the i^th Prop. Was 
the Supplement of the Meafure of the Angle HGD) 
is equal to the Meafure it ielf of the fame Angle 
HGD: And in like manner^ N £ (the Supplement 
of NMy which, ^y the I4^th Prop, was the Sojrole- 
m&tt of the Meafure the Angle GHD) is ecpot to 
^ Meaiure it iclf of the fame Angle GHt>. But; 
the third Side X N, is not the Meafurt of the third!. 
Angle GDH, but its Siqpplenlkent, bv the i^thProp. 
Moreover, of tl^ Angk EXN (whofe Supplement 
is N X M) the Meafure, by the i^th Pfop. is equal to 
iG D V and of the Angle X N E, (whofe Supplement 
is MNX) the Meafure, by the 14/A Prop, is edual 
XQ H D. But of the third N E X, (which is equal to» 
N M X) the Meaiure is not equal to G H, but it^ 
^ Supplement. 

' -Now make NV = RT = BK, the Meafure oi 
the Angle GDH, and draw the great Circle EV. 
And fince R S, by Suppofition, is equal to the Mea- 
fure of the Angle GHD, which is equal to E.N; 
and fince the Meafure of the Angle S R T, is by Sup- 
pofition, equal to D H, which is alfo equal to the 
> Meafure of the Angle XN E ; the Angle X NE is 
equal to the Angle R. Then confequently, by the 

4^* 
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4tb Prcf. the TrianglcB SR T, EN V, will have the 
Bafe ST, equal to the Bal^ E Vj the Angle T, to 
the Angle NVE, and the Angle S, to die An^ 
NEV. But ST, (which i5a^toEV,)byS^ 
poTition, 18 equal to the Meafure of the Angle H Q D ; 
to which Meafure X £ is alfo equaL Therefore, £ V 
is equal to XE ; and confequently, hy the ytb Prop* 
the Angle EVX is equal to the Angle £XV; and 
the Angle EX V (whofe Meafure, as hath been ihewn 
above, is equal to GD) is equal to the Angle T, (or 
NVE,) fince by S^ipofition, the Meafure of thig is 
aUb equal to GD. Therefore the Angle EVX is equal 
to the Angle £ V N, and (b both right ones ; and con* 
fcquently EX V a right one alfo. Therefore, by the zd 
Cor. to the id Prop. E V and EX are both Quadrants. 

But if E V be a Quadrant, aiyl at rizht Angles to 
N X, then E, by xd Prop, and its CorvS. is the Pole 
of NX ; and fb £ N a Quadrant alfo, and the Angle 
EN V a right one. Therefore, if the Sides of a Tn* 
angle (NEV, or its Equal) RST, are equal to the 
Meafures of the Angles of fome other Triangle G H D, 
and the Meafures of the Angles of the former, equal 
to the Sides of the latter ; two Sides of fuch a Triangle 
RST, or G H D, muft be Quadrants, and two An- 
gles of each right one^. 

Therefore, if a Triangle RST be conflru£ied 
whofe Sides are equal to the Meafures of the Angles 
of aiwther Triangle G H D : the Meafures of the An- 
des of the Triangle RST, fhall not be equal to the 
Sides of the Triangle G H D, unlefs in the one Cafe be- 
Ibrementioned. Therefore the Meafures of the Angles 
of the Triangle G H D, ufed as the Sides of a Triangle 
tntheri#i&C^, wHlnotgiveusaSideof GHD, but 
rfie Meafure of ait Angfeof the Triangle RST, un- 
kfe in the one afbre-mention'd Cafe; wbkb was to be 
defnoftftroted% 

But to find a Side G D of fpherical Triangle G H D, 
whofe Angles are ail given, produce MN, that 
Side of the fi^leihenta) Triangle, which is equal to 
the Supplement of the Meafure of G HD, the Angle 
oppofite to the Side fought, and M X, either of the 
4lther Sides till dky ai«at imin £. And diere, as hath 
hmMfocc ittwn, tbi SUeaBX, fi^N^ ti ^ Tri- 
angle 



V 
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angle E X N, arc cxaftly equal to the Meafures of the 
Angles HGD, GHD, of the Triangle GHD; and 
bf the Angles E X N, E N X, of the Triangle E X N, 
the Meafures are equal to G D, H D. But the Side 
XN b equal to the Supplement of the Meafure of the 
Angle G D H. And of the Angle X E N, the Mea- 
fuie is equal to the Supplement of GH. 

Therefore thcSoLUXiONis thus : 

Change one of the Angles G D Hj adjacent to the 
Side fought into its Supplement ; and then work with 
the Meafures of the Angles as tho' they were Sides, and 
the Refult will be G D, the Side fought. 

The preceding Fault, as well as the OmiiSom 
hereafter mcntion'd, are not peculiar to our Author j 
l)ut may be found in Dr. Harris^ Mr. Cajwell^ Mr, 
Heynesy and many other Trigonometrical Writers. 

In the Solution of our 8th and 9th Cafes, they have 
told us, that the ^ajita are ambiguous ; which fome- 
timcs, indeed, is true, but fometimes alfo falfe : There- 
fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might discover when the 
^ad?^f a ai-e ambiguous, and when not. 

This Overfight may be correfled by thu following 
Dire£Hons : WJiereip, becaul^ ^fvpry Sine ^orroi^nds 
to two Arches, to one lefs thap a ' Quadrant, ^ and to 
another, which is the. Supplement of the formier to a 
Semicircle, (a true DiftiniSion of which .of thefe are 
to be ufed, being neceflary to be known, before a 
proper Sotutioh can be given to fuch Problems as thefe 
are,) I fliall beg Leave, for Brevity Sake, to call the 
leflcr Arch the aciite Value, and the greater the obtufe \ 
whether the Sine be of an Angle or a Side. 

•*,.•'■ 
In the fenth Cafe^ there are given two Angles B, D, 

and BQ a^ Side oppoftte- in me of tbofe Angles 

D, to find DC the Side opfofite to the other. 

TO thp a^nte Value-' of D C, and alfo to its ob- 
tiife 91^ 44d B Cs and if eaoh of thefe Sums art 

greater 
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igreaer i^^j^ a Semicircle, when the Sum of tho 

Angles B, D, «»{f^f ^'^J ^^'^ ^o ^&^ Angles; 

both the Values of D C may be admitted, and then is 
ambiguous : But when only one of thofe Sums is 

IfeT^^'^ i ^'^^ * Semicircle, only one Value of 

* * C obtuie ? * 

DC can be true, viz. the-^^^^ ^ one ; and then 

is not amUguous. 

< • - • 

In the ninth Cafe^ there are given two Sides B C, 

D C, and one jingle B, oppofite to DC one of 
'thofe Sides y to find D the Angle oppofite to the 

ether. 

TO the acute Value of D, and alfo to its obtufe 
Value, add B ; and if each of thefe Sums is 

\ Sr^^^' \ *^ ^ ^ys^t Angles, when the Sum 

of the Sides islpf^^*^^^ than a Semidiclc, both the 

Values of D may be admitted, and confequently, O is 
ambiguous : But when only one of thofe Sums is 

r greater 7 ^jj^ ^^^ Right Angles, only one Value 
llefe i 

of D istrue, vi%. the -{^JJJ*^ ^ one ; and theft not 
ambiguous. 

Nor are we better ufed in the firft Propofition ; 
for tho* it is determined by the ^ven Aiiglte, whe- 
ther the Perpendicular fells within or without the 
Triangles, yet in each of thofe Varieties, the ^tia- 
frta will be fometimcs ambiguous, and fometimes 
not 



In 
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In ibis fir fi Propofition there are given two Angles 
B, D, an4 BC, a Side oppoftte tdD, one of tbem^ 
to find C ^c third An^e. 

1. Let the {'erpendicular fall within ; that is, let the 
given Angles be of the iame Species. 

TO the acute Value of D C A, and alfo to its ob- 
tufe one, add the Angle B C A ; and if each of 
thefe Sums is lefs than two Right Angles, then* either 
the acute Value of D C A, or its obtufe one added to 
BCA, gives a Valueof BCD; which, therefore, is 
ambiguous. And when only one of thefe Sums is lefs 
than two Right Angles, the acute Value of D C A, 
added to B C A, gives the only Value of B C D j which 
then is not ambiguous; tho' in both Varieties thePer- 
ppndioibr &1I within^ 

2. Let the Perpendicular M without ; that is, kt 
the given Angles be of difierent Spedes. 

WHEN tlie obtufe Vakie of the An^ DCA 
is lefs than the Angle BCA, the Angle BCD 
may be had by fubtraAing either Value of DCA 
from BCA; and then BCD is ambiguous. But 
when the obtufe Value of DCA is net lefs than 
BCA, the acute Valueof DC A, taken fnJm BCA, 
gives the finj^e Vahie of BCD; which, therefore, if 
not ambiguous ; tho' in both Varieties the Perpendicular 
fell without. 

In the fifth Caff we lie under the fame Misfortuntf 
Hxibert there are given^ as in tbefirft^ the An^ 
B, D> and the Side BC, fofindBD the Side ly- 
ing between thofe gruefi Angles. 

I, When the Perpendicular fells within ; that is^ 
when the given Angles are of the fame Spedes. 

TO the acute Value of DA, and fo alfo to its 
obtufe one, add B A ; and if each of thefe Sums 
is lefs than a Semlcirde, then either the acute Value 
of D Ay or its obtufe one, added to B A, gives the 

Vahie 
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Value of BD; which thence is ambiguous. And 
nuhon only one of thefe Sums is lefs than a Semicir- 
cfc, the acute Value of D A, added to B A, gives the 
only Value of B D ; which then is not ambiguous j 
tho* in both Varieties the Perpendicular fell within. 

a, VVhen t;lie Perpendicular falls without; that is» 
when the given Angles are of difibrent Species. 

W-HEN the obtufe Value of DA is lefi than 
BA, BD will b^ had by fubtraftin^ either Va- 
ludof DA from BA; and then B D is ambiguous. 
But when the obtufe Value of D A is not lefi than 
B A^ the acute Value of D A, taken from B A leaves, 
the only Value of B D s which, thefefore, is not am- 
biguous 5 tho* in both Varieties the Perpendicular f^ll 
without. 

In the thirds w^ have the fame Omi(Jion\ where 
there are gtven iwq Sides BC, CD, and B an 
Jngk Q$pifite to CD one of them-, to find the 
• tHrdSideBU 

T? I R S T,' we may obferve, that the Species of D A 
* U alvteys known ; fo»^it isof^^'^Jj^^*^ J Af 

feftbn with the Angle B, when DC ie {^^^^^^ J. 
than a Qwadriant. And, 

If AD be lefs than A B, and alfo the Sum of A D 
and A B Ms th3« a Semicircle ; then A D, eith«r ad- 
ded to» or fubtrafted from A B, will give the Value 
of BD, wKch, therefore, is ambiguous. 

But if A D be not lefs than A B, or if their Sum 
be not lefs than a Semicircle ; th«n their Sum in the 
former, and their Difference in the latter Variety, fhaJr 
give one fingle Value of B D, and then is not ambi- 

» 
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The feventh Cafe much refimhles the third ; for 
there are given t'xo Sides BC, CD, andean 
jingle J oppoftte to CD one of them ; to find the 
jingle BCD, lying between thofe two Sides. 

/ 
Jl ND here we may obferye, that the Species of the 

Angle D C A is knpwn ; for it is of •{ j^^dHferait 5 

Kind with the Angle B, when DC is ^ g^ter} 
than a Quadrant, And, 

If i;^CA he lefe than BC A, an4 the Sum of DCA 
and BCA lefs than 2 right Angles ; then, DCA either 
added to, or fubtraded from BCA will give the An- 
gle BCD; which, therefore, is ambiguous. 

If DCA be not lefs than BCA, or the Sum of 
DCA and BCA not lefs than two right Angles ; then 
their Sum in the former, and their Difierence in the 
lattctr Variety ihall give the fmgle Value of BCD; 
which, then, is not ambiguous. 

« 

N. B. If any one. will be at the Trouble to make a 
double Calculation for the Side D C, ^r the Angle 
D, as taught in the Renurks on the gth and loib 
C^ies, they will find the feveral Varieties in the 
I/?, 3^/, 5M, and jthy to be its here laud down in 
thefe eafy Rules. 

The Truth of thefe Rules may be eafily deduced from 
the loih^ 13/A, i%thj and izd Prop, of this^ and 
the zdy %thj and i^th Examples y following /^r^. 
30. of this. 

In our third Cafe of oblique-plain Triangles, our Au- 
thor fhould have added this. 

If A B be lefs than BC, the Angle A is ambiguous* 
otherwife noc 
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ThePREFACE. 



THE Matbematicks formerly received cm'* 
fiderable Advantages \ firfiy by the In- 
trodu3ion of the Indian CbaraStri^ and 
afterwards by the Invention of Decimal 
fraSions ; yet has it ftnce reaped at leafi as much 
from the Invention of Logarithms^ as from both 
the otb& tiifo. The XJfe of tbefe^ every one knows^ 
is of the greatejl Extent^ and runs through ail Patts 
ofMathematicks. By their Means it is that Num* 
bers almoft infinite^ and fuch as are otberwift im" 
jpraSicabley are managed with Eafe andE^pedi-' 
turn. By their AffifUme the Mariner fleers hif^ 
Veffel^ the Geometrician inveftigates the Nature of: 
the higher Curves, the AJlrommer determines tie 
Places offbe Stars^ the Pbilojofber accounts for o->, 
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tber Phenomena of Nature ; and lajllyj the Vfih- 
rer computes the Ifitereft of his Money. 

Xhe SuhjeSl of the following Treat ife has been 
cuUivaui by Mathematicians of the fifft. Rank > 
JbfAe of >afbom takir^ in tbtxffbole DMtrim^ havek- 
deed wrote learnedly^ but fcarcely intelligible to any 
but Mafters. Others^ agpim accommodating them- 
felves to the Apprehenfion of Novices^ havefeleSed 
outfome of the mofi eafy and obvious Properties of 

Ld^fj^diks^i but^k^Mi^rN^ip^pn^ ^^ 
intimate Properties untouched. My Dejtgn there- 
fore in the following Trooiy is tofupply whatfeenli 
\ fiill wanting^ viz. to difcov'er and explain the Doc- 
trine of Logarithms^ to tbofe who are not yet get 
heforii^Ae Efemehfii of Algjsbra and Q^m^ry. 

The wonderful Invention of Logarithms we owe 
Hibe iiord Nepeiv who was the firfi that con- 
ftruEled and publijbed a Canon thereof^ at Edin- 
bi>rgh»- f)» the Tear 1614. This was very graci- 
oyfiy rec/tpedby aU Mathematicians'^ tt^^iatere im- 
mediately fenjible of the extreme Ufefulnefs thereof. 
* And tbo* it is ufuatto have various Nations contend- 
ing for the 'Glory of any notable Invention^ yet 
N^pcrfj univerfally allowed the Inventor, of Li$ga- 
Hthms^ andeitjoys tie wbok Honour thereof With- 
iut dn^. Rival. 

V. . The fame Lord Ncpcr^jifterw^dsi^ented ano* 
th^ akd more co^imioJious For^ of Logarithms^ 
which be communitated to Mr. Fiency Briggs, 
Prefeffhr of Geometry at. Oxford, who was bere- 
iuUroducid as a Sharer in the compkdting thereof i 
t the Lord Neper dyifig^ the whole Bttfinofs re- 
maining^ was devolved upon Mr. B^iggs, wbo% 
ioitb prodigious AppHcatimn and 4n lincofnmOH 
DActirityj composed a Logarithmick Canon^ agree* 
abir tt(^ 4ibM. msuo Bam fhr ^tbejirfl t^ejlty Chuiads 

•^vX '^ (f 




tiifii/h*d df. \9f4m mJhm^ >^«f'. \ 






>«W<f ^^ i5§i^.^,^^ 





intermediate Cbittads before omiiteos M 
cording to BriggsV Pre/criptioris ; hiit ibye^ol^s 
are not fo ujeful as Briggs'j, hecaufe the Loga-^ 
ritbms are continued but to lo Places of Figures. 

Mr. Briggs alfo has calculated the Logatitbms 
of the Sines and Tangents of every De^ee^ and 
the hundredth Parts of t)egrees to 15 Places of 
Figures^ and has fubjoined to them the natural 
Sines y Tangents ^ and Secants^ to 15 Places of Fi-^ 
gures. The Logarithms of the Sines and Tan* 
gents are called artificial Sines and Tangents. Tbefi 
Tables^ together with their ConfiruBion and Ufe^ 
wasfuhlifii'd after 'Rngig%* s Deaths at London, 
in the Tear 1633, by Henry Gelibrand, and by 
him called Trigonomecria Bricannica. 

Since] then there have been publifhed^ infeperal 
Places^ compendious Tables^ wherein the Sines and 
XangentSy and their Logarithms^ confiji of but fe^ 
ven Places of Figures^ and wherein are only the 
Logarithms of the Numbers from i to 1000009 
w^b may be fufficient for moft Ufes. 

The beft Difpofition of thefe Tables in mfOpi-^ 
ntoHj is thatfirft thought of by Nathaniel Roe, 
of Suffolk ; and with fome Alterations for the 
better J followed by Sherwin in his Mathematical 
Tables y publijhed at London in 1705 ; wherein 
are the Logarithms from i to 1 01 boo, confining 
^f J Places of Figures. To which are Jitbjoined 
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the Differences and fropofiional Parts^ hy Means 
if^wbicb may be found eaJUy the Logarithms (f 
sf^mhers to looooboo, objerving at the fame 
' ^m thatthefe Logarithms conjifi only of 7 Pla- 
ces of Figures: Here are alfo-the Sines ^ Tan- 
jvff/ii ana Secants^ wth the Logarithms and De- 
ferences for ebery Vfigree and A^nute of the ^ua- 
Jrantj with Jbmc other Tables of Ufe in fraSlicd 
Matbematicks, 
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CH A P. I. 

Of the Origin and Nature^ 
LOGARITHMS. 

» « 

AS io Gfeon^etry, the Magnitudes of L!n^ are 
often defined by Numb^; fohkevidfe^ontho 
other handy it is ibmetimes expedient to ex- 
pound Numbers hy Irinesj vh. by aflbioing 
fome Line which may reprclent Unity, and the Double 
thereof ; the Number ?,^ the Triple 3, the one half^ 
t le Fraflion •*■, and fo on. And thus the Genefis and 
Properties of fgme certain Numfaess are.betl^.^ofiCQ-^^ 
ved, and more clearly confidered^ than can be done by 
abfcailNumb^w^*,^ .. > 

Hence, if any Line tf ♦ be drawn intoitfelf, the Quan-* ^i* ^ 
tity ^^' produced thereby, is not to be taken as one of? 
two Gimenfions, or as k geometriialwSquarCf whof^ 
Side is the Line « , but as a Line that is a third Pjson: 
pQrtional to fome Line (akeu for Uni^..ajfid the Line 
a. So like wife. If «* be multiplied by tf, th& Prodiift 
^S will not be a Quantity, pf t|^ Dimenfions, or a 
Geometrical CuBe,'^t a Line t^t is thfc fotirth Tern* 
in a Geometrical Progreffio^v vhofe.firft Term is i, 
and fecond <j? j for the Tcrnjs ti ^,.tfS a\ a\ a\ a'^ 
a y isfc, are in th/^ oo|itii\ual Katio of i to^. And 
tlie Indicies* affixed to the Terms/ flicw the Place or 
' Y 5 I Dif- 
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Diflance that every Term is fro^m Uinicy. Fijc Ex- 
ample, a^ is in the fifth I^ace from Unkjr, ^ is the 
fixth, or fix times mb#e ii&SLhi k6ti^ Unity than (i\ 
or a\ which inrniediately Mows Unity. 

•If between the Terms ft aitl tf ^ there he put a mea» 
T^^M>niti^mtHiif^4i^ tl^Uikx of tiik vtill be i^ 
for its TXftsmice from Unity will be one half of the 
I)iftance of a from Unity ; wi (o a i inay be writ- 
ten i/ a. And if a n^ean pr^rtional be put betwQen 
m and 4^, the, Ind^ thereof will be i or i, for its 
Dift^(^Wip %^r(p^t£^ Mth^P'if^^ df^ fiom 
IJnity. ^ - » . 

If there be two mean Proportionals put between i 

gnd^TfTThefeJttrftfacmM th e Cub elUritof ig, whpfe 
Index niuft be f, for that Term is diflsmt froni Unity 
only by a third Part of tlijp Diflaiice ^ a from Uiiity ; 
and fo the Cube' KoQt miift te ^prefied .by aS, 
Hsnce, the Index pi Unity is o, for Unity is not dii- 
itanifrOhlitfetf. '^ '- - ' ; - : 

The fame ^l^ft^cf Quatithfes, geometrically proporr 
tional, may be both w^ys continued, as i^ell defoend- 
ing toward^ the .Left I^d, as afcehding towards the 

R#t ; for *^: T^HM^i- \r^X I, a, ^, 

^--' - ; .^ ■ ^> ^> ^'^ ^»^» 

<» i^'a ^'» ^<^* arc all iri the faitte Gc6metrical Prd: 

t^m^ .And fm<jB;aic,D|ftahce Of d froiA Unity is 

tow^d? the Right Hand, and pbfltiVc 6t-4- i, the 

ifyf^^i^^ viz. the 

DSbiKt idf the Ternti ivirm be N^dve or— i^ 
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^which (hall be the Index of the TilKi i- fi^r wldck 

itey be writtBfcarr;^ fio iiltewife'iii tl^Tcnn «— » 
Tfcft In4«vr.j..fttwB that thtft Tjerjp flands in the 
fe»hd «M» fioto Uni^ towwls t|w 1^ Bind, titd 

tfeTerms'^ ^ ^-^ and L ,^ d the Vattie Vsdue. Alfo 
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. If on t&i X-Jnc A N, both Ways indefinitj^, blen- 
ded, be taken, AC, C£, £G, GZ, lU m ti^ 
right Haxui And-dfo «A r, r'n, ^r. q& the Mt> 
att equal to one another. Aiid if at the Points, n^ R, 
A, C, E, G, I, L, be eiedbsd to the right Line A M^ 
the Perpemlipilars n r, r /^, A B, C D, £ F, 
G H, IK, L M, which let he continuaily pr^podjr 
onal, aad rcfirsfeit Numbers, whereof A B is IJnily. 
The Lines AC, AE,. AG, A I, AL— Ar,-^AJ7, 
«efpeSiveI)r exprefs the Diflances of the Numheis Aom 
Unkyy or the Place and Ofder that ievery Number 
obtains in the Series of Geohietrical Piioportionals, 
acoordjng as it is diflant fjxxxi Unity. So finee A G 
is tr^e of the right Line AC, the Nunoibcr GH 
Aatl be in the third Place from Unity, if €D be ih 
die firft: Sq likewife &aU LMbe in the £fth Place, 
iince ALcc 5 AC. If the Extremities of the PjropoD- 
iiimals, 2, ^, B, D, F, H, K, M, be joined by right 
Lines, the Figure snLM will become a F4^Iygoii 
oonfiftmg of more or kfs Sides, aGcording..as theioe 
are more or lefe Terms in the Prc^effioh. 

If the Parts AC, CE, EG, GI, IL, be bifefled 
'in the Pomts Cy e^gj /, 4 and there be again ndfed the 
Perpendiculare cdy ef^ gh^ ik^ inty which ate mean 
Proportionakhetweofi A B, C D 5 C D, E F 5 E F GH.} 
GH,IK; IK, LM;then there will arife a new Series 
i)f Proportionals, whofe Terms beginning from that 
which immediately follows Unity, are double of 
thofe in the iirft Series, and the Difference of the 
Terms are become lefs, and approach nearer to a Ra7 
tb of Equality than before. Likewife in this new 
Series, the Right Lines AL, AC, exprds the Dif- 
tances of the Terms L M, C D, from Unity, vis^ Since 
AL is ten rimes greater than A r, LM iftaQbe the 
tenth Term of the Series from-Unity: And becaufe 
A/ is three times greater than Ar, ef'^iM be.tfae thlid 
Term of «the<Series, if c4 be the firft i and there (hail 
h^ two mean Proportionals betlveen Afi and //, aivl 
lietween A 9, and L M^ there wiii be nine mean Prd- 
porrionak. 

hxiA if die Extremities of the Linos BdDfiFA 
H, btc. be joined by right Lilies, theoe will be ajiew 
Polygon made^ eQt0mg of moTe, but ibo£ter:&de^ 
than the laft. 
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If, <^n the Diftances AV, rC, C^i eEj^if^. te 
fuppofed to be biie£tecl, and mean Propordonal&.W 
twieen every two of the Terms, be conceived to be 
put at tbofe middle Diflances ; then there >Vill arife 
another Series of Proportxmals, containing 40uhk 
the Number of Terms from Unity than the former 
does ; but the Difierehces of the Terms will be%6, 
and if the Extremities of the Terms be joined, the 
.Nijimber of the Sides of the Polygon will be augment- 
ed according to the Number of Tenas ; and^tb^ Sides 
thereof, will be lefier, becaufe of<^e Diminution of 
the Diftances of the Terms from each other. 

Now in this new Series, the Diftances AL, AC, 
'&fV; will determine the Orders oi* Places of the 
Terms ; viz. if A L be five times greater than A C, 
and CD be the fourth Term of the Series from Unity, 
then L M iviM be the twentieth Term from Unity. 

J( in this manner mean Proportionals ft)e continu- 
ally placed between every two TermSpIBe Number 
of Terms at laft will be made (b great, as-allb the 
Number of the Sides of the Polygon, as (ib be^ greater 
than any given Number, or to oe infinite ; and every 
Side of the Polygon fo lefiened, as to become lefs 
^ than any given right Line ; and confequently. the Po- 

lygon will be changed into a curve-lin*d Figiire ; for 
any curve^lin'd Figure may be conceived as a Poly«» 
gon, whofe Sides are infinitely fmall and infinite ia 
Number. • . 

A Curve defcribed after this Maimer, is catfed Lo* 
garithmicaJ; in which, if Numbers be rcprefentcd ^^ 
right Lilies ftanding at right' Angte to the Ascis.AN, 
the Ibrtion of therAxis intprcq^tcd^ between any Nunlr 
ber and Unity, iliews tKe Plac? or Ord^o* that that 
Number obtains in the Series of Geomftrical Propor- 
tionals, dlftant fromi^scach^jdthcr^lijr equal Intervals. 
For Example, if AL be five times greater than AQ. 
and there are a thoufand Terms ^n continual Propor- 
'tion fi^m Unity to LM; then will there be tw6 
'Hundred Terms of .the fame Series from Unity t6 
CD, or CD fliall be the two hundredth Tcto of thf 
Serie^ iisom Uiiity jjand let the Number cf Terms 
\iioni: A B to L M be-fu^^fed what it v/iU ; then tlife 
Number of Terms fi:om AB tp CPi wiU he on^ 
fifth Part of that Number. 
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The Logarithmical Curve may alfo be d)fn<iehrdl 
to be defcribed by two Motions, one of which is 
equable, and the other dcceleralted, or rrtitiirded^ ac<* 
coidkig to a given Ratio. For Example, iif the right 
Line AB, moves uniformly along theLijw AN, fo 
that the End thereof defcribes equaljj|pH^ in equal 
Times; and, in the ihean Time,' the faid Line AB 
fo encreafes, that the Increments thereof, generated 
in equal Times, be * proportiohal to the whofe en* 
crealing Line; that is^ if A B, in going forward to cd^ 
be encreafed by the Increment ^dy and in an equal 
Time when it is come to C D, the Increment there- 
of is T>pj and D^ to^^ is za dois to AB, that is, if 
the Increments generated in equal Times are always 
proportional to the Wholes j ^^jJ^ ^he Line AH 
moving the contrary Way, • diii^riimes in a conftant 
Ratio, fo that while it goes thro' the equal SpaOa^ 
the Decrements A B — r A r ^ — n r, are Pro- 
pordomls to -A B, r ^. Then the End of the Line 
«ncreafing or decieafing in the faid Manner, 4efcribes 
the Logarithmical Curve : For lince A^idozz 
dciDf::DC: fqj it ihaU be (by Compoiitioa 
:of Ratio) as AB :dc: :dc:l>C::DC:f£j and 
foon. 

By thefe two Motions, viz. th^'One equable, and 
the other proport2onaiI)%' accderai&d, or retarded, the 
Lord Nep^ Jaid dbwn the: Origin of Log^thms^ 
and call'd the Logarithril of the Sme of any Arc, Tiai 
Number, nuhich nearep difines a Line that equally en^ 
^eafes^ while^ in the mean time, the Line expr^fij^ 
the whole Sine propurtionially decreafes to that Sine, 

It is manifeft from thisDefcription of the Logaritb* 
Jtnick Curve, that all Numbers at equal Diftances are 
xontinuallyprqxirtionaK It is alfo plain, that if there be 
fourNumbere AB, CD, IK, LM, fuch, that the Dif* 
tance between the ihrft and fecond, b^ equal to the 
Diflance between the third and the fourth : Let the 
Difknce from the fecond to the third be what it will^ 
thefe Nionben will be proportianal. For becaide 
the Diftances A C, IL, are equal, A B ihall be to the 
Increment D;, as IK. isK) the Increment MT 
Wherefore (by Compofition.) AB : BCzi IK; "ML. 
And Gontrariwifey if. four Numbers be proportional^ 
the Di&mce bermeq tbe.firft and the fecond^ ihall 
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fce «qi«M to tte Diftaooe b^wMi Ijm tUcd wi tiie 

TheDift^noB betwe«ti any two Numbffrs, iscalW 
the hoffinthfa of the Kittio (^ tfioT^ NMnii»ef9» Aorf 
ind^Aoilinot meafuie the jUtioidel^ buttb^ tfvmr 
hfff of Terms m a giv^a Series of Geomtrifi^ Piofwr 
^paW.piPoceediiig iTom on? Number ix> another^ ani 
iidifm t^e Nui^Mr of <m»9l BMo*n bf th^ CoMfofi** 
tifffi ik^bRDeof Kjhe Ratio ^ Niwalurs 9fe kmoivn^ 
If thie Diftiutoe faetwctn any two Nmob^rs he Am* 
^ ble 10 the Diftanc^ be|w«3«n two other Nimibsfay thaa 
tho Ratio of the two &>rii)er Numbers fliaU he die 
Duplicate of the Ratb of the two latter. For Jet th^ 
DiftaAce I L between the Nwstfaeis I K» LM, hf 
double to the Diflance A^, between the ihmkias 
ABj cd; andfuicelL is biftftod in/, we jiavie Ac 
zsll:^lhi and the Ratio of I K t^ //s, is cGuai to 
the Ratio of AB tor</} and- fo the Ratio of iK ta 
LM, the Dui^icate of the Ratio of IK to itih (h 
Dif. 10. El 5.; (hall be the DiiplicatB of tdie Rada 
of A B to ^ ^. 

In Hke Manner, if the Diftapce £L be tripfe c^the 
Diftance A Q then will the.Ratio of £F to LM, he 
triplicate of the Ratio of AB to CD : For heauife 
the DSkanoe is triple, there AaU be tfasee times ttore 
Pnopordonals from £F to L M9 than there are Tcrfiu 
,pf the fame Ratio froai A3 to CD ; and the Rado 
of £F to.LM, as alfoof AB.to CD, is ooinpounded 
csf the .espial intermediate/Ratio's, (hy Drf. 5. EL 6.) 
And f& the Ratio of £F to LM,,9pmpoundfld of 
three, times a greater Number of Ratio's, Audi be 
tnpHcate of the Ratio of Afito CD. So likewife if 
the Diftance G L be qaadrupie of tlie DiAacuce Ac^ 
ihen ibafl the Ratio of G H to L M, be fuadnipiicatc 
of the Ratio of AB to cJ: 

The Logarithm of any Number is the Logarithm 
of the Ratio of Unity to that Number,<gpr it is the 
Diftance between Unity and ihat-NimibeL * And h 
iK^arithms expids the Power, Fboe, or Oidek- which 
«very Number, in a Series of Geometrical Progreffi- 
pnais, obtains ixom Unily. ^of £xain{flt, if Jtheiebe 
jiopooQ^o proportional ^Noinbera from Unitf to the 
Nttmler 10, that is,. H* the Number 10^ in th? 
aoooaoooth Platce&om Umiy sitfaeait wijfcbeibuiid, 

^ by 
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\fj Computation, that in the fame Series fioxn Unitir^ 
to t there are 30idjoo proportional Terms, that iSp 
the Number 2 will ftand in the 3010300'^ Place. In 
like Mann^r^ from Unitjr to 3, there will be fourd 
4771213^ proportional Toms, which Number de- 
fines the Pkce of the Number 3 j> The Numbew 
loooQooo, 301 0300,4771 21 3^fliairoethe Logarithms 
of the Numbers 10, c, and 3* 

If the firft Term of the Series from Unity be called 
jL the fccond Term will be j^*, the thud y^^ &c. 
And fincc the Number 16 is the 10,000,000^"* Term of 
the Series, then will /°^^«=:io. 1 Alfo y^'^^^sia., 
Alfo/^'7*"rg-3 . jujj foosu . * 

Wheitefope all Humbert (haD be tomt Powen of 
that Number which is the firft from Unity^ and the< 
Indices of the Powers are the Lpgadthms of the 
Numbers.. 

Since Logarithms axe the Diflances of Numbers 
from Uni^, as has been fliewn, the Logarithm of 
Unity fhali be o ; for Unity is not diflant from itiel^ 
Ixit the LrOgarithms of Pra&ions are negative, or de« 
fcendjng bdK>w nottung, for they go on the contrary 
Wzy* Asid (o i£ Numbers increanng proportionally 
from Unity, have positive Logarithms, or tuch as a^ 
afifedled with the Sine -+- j then Fra^ons or Num- 
bers in like Manner decreafing, will fa^ve negative 
Logarithms, or fuch as are zSeSbtd with the Si^ — ; 
which is true when Lci^uithms are confidered as t|ie 
piflances of Numbers fr^pm Unity. | Yy v i 

But if Lo^rithms <ake their jgeginning not from 'an" 
int^ral Unit, but from a Unit th^ is in fome Place 
of Decimal Fmdions. For Example, from the Fraction 
to-tfb's^'UToB 5 . *en all PraAions greater than this, 
win have .pofitive Lqgarkhms, and thofe thai: are leis, 
wiU juive negative Logaritilms. But xnore fliall be 
£ud of this heieaften 

Sm^ in the NumbenB con^nua)!^ propcHtional^ 
t)C, EF, G Fi, IK, ^€. tiie Diitances CE, EG, 
GI, &/• are e^i^ the Log^thms A C, AE, AG, 
A I, £sf^. of dioft Numbers fluU be equidifierent, or 
the Difierences pf them ihall be equal : And fo the. 
tiogarithms of 'proportional Numbers are aU in aa 
arithmetical Progt^on ; and from hence proce^ 
that c^nftmoti E^cution of jL^qgarithm^ that Loj^ 

ntcuu 
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rithnis are Numbers which, being adjoined to Propor- 
tions, have equal Difibrenccs. 

In the firtt Kind of Logarithms that ^^^:pub- 
lifh'd, the firft Term of the contii^ual Propordoiials 
was placed only fo far diftant from Unity, as that 
T^rm exceeded Unity. For Example, if vnhc the 
firft Term of the Series from Unity A B, the Loga- 
rithm thereof, or the Difiance A m, or B^, was, ac-* 
cording tp him, equal tovy, or the Increment of the 
Nuniber above Unity, As fuppofe vh be i,oo<Jodai,' 
he placed 0,0000001 for its Logarithm jin^ and 
from hence, by Computation, the Number 10 fhall 
be the 2302585p'^ Tf^rm of the* Series, which Num- 
ber therefore is the Lo^rithm of 10 in this Form of 
Logarithms, and expreffes its Diftance from Unity in* 
liicn Piirb whereof vy or An is one. 

But this^Pofition is entirely at Pleafure ; for the 
pittance of the firft Term may have any given Ratio 
to the Excels thereof above Unity, and according to 
that various Ratio (which may be fupposM at Plea- 
sure,) that is' between vy and By, the Increment of 
the firft Term above Unity, and the Diftance of the 
fame from Unity, there will be produced difierent 
Forms of Logarithms. 

This firft Kind of Lojg^rithms was afterwards 
changed by Nifer, into another more convenient one, 
wherein he piitthe Number 10 not as the « 3 02 5850*'* 
Term of the Series, but the ibobyoooo"'; and in this 
Form 0/ Ix>garithms, ,th^ firft Ihcrern^nt vy Ihall be 
to the Diftance B^, or A», as Unity, or AB, Bto 
flie Decimal Fra^on 0,4342994, which therefore ex- 
prefles the Length of the Subtangent AT. Fig, 4. 

* After Nefer^s Death, the excellent Mr. Henry Briggs, 
by great Pains, made and publifliedf Tables of Loga- 
rithms according to this Form. Now firice in thefe 
Tables the Logarithm of 10, or the Diftance th«e-' 
of firora Unity,: is 1,0000000, and i, f o, loo, 1000, 
10660, fcfi'; are continual Prc^rtfotols, they fhall-bc 
eqiiidilhftt. Wherefore the Lbgarithm of the Num-' 
ber 10© fhall be 2,0000000 ; of iboo, 3',ooooooo*; 
and the Logarithm of 10000 Ihiali be 4,oooodooj 
and fo on. \ •• . 

* Hence the Logarithms of all Numbers between i 
mi 10, m'uft be^n with c, oromuft ftand m tl» 

* • 3 firft 
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gift Place to the l/eft-H^d ; for th^y are Iqffer than 
the Logarithm of the Number io,-whofe Beginning 
is Unity ; and the Logarithms of ^e Numbers be- 
tween ip and *oo begin with Unity i for they arc 
greater than i^c^pQ^oco^ and lefs than 2,0000000. 
Alfo the Logaritnm^iietwcen 100 and 1^00, b^a 
mth 2y for they^4(re greater than the Logarithm .of 
ipOy which beguis with 2, and lefs than the Loga- 
rtehm of a i oqo that begins with 3. In the fame Man* 
ner it is demonftrated, that the firft Figure to the left 
Hand of the Log^iiduns between 1000 and loooo, 
muft be,3 ; and the firft Figure to the left Hand of 
the Logarithms between 10009 and 100.099, will be 
4 J and ib on. ^ 

_.Th^ firft Fjguire of arery Logarithi?i. to the left^ 
Hand, is called the Chara£leriftick or Index, .b^caufe " 
it ihews thehtgheft or moft remote Place of the Num- 
ber from .the Place of Units. For Example, if the 
Index of a Logarithni be i^ then the higheft or moft 
remote Place from Unity of the correfpondent Num- 
^ber to the left Hand, will be the Place of Tens. If 
the Index be 2, the molFtremote Figure of the corre- 
fpondent Number fhall lie in the lecond Place from 
Unity ; that is, it (ball be in the Place of Hundredths ; 
and if the Index of a Logarithm be 3, the laft Figure 
6f tb» Number atifwering to it^ fhall be in the Place 
cf Tbcuiandths. The Logarithms of all Numbers 
that ajt in decuple or lubdecuple Progreffion^ *on1y 
idifier in thdr Chai^fterifticks, or In^k^ they being 
•written in all other Places ^ith the fanie Figoresw^ For 
:£3aim^le» ^e Lo^uJthms of the Nu^ibers. 17,: 1.79^ 
fi7QOy 1 7000^- are t^ fanieji unkfs in ^heir Indices; fbi: 
fiilce. I 16 to 17, as 10 to iy<^ and as, lOO to. ijpo^ 
land ds loop to 17000 ; theriefim the Dift^nces be^ 
4ween x and. i7> hptwem ip and >7o, between 190 
4UkI'.i70o, ^nd between 10.00 and ijpoo^ fhall be all 
.fqasU, . . Anil: (q. fince the Diftanqe ;betWaen i and 17^ 
or the Logarithm' of, the Number 17 ^ i. 2304.4899 
4h^LQg^^moft})eNufi(ib^ 170; will hGs=:z>2^p^Bg^ 
^KpA the Loguithm s^f the Number v 1 700 ihall be 
:3« '3^44^9^ bepuife the Logarithm of tba^Number 
jrA<¥=S:}2«0pooooO. In like AJ[aaner, fince the Loga* 
jithm X>f the Number looorrj.ooopoooy .the Loga- 

;ritbai of th^ NuwNr, 1 79^fiis^Ar?iRH^- ; 

f .1.; -^— So 
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Spalfo the 'Numbers, 6748. 6>^4v'- ^7? 4«. *> 74*. 
Oy 6748. o, 06748) are conCHiual F^c^ortioiiaJB in tlie 
Ratb of 10 to r ; and lb 



3,8291751 

€,#^91751 
0,8419 liyjc 
'i,849e7{c 

1^8^9474f| 



their Diftances from each 6748 

other fhall be oqua! to the • ^ 7 4, 8 

Diftance or Logarkhm of ' 6 7, 4 8 

the Number 10, or equal 6, y 4 8' 

to 1 ,0000060. And fo fince 0^6 748- 

the Logarithm of theNum- 0,06 7 4 9[ 

bcr6748 is 3,8291 751, the 

Logarithms of the odier Numbe rs ftiall be as kiiiie 

Margin ; where jpott may obferve that the Inslicltsrf 

the laft two Logarithms ate only negatire^ lyid ^ 

other Figures pofitive ; and fo when thofe' ^ttm ¥^^' 

mres are to be addedl the Indited liuift be fiibu^Aed, 

^^tnuiwife. -J^-^ 



'\ •• 



! 
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Of the Jfithmtick of Lagtirithtks in wh^ 
J^umbers, or 'wbcU Numbers adjoined J^ 

decmd EraBimi. iFig. z* - . j 

I ■ . " .... 

BEeaufe, in Multiplication, X7ni^ 4s iC04lie aMkiki- 
' pliei^,-as^the 'Multq^kaxid is to*the)RMAiai^ tfe 
J3iftanoe 1>etw<£n Unity ^di^ MuldpScv, Ifatfi 
ht equal to die I>iftaitce between llie Mutdfdiittnd^tttid 
theProduA; if therefore, ^^tutuberGM be lb be 
multiplied by the Number ^9y'6» Dttano^^lteMMi 
€ H and Hhe-'PipduA nulft 4e 4^ual> no the DiAaote 
<flL£, or to the Logjarithm ^f ^di 'Moltt^efi ; » aMdilb 
IT'GL be Wkeli equ^ to A£, the Number ^LM Ihiil 
te the Prodiid^ that is, 4f tb^ liogarithitt tff ^b^MA- 
tiplieand A6^ added, to the Logarithm of 49ieiMat- 
^lier A £,^ dteSum-fliall be^the L^idim <rf thcJArt^ 

^eu - •• ■ \ ' •.•.•■•••.!' \- t^ 

- In Bh^ffion, the Dhdfor « to Vnity, as 4»^t»^ 
i)end » to the Quotient ; and 'lb the Oifitace4«twMi 
the Divilbr and Unity iliall be oqiia! to 4ht EHflanee 
between the Dividemi^and the Quotient So^T^M 
be to be divided by Efj the DiAahce £ A'4hcfl 'be 
ogual tovtfae DiftaAcebetween L Mahd ^ Quotitii^ 

and 
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aadf» if LG be taic^ iscyi^l to £ A» tfaeQuMieiiV 
>^beat G: thutk, if ^am AL> tbf Lcoritiiiti of 
llM Divijdend, bb idoon GJU of AE, tfae Lcfiritbiit 
«f tbe £)ivifor» there: will hoi^ AG> the LGg^thm 
•f tiK QpoCiOtt. 

Ao4 kpm fatfnc^.lt 44)pey»r9> thitt wh^tfoever 0|iet 
imkim' to eo^moft AiM)iiie(hicfc are jj^rfeifned by 

^Mi(2h csfter^ laad iMie t^xpedieiidf do|i«b(]p fhtf lA^ 
dUkk^n or. Subtiti^Qn; ^f l«9gMthms4 

: ForSiMlni^ le|theJh(^llN)r 75^9^ b^ 
ti|^M ^y 67 J J. >IoW> if ite Le- 

I^hrUmm of thofe: NttoAcit be Lo^ $. BBpiSjiA 

2iAoi\t^ffftbftti $5 in theMftrgin Lag* 3. ^^97530 

tfabir.^um wiU be the LogMtichm JLog. 7. 709938$ 

of tbi' P«odk«ft) whofe. Indeit 7 . 

fhews that there are ki^tm thim- of Figures^ befidke 

Uniit]!^ in the PiatuiSLi and in feekins th» Loga- 

Rthfli inTakks^ or thtnwrtflcqiial to it^ I fiiid (hat the 

Number ah(Veriafc l^iensto>: whi^h ts lefl^ tliaa th^ 

ffoAwSt ia 5ia7fooQ| andthe Number gimter than 

tfaje P|od^ IB Sf z7^4o^ anj if the adjooiied DiSus 

«nc9^ aad pudportwoal Part» be takciH.theNitmbeia 

tine imuft. be iidd^.t0 ilMr PJjw of i^uodmds luad TeUt 

m the Produd are 87, and that which jMift be added 

in the Place of Unity, will neceflarily be 3, fince 

feven times 92=63^ and fp the. true Prodiu^ (hall 

be 51278873. If ihe Ihdex of the Logarithm had been 

8 or 9, then the Numbers tp be addjed in the Place of 

Rte'dledfhs or Tenths, bould not be had hota thoft 

Tabl^ of L^gantbiris w^icb oonfift but of 7 Fh/ce^ of 

Figures, befides the Chaiadbriftick, and (o in this Cafe, 

tijc J^^uian or Briggf<m Tables Ihoukl be uftd % in 

^! ^rqer of wbi^ the Logarithms are all td ten 

^ ^I'.lFjgiires,. aiid.&k^lip latter to fourteen. ; 

J<J'umber 76956 Be to be 

. , , Wj^ 278, Iw fiibtniiaing the Leg* 4, R954004. 

£>e^^thm of the Divifor from Log, g. 4440448 

£tk Logafithm of the dividend, Ix^. .»_ A,cixtc6 

the JUq»i;tUim of the Quotient, 

wiUlieni^ Andto.ttus Logarithm, the Number 28 z^ 

^ i£ abrWersi which thefefere (hall bethe Cedent. 

. '^^^fe tJnity, anv^ alTumed Number^ the Squaie 

tbem^. the Cube,, the Bi<piadrate, &c* krt all con* 

.* , ' ' tinual 
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tfmial P)r6f»rtionak» tIMr IMftsuitai ftoih ea^ oihet 
ttoiSl be ecpiat to one anpfhen And lo it is' maitifiefl^ 
that the Difianoeof the Square from Unity, is doubk 
of the Diftance of its Root fiom the falne : AUb the 
Diftance of the Qibe, is triple of the Diflaiice of its 
Root ; and the Diftance of the Biquadrate, is quadm- 
jple of the Diftance of its Root from Unity, ffc, ' And 
£> if the Logarithm of any Number be doubled, we 
ftall have the Logarithm of its Square ; if it be triplec^ 
we fhall have the Logarithm of itft Cube^ and if it be 
fpiadrapled, the Lo^uithm of its Biquadrate. And 
cx>ntrariwife, if the Lb^rithm of any Number be bi^ 
jefted; we fliaQ have the Logarithm of the (quare Root 
hereof : Moncover, a. third Part of the faid Loga- 
xithm will, be the I^ogarithm of the Qibe Root of the 
Number ; and a fourdb Part, the Logarithm of the Bh^ 
quadrate Root of that Number^ 

Hence, the ExtraAioti of all Roots are eafily per«> 
formed, by dividing a Logarithm into as many 
Parts as tlvire are Units in the Index of the Powers 
So if you want the fquaie Root of 5, the half of 
0,6989700 mufi be taken, and then that half o. 3494S50 
will be the Logarithm of the Square Root of 5, or 
the Logarithm of |/ 5, to which th^ Number suajfiod 
nearly anfivvn. 

CH AP. IIL 

Of the jirithmetick of Lo^arithms^ when 
the Numbers are Fht^ianr. Fig. 3. 

WHEN Fra<9ions are to be w;orkcd by Loga-^ 
rithms, it is ncceflaiy, for avoiding the'Troi*^ 
• ble of adding one Part' of a Logarithm^ anci 
fubtradbg the other, that Logarithms do not facraa 
from on intend Um't, but from fome Unit that is me 
tenth or hundredth Place of Dedmal Fiafikions :. For 
Example, let PO be jtoooJo-t^o, «id from the 
fet the . Logarithms b^. Now thb FraAkm H 
ten times more diftant from Unity to the left ihiai, 
than the Number 1 o is diftant therefrom to the right ^ 
for there are ro proportional Terms in the Ratio of 
10 to I, fromUflity to PO. And foif AB be Unitjr, 

toe 
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the Logarithm there6f, iccordiiig to thk Suppofition, 
win not be o, but OA will btesiowooodooc; for* 
the Diftanceof any Tenth korti Unity is i.ooooooo, 
whence the Diftance of the Number i o from P O wilL 
be 11.0000000. Alio the Diftanoe of the Number 
100 fh)m POy or its Lc^arithm, beginning from P €>,« 
Ihall be iz.oaooooo, and the. Logarithm of iot>o, or 
the DiftancDe from PO, will bet 3,0.dooooo. Andthiis, 
the Indices of all Logarithms are augmented by the 
Number lo ;< and thofe. Fraftions whofe Indices ar^ 
- I, or — 2, or —3, isfa are now made 9, 8, or 7, i^c» .• 

But if Ldgarithms begin from the Place of a Frac-^ ' 
tion, whofe Numerator is Unity, and Denominator 
Unity with 100 Cyphers added to it, (which they muft . 
do when-Fradions /occur that are lefs than PO) then . 
that Fra£tion will be 100 time» more diilant from 
Unity, than 10 is diflant from it $ and fo the Loga-* 
rithm of Unity will have 100 for the Index thereof. 
And the Logarithm of any Tens will have 1 01 for the 
Index, thatof any Hundreds loz, and fo on$ all the 
Indices being, alimented by the Number ioo« 

The Logarithms of all Fraition^ that are greater 
than PO (whereat they b^gin) will be pofitive. And 
fuice the Numbers 10, i, tW rhj toW, £sfr* are in 
a continued geometrical Progreffion, they will be e- 
qually diftant from each other ; and accordingly their ^ 
Logarithms will be equidifierent : And fo when the 
Logarithm of 10, is 1 1 ,0000000, and the Logarithm 
of Unity is 10. 000000O9 and the Logarithm of the 
Fraction Vy will be 9. 0000000, and the Logarithm 
of the Fra^ftion-ri? will.be 8.0000000, and in like 
Manner, the Index of the Logarithm of W^ will 
be 7. Alfo for the fame Reafon, if the Index of the 
Logarithm ^ Unity be 100, and of 10 be loi, then , 
Will the Index of the Logirithm of the Fraftion tV be 
99, and the Index of the Logarithm of 7^0 will be 98^ . 
and the Index of Logarithm of the Fraction y oW ihall 
be 97, f^r. And thefe Indices fliew in what Place 
from Unity, the firft Figure of the Fraflion, not be- 
ing a Cypher, muft be put. For Example, if the In- 
dtt be 4, the Diftance thereof from the Index of Uni- 
ty, (which is I o) viz» 6, Ihews that the firft Significa- 
tive Figure of the Decimal, is inlhe fixth Place from 
Unity J and therefore> five Cyphers. are to be prefi?ted / 

Z ' thereto 
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thereto toivranls the kft Hand. So alfo if the Index 
of Unity be 1 06, and the Index of the Fra<ftion be 80, 
the firft Figuie thereof ihaU be in the zoch Pkce from 
Unity, and 1 9 C^^fin^ arc to be prefixed thereto. 

Now, let it be' fequlred to multiply the FrafUon 
G H by ^e TmSStm-DC Becaufe Uhky is to the 
Muki(rii^, as the Miultiplicand is to the ProduiSl ; the 
Dift^ce between Unity arid the Multiplier fliall be 
equal to the Diflanoe between the MuldpUcand and ths 
Prodna. Thereforte^ if -th^re be taken GIssAC, 
the P«)dua IK fliall brtUJ L And accordingly, if 
frofli O O, the Logarithm of the Multiplicand, there 
V. be taken GI or AC, there will remain OI^ the Lo- 

garithm of the Produa. But A 0=0 A-^O C, . whfch 
taken from OG, there wfll remain OGH-OC— 
O A=0 1, that is, if the Logarithm of the Multiplier 
and Multiplicand be added together, and from the 
Sum be taken the Logarithm- of Unity, (which is al- 
ways expreffed by 10 or ? bo with Cyphers) the Lo- 
garithm of the Produ£k will be had« For Example, 
let the decimal Fj^SM^iotl o, 00734 be ^'^ ^ multiplied 
by the Fraftion o^ 000876. Set down 100 for the 
Index of the Logarithm of Unity, and then the Lo* 
gftFithms of the FradUona will be as fn the Margin, 
which being added together, and the 
Logarithm of Unity being taken away 97, 8656961 
ftom the Sum, the ^Rumainder is the , 96, 9425041 
Logarithm of the PrcRfaft; whofe In- : 94. '8 08 2002 
jdex 94 (hews that the firft Figure of the 
Ptododl is in the {\xih Place from Unity, and fo there 
muft be £v^ Cyphers prefixed, and then tbefroic£t 
will be, 00000642984". 

In Divifion, the Divifer is to Unithr^. as the Divi^ 
dend is tb the Quotient > add fo the Diftance bttween 
the Divifor and Uniey (haH be equal m the Diftanoe 
between the Dividend and die Quodent. And fo if 
the Fraction I K be^ 8$::be divided .bv- DC, you mull 
take I G=CA, arid tlie Phoe <rf the Quotient (hall 
be (jr. But C A s='0 A -^ O G, which- being added 
to 01^ weiiaveOA-+-pi— OCsaOG, that 15^ 
if the Logarithm of Unity be added to the Lc^rithm 
of the Dividend, and from the Sum be taken me Lo- 
garithm of the Divifor, thcwe will remain the Jx)g^<- 

ridim of th« Quotients ' f^** if thoNumbei CD be to 
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be divided by I K, you muft tike tibe DHhuute CS=s 

1 A, and then ST will be the Qijotnitty whofe Lo0i«> 
rithm is OA4-OC— Ol- LctCDao. 34.7, IE 
sro.00478. Then add the Logarithm 

of Unity to the Logarithm rf CD j 19* 5403^^95 
that is, put I or 10 before the Index 7, 6 7 9417 9 
thereof, and ifrom diat fubtrafithe Lev* 1 1. 960901 < 
garithm of the Divifor, and the Remain* 
der v^l be the Logarithm of the Quotient, who(e In- 
dex II. fhcws that the Quotient is between the Num«> 
bers to an^ 100; and I feek the Number anfwdring 
the Logarithm, which I find to be 72, 54^. If the 
Tx)garithm of a Vulgar Frafliion, for Example, | be 
fequired, the Logarithm of Unity mdl 
beildded to the Logarithm of the Nu- i o. 94 1^0996 
nierator7,orwhichi$allone,yoamuft o. 9^3090^ 
put f o or too before the Indoc thereof, 9. 9420080 
and fubduA from it the Logarithm of 
the Denominator 8, and there will remain the Loga^ 
rithm €^ the Vulgar Fia^bion f, or the Decimal 
•875. ^ ' . 

If the Powers of any Fradion D C be required^ yoA 
muft aiTume EC, EG, GI, IL, each equal to AC; 
and then E F will be the Square, G H the Cube, an<l 
IK the Kquadrate of the Number DC; for they are 
contifiual^ proportional from Unity. Befides, A£=i 

2 AC=2AO— 2OC, whence OE=:OA-AE 
s£20C**^0A, that is, the Logarithm of the Square 
is the Double of the Logarithm of the Root, le& eh« 
Logarithm of Unity, ui like manner, fince AG=:3 

3 AC=3 O A— 3 O C, we Ih^U have O G=rO A-* 
AG=s 3 OC — 2 O A = the Logarithm of the Cube 
= trwlc the Logarithm of the Root, — the Dou?* 
ble of the Logarithm of Unity. For the fame Rea- 
fbn, becaufe Alss4 AC=:4 O A — 4 O C, we have 
0Is=4*0 C -*• 3.0 A, which is the Logarithih of the 
Biquadiate. And univerfallv, if the Power of a Frao* 
tion be fly and the Logaritnm L9 then (hall the Lo^* 
rithm of the Power «=«L— « O A-4^0A, that i$» 
if the Logarithm of a Fr»9ion be multiplied by », and 
from the Produft be taken the Logarithm of Unity^ 
multiplied by » — ^ i, the Logarithm of the Pow«r n 
if thiit Praakaif wiD be had. 



x^ 
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:. For Example, if itk n^quired to find the; 6th Pdwcr 
of the EtaiSioaifcps, cj the Logarithm of thisFxaSion 
is 8.^^9700, wJhidi .being multiplied by 6, ^ gives the 
Number 52. i93'82boj a^ if- from 52 the Number 
50, which is the Index 'of the Logarithm of Unity 
(drawn into ;, be.taken away, the Remainder will hs 
ihe Logantl^m of the :6th Power, «/z. 2.1958200, to 
which the Number ,0000000 15625 anfwers. For 
tht Indfex 2 ihcws that 7 Cyphers muft be put before the 
i firft Figure. 

If the :8th Power of the Fraflion >o5 be reipiired, 
by multiplying the Logarithm by 8, there will be 
produced 69.59176005 and fmce 70, which is fevcn 
times the Index of the Logarithm of Unity, cannot be 
taken fit)m^69, unlefs we run into negative Numbers, 
the Index of the Logarithm of Unity muft be fuppofed 
1 00, and then the Index of the Logarithm of the 
Fradion will be 98. Now this Logarithm drawn into 
8, gives ^89. 5917600, and if 700, which is ^ times 
the Ind^x of the Logaorithm of Unity, be taken fion^ 
789, there will remain 89. 5917600, the Logarithm 
pf the 8th Power of the Fraflion /o»'whrfecorrefpon- 
dpiit Nuimber is ,0000000000 39062 ; for (ince the In- 
^ex is 89, and the Difference thereof from j 00 is 11; 
the firft fignificative Figure of the Fra<9ion Ihall be in 
the ' fitb Place from Unity 5 and fo there muft be 
10 Cyphers placed before it 

If the Roots of the Powers of Fraftions be defired. 
Sot £;x^mple, the Square. Root of: the Fra<Stion £ F, be- 
Qai4e the Root is a mean .Proportional between the 
Frafiaon and Unity, you -muft bifeft AE in C, and 
then CD will be the fqviareRoot of the Fraction EF, 

But AO:=: i AE =^dlZl2£, and ' fo the Loga- 

rithm of theRoot=OA-AC=-5!A±^. And 

if the Cube Root of theFraflion G H be fought, this 
ihall be the firft of two mean Proportionals between 
Unity and G H J and fo if A G be divided into three 
equal Parte, the firil of which is A C ; then CD Ihall 
be the lto6t fought, ahd becaufe AC=:-f-AG = 

^ — -— , if this be taken from O A, there will 

<, . _ rental 
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fcmain ^ ^^ — =:OC=Logarithm of the Cube 

3 
Root of jhe Fraflion GH.^ So likewife the biqua- 

drate Root of the Fra^Hon IK will be had, by divp 

ding A.I into 'four equal Parts, for the Root is the ' 

firft of* threp mean* ProjK)rtionals between Unity 

and the Fraction, and cohfequently , if AC=;Jl 

A I, ,thea .will C D be ,the .biquadrate Rjiot of 

theFraaion IK. But ^ Al :=PJ^'^^^ and fo OG 
=.OA-AC=iOAH:OI 

And'umverftllyi- if the Root <>f ajiy R>wer ncS thfli 
FraflKonLM be: required j the Lc^ritbm of ,ti^e Root; 
thWeof will be^ OA-QAH-PL ^ ^y^^^. ^^ ,^p:^ 

Number »— i be prefixed to. the Index of the Loga-^ 
rithm, and the Logarithm thus augmented be disrided 
by fty the Quotient will give the. Logarithm. of die 
Root fought. So if the Cube Root of the Fradiion ior 
.5 be fought, you muft place 2=15?^— i (fince the'Cubo 
Root is required) before the' Logarithm thereof, and 
there will be had 29,6989700, a third Part of. which 
is 9,8996566, which is equal to. the Logarithm of 
the Cube Root of the Fraftion i, and the Number 
97937 suifwering to this Logarithm, is the Root fought« 

CHAP. IV. 

O^ the ^.uk of Proportion by Lc^a- 

* 

^TP^RE Rule of Propojtioii' (hews how, by having 
I; three Numbers given, a fourth Proportional to 
•*• them may be foimd,.Wr. if the fecond and third 
Terms be. multiplied by one another, and the Pro^uft 
divided by the firft Term, then will the Quotient be the 
fourth "prc^xjrtionai Term fought. But this fourth Term 
Ss much edfier fo^d by L^^tfams ; for if the Loga- 
rithm of tS^e firil TcoB be tak^i> from the Sum of the 

Lo^ithAisctf the fecond aiid^tbird T;rm> the Num-r 
^ ^ Z 3 b^ 
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ber remaining will be the Logarithm of the fourth 
fought. ' >.»-. 

Or this mj^y bo done fomething caficr yet, if infiead 
of the Logarithm of' the firft Term be.laken its Com- 
plement Arithmetical, or the Difference of that Lo- 

irithm, and. the Number lo. ooooooo, which is 

one by fetting down the Difference, between each 
Figure of the Logarithm, and the Figure 9 j for then if 
that Arithmetical Complement be added f6 the Siun 
of the other two Logarithms, and i£ Unity^ which is 
the firft Figure to the left Hajid, be taken from the 
Sum, the Remainder will be the Logarkhm of the 
fourth Term fought 3 and fo by this Way, Logarithms 
df the fourth Term are found oy only one At^ition of 
three Numbers. The Reafon of this Will be manifeft 
from hence.: Let there be three Numbers A, B, C, 
from which the firft is to be taken from the Sum of the 
fecond and thirds Now> this may not onXyhG done 
by^ the iBbmmon Way, but likewtfeii if there be any 
other third Number £ taken, and from this there be 
taken A, there will mmain E — A, and if the Num-' 
bers B^ Cj and £ — A be all added together, and &om 
their .Sum betaken £,' there will remain B+C^— A* 
So if the Number. 1.5 be to be taken bom. z$^ 
take the Complement of the Number f 5 to 1 00, 85 
which is 85, and add this Nuoiber tqr z^i ^^^ ^3 
the Sum will be 10^, from which {oo i^eing J^ 
taken, there remains the Number 8. 

Hence follow fome Trigonometrical Examples of 
the Rule of Proportion folv'd by Logarithms, 

Let A B C be a right-angled Triangle, wherein arc 
given, the Angle A 36 Degrees 46', the Angle B 98 
Degrees 32', and the Side B C 3478, the Side AC is 
required. Say (hy Cafe i, rf plain Trig.) as the Sine 
of the Angle A is 

to th^ Sine of the Arith, Comp, S> A. <K^%t%^z% 
Angle 3, fo is B C Log, Sin. 3^ 9*995 < ^5^ 

to A C And be- Log. B C, . 3>54i3 *96 

caufe the Loga- Log. AC . X3-759S890 

rithni Sine of th^ 

Angle A is the frrft T^md the Attajbgy^ Ifubflitute 
its Cbmpiement Arithmetical for tb^ hmo^: »id add 
the Logarithm of fi Q the Logarithm of S^ B, and 

tbp &JA Compleomt all thm toQCtbor, wA rgeft 
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Unity, which is in the firft Place to the left Hand, 
and then the Logarithm of the Side A C will be given, 
and the Number ^nfwei|ng thereto H SJ^^yS^^ ®^"*^ 
to the Side fought A C. 

Let there be. a fpherical Triande ABC, ia wjiij;* 
arc given all the Sides, W2?, »C= 3^ Degree/, 
AB=: 24 D^pees 4^ and AG £24^ Degrees S , the 
Angle B is recwired. Let B A" te produced to M, fo 
that B M=5:B C,' then will A M, the Differeni:e of the 
Sid€» B C, B A, be equal to 5 Degfees 56 . , Now 
{by Cafe 11. in oblique-angled fpherical . Tndnglea) 
fay, as ^the Reftai^le under the Sines of the Legs, is 
to the Square rf Ra(Has, fo ia'tJK^R^f^ngle uftder the 
Sines of th. Arcs^C-^AM^ AC-4M ^ ^, 



2 2 



Square of the Sine of one half the Angle B. 

But r-- ^ — 1==:24 Degrees 2, an d , .. : . 

=318 Degrees 6' ; .and becaufc the firft Term df tht 
Analogy Is the Reftahgle under the Sines of AB, BC, 
and fecond Term is the Square of Radius, the Sutti 
of the Logarithm Sine of A B, B C, mtxft he taken from 
double the Logarithm of R-adiliSj and w^»t remaiife 
muft be added to the Sum of the Logarithm S, of 
AC±AM, ^AC-AM. ^^^^^ ^ ^ ^^^ „ j^ 

the Logarithm Sines of each of the Arcs A B, B C, 

were ' fub- 

Log. 5, B C Comp. Arith. .0.3010299 tra6ted from 

Log,S,ABCdfflp. Arith.* o.itgtsH the Log. of 

T^ q AC+AM «/;v.n«Rn^ Radius, or if 

Log. S,^ ^ 9.609B803 ^^ Comple- 

r o AC-AM 9-4923083 nicn^s Arith-. 
Liog. th '■ — " — metical of 

.LorSAndcB » 9-7930549 th^fe Sines 

a Log. b. Angle a. be taken, and 

the CoomlemenJts and the faid Sines be all added together j 
then fl^the Sum be the Legatithm of the Square of the 
Sine pf half the Angle B. And fo the half of the Lo- 
gmthaiQ.8965274 is the Logarithm Sme of h^f the 
Angle B= SI Degrees 59' 56", and the Double of 
this Angle.fliaU be 103 Degrees S9' i2" = B» ^P'"* 
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CHAP, V. 

♦ • » • 

Of the iontmual Increments of froportiond 
^iontitiesj anit h&w to find' by Loga-^ 

' rtthms^ any Term m a Series of Pro- 
portwnals^ either inj^ret^fing w^d^cr effing. 



\ ■ -^ 



• 

IF any where In the ^ie of the Logarithmetical 
Curve, there be taken any Number of equal Part? 
S V, V Y, YQJ^c. and at the Points S, V, Y, 
Q^, &c. be raired the Pcrpcndiculiars S T, V X, Y Z, 
Q^'> ^c. then from the Nature of the Cuiw fhall all 
tfieTe Perpendiculars be continually proportional j and 
therefore alfo t;he continual Incremenis Xxj Zz^ nc, 
^ih^U be proportional to their Wholes : For fincc S T : 
.VX.:.;VX:YZ:: YZiQn, it fliall be (by Divifi. 
,pn of Proportion) ST: X*:: VX: Zjs:: YZ n^, 
ajid (by Comp^fltion of Prq>prtion) VX : X jr : YZ: 
Z2;::Qn:na-. Henc^, if Xiv be any Part of any 
.right Line ST, then will Zz be the fame Part of the 
right Line V X, and alfo ^^ the fame Part of the 
right Line YZ. For Example; if X.^ be the A 
fart of S T, then wUl Z%z=l^^ VX, and n x:=z^h, Y Z ; 
or, which comes to the famji^, we (hall have VX=? 
ST-4-?.ST, YZ;=:VX-1-^VX. AlfoQn=s 

-.YZ^rr/oYZ. • ' . .' 

. Now make, as ST is to VX, fo is Unity AB to 
NR ; then fhall AN;=:S V } and fo .each of the 
i-ight Lines SV, VY, YQ^, isfc. IhaU be equal to 
the Logarithm of R N, and A V, the Logarithm of 
the Term VX fhall be equal to A S + A N= Loga- 

. rithm of S T + Logarithm of N R. Alfo A Y, the 
Logarithm of the Term YZ, fhall be equal to AS-H 

" 2 AN?= Logarithm S T •+• 2 Logarithm N R, and 
A Q^, tiie Logarithm of the Term QH fhall be equal to 
AS + 3 A N == Logarithm S T -(-^Logarithm tJR. 
Arid univerfally, if the Logarithm of the lumber NR 
be multiplied by a Number, exprefling the Difbnce 
pf any Term from the firft> 9nd the Product be added 
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to the Logarithm of the firft Term, then will the 
Logarithm of that Term be had : But if a Series of 
Proportionals be decreafmg, that is, if the Terms 
diminifh in a continual Ratio, and Qn be the' firft 
Term ; then the Logarithm of any other will be had, 
in multiplying thfe Logarithm of the Number NR, 
by a Number that exprefles the Diftance of its Term 
from the firft, and fubtraifting the Produd from the 
Logarithm of the firft. And if the faid Produ6t be 
greater than the Logarithm of the firft Term, then 
the Logarithms muft begin from a Unit in fome Place 
of Decimal Fraftions, as from O P, and ttien the Lo- 
gari*m of the Number Qjn will be O Q^ 

Now let LM reprefent any Money, or Sum df 
Money put out to Intereft, ft that the Intereft there- 
of i)e accounted but at -the -End of every Year, and 
ht'KJ^ be the Gain or Intereft thereof ^t the End of 
the firft Year, then will IIC be the Sum of the In- 
tereft and Principal. And again, I K becoming the 
Principal at the End of the firft Year, H *, which is 
p^rqiortiotial to I K, or in a Conftant Ratio, wfll be the 
Gain at the End of the fecohd Year ; and fo H G, at 
the £nd of the fecond Year,- will become the Princi- 
pal ; and at the End of the third Year F/J proportional 
to GH, will be the Gain. Now let iis fuppofe thfe 
Principal be augmented every Year ro Putt thereof, fo 
thatlK = LM-f-^^>LM, GA=IKH-,'oIK, 
E F ss G H-4- 20 G H, and fo on. And accordingly 
the Terms L M, I K, G H, E F, &c, condnual Pro- 
portionals, it is required to find the Amount of the 
Money at the End of any Number of Years. , 

Let L M be a* Farthing, fiecaufe L M is to I K, at 
I to I •+- 2*0) of as I to 1,05. as A B is to NR, then 
willNR=:i.05, whofe Logarithm AN, is o. o'zii 893, 
or more accurately 0.0^11892991, it k required to 
find the Amoutlt of a Farthing put out at compound 
Interdt, at the End of 600 Years,' multiply AN by 
600, and theProduft will be 12. 7135794^ and' to this 
Piodud ad<l the Lc^rithm of the FraSion ^f;^. viz. 
97.0177*88 (for^a-i^arthilig' is oio Part of a Pound) 
and the Sum 109.73,13082 fhall be the Logarithm of 
the Kumber fought) and fince the Index 109 exceedj^ 
die Indoc of Unit^ by 9, there fhall be nine Places 
of Figuics ftbove Unity.' in the correijpondent Num- 
ber, 
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ber, and that Number bek^ fought in tha Tabla» 
will be found greater than 5386500000^ and Ids 
than 5 3866Q0000. And therdfoiie a Farthing put out 
at Intereft upon Inter^ at .5 pir Cent, per Ammny 
at the End of 600 Years will amount to aboVb 
5386500000 Poands ; which Sum could hardly be 
made up by all the Gold and Silver that has been 
di^ out of the Bowels of the Earth from the Beginning 
of the Worid to this Time. ( 

Let Qn expound any Sum of Money due to fome Pcr- 
fon at the End of a &U Year. Now it b certain^ that if 
the Debtor ihould pay down prdent the whole Sum of 
Money, he would k>fe the yearly Ufury or Iptereft that 
his l^i^ey would gain him ; and fo a:kfler Sum, 
being put out to Intereft, will at the End of one Year 
together with the {nteieft thereof, be equal to the Sum 
of Monfy Qj '.. Now this preftM Sum of Mon^, 
which together with the Intereft thereof, is equal to the 
Sum of Money Q^»7, is called the prefent Worth of the 
Money Qn, Let AN.be the Logarithm of .th^RatJo 
which ihe Principal has to tt^ Sum of the Principal and 
Intereft, that is^ if the Principal be twenty rtimoi .^e 
yearly Intereft, let AN be the Logarithm of tbe Nutti- 
OCT, i.-rf-roor i.oj, and take Q^Y e^aJi to AN; 
then will A Y be tbe Logarithm of the prefent Worth 
^f the Money Qj\ For it is manifeft, that the.M<>- 
ney Y Z put out to Inteireft, wili at the.£ivi pf one 
Year amount to the Money QS^ ^^^ ^' ^^ Aaye. tkc 
Logarithm' of the prefent Worth |fae;)tof^ €r:YZ, 
the Logarithm AN, ifouft be taken from. die Loga* 
rithm A Q^, and, there will remain the Lc^;^tbffl A V 
of the prefect Worth, or Y Z, But if Ae Jum^n Q. 
be not due till the End of two Years, thea^he I^g»- 
rithm z . AN muft be fubtra^ted from the Logeuitbrn 
AQ;.» aivi there will remain A V, the Logaiitbm ^f 
the pcefen^ Worth, or of the Sum thai; itiuft be paid 
down prefent for the Money Qj^ due at the Eod of 
two Years. For it is manifeft, that ^. Money VX 
being put out to Intereft, wUiy.at the EjEid oi^^o 
Years, ^mput«: to the. Sum of M^ney Q^o^ By the 
lame Reafon, if the Sum. Q^^t~ be not diAC until the 
; End of thifee Years, the Lo^rithnfr 5 A N fliMAte iub- 
traded 4rom the Logarithm of Qj^, and tbe jReaiaittler 

AS Ml l)« the Lo^tion ^ the Number JS T, «r 

ST 
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ST (hall be the prefent Worth of the Sum Q^n due 
at th^ three Years End. And imiverfally, if the Lo- 
garithm AN be multiplied by the Number of Years, 
at .the find of which, the Sum Qji is due, and the 
Number produced be taker! from the Logarithm A Q^, 
then will the Logarithm of the prefent Worth of the 
Slim Q^n be had. And froni hence it 'is mahifeft, if 
53^6596000 Pounds be due to fome Society at the End 
of 600 Years, then would the prefent Worth of that 
vaft Sum of Money be fcarcely a Farthing. 

If the.proportional rijght Linos H G, £ F, A B, CD, 
Fig, +• are Ordinates to the Axis of the iogarithmical 
Curve, and if their EndsFH, DB, be joined by right 
Lines, which, produced, me^* the Axis in the Points 
P and K, then the right Lines GP, A fc, will be al- 
waysequal. ForfinceGH: EP :: AB: CDitwiUbe 
a& GH : F X : : AB : D R. But becaufe of the equiangu- 
lar Triangles PGH,H J F, as alfoKAB, BRD, we* 
liavePG:Hi::(GH:Fj::AB:DR::)KA:BR. 
And fince the Confequents Hx, BR, arejequal,. the 
Antecedents PG, K A, fliall be alfo equal. W. W. D. 

If the right Lines CD, EF, equally accede to AB, 
GH, fo that the Point D at laft may coincide with B, 
aiid the Point F with H, then the right Lines DBK, 
FHP, which did cut the Curve before, wiH bercharigeij 
infi) the Tangents B T, H V. And the right Lines 
A T, G, V, will be always o^ual to each other ; that 
is, the Portion of the Axis AT, or G V, intercepted 
between the Ordinate and the Tangent, which i^ 
called the Subtangent, will every where be a con- 
ftant and given Length. And this is one of the chief 
Properties, of the Iogarithmical Curve; for the dific- 
lent Species or Fornts of thofe Curves are determined 
by the Subtangent^. 

The Logarithms or the Diftances frofe Unity of 
Ae fame' Number, in two Iogarithmical Xllurves of 
different . Spedes, wiH be proportional to the Subtan- 
jnt5 of their Curves. For let HBD, SN Y, Fig. 4, 5, 

Olives, whofe Subtangents ar6 A T, M X, and let 
AB = Jl«N = Unity ; alfoDC=rCtY, then fhall 
AC the Logarithm « Ac Number C D, in the loga- 
ridin^ca} Corvc HP be to MQ^, the Logarithm of 
the Numjjcr Q,Y, (ot of the faid CD,) in the Curve 
STf W^^ Sibtai^t AT is to Ae Subtangent 
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M X. For let there be fuppofed an infinite Number 
of mean proportional Terms between A B, C D, or 
N M, QY> in the Ratio of A B to ^i*, or MN to 
mn\ and fince A B =:: M N, then will a6:izmn^ zs 
alfo bczzino. And becaufe the Number of .propor- 
tional Terms in each Figure are equal, they do di-. 
vide th^ Lines A C, M Q^, into equal Numbers of 
Parts, the firft pf which A<7, M;^, ^and fo the (aid 
Parts fhall be prq)ortional to their Wholes ; that is, 
it, will be as AaiMm:: ACiMQ^ And becaufe 
the Tflarigles T A B» B ic i, are fimilar, (for the Part 
of the Curve B b nearly coincides with the Portion of 
the Tangent,) as alfo the Triangles X M N, N o «, 
wehaveA^7, or Bc:if : :TA: AB. 

Alfo as » ^j; or ^ c : N ^ : : MN, or A B : M X. 

'Where (by Equality of Proportion) it will be B t : N « 
:: T A; MX::Aa:Mm::AC:MQjwhichwasta 
be demonjiraud. If A T be called. J, fince A B : AT : : 

Ar:Hf* then will Bf=— -rr* ' 

' . A B 

Hence, if the Logarithm of a Number cxtrcamljr 
near Unity, ,or but a fmall matter exceeding it, be 
|iven, then will the^ Subtangent of the logarithmical 
Curve he hprd. For the Excefs ic is to the Log- 
xithm Btf, as- Unity A B is to the Subtangent AT, 
Or even if there are. any two Numbers nearly equal, 
their JbiiFerence'fliall be to the Difflerence of their Lo- 
garithms, as one of the Numbers is to the Subtangent. 
For Example, if the Increment b c be ,00000 ooooo 
cpooi 02255 31945 602.59, and Br or A <?. the Loga- 
rithm of the Number ^ i be ,00000 00000 qqooo 
4^408 9209LS 50062. Now if ^a fourth ,Pj:opprtion^' 
be found to the faid two l^umbers and Unity> vtz% 
43 429 448.1 903251 , this Number will give the Length 
of the Subtangent AT, which- is. the Subt^uigent of 
the Curve expreffing Briggs^s Logarithms. 

If a Surn of Money be put out to Intereft on this 
Condition, that a proportional Part of the y wly Rate 
of Intereft thereof be accounted every Montent of 
Time, viz. fo, that at the lyiA of the firft. Moment 
of Time, or indefinitely fnuILPaiticle of a "Yjeaiji the 
Intereft gotten thereby be prppo^tjional'to tliat'Tjmei^ 
which being added to the Principal, .again b^ets In;^ 
terdl at tjic Eiid of the "fecbnd iMlomcnt orTimc, 

and 
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and then the Principal and this Intereft become a 
Principal,, and fo on. It is required tq fiad the A- 
mouHt of that Sum at the Year's End. IjCt a be near- 
ly the intereft of Unity, or of one Pound. Then if 
one whole Year, or i gives the Intereft a, the indefi- 
nitely fm*ll Particle of a Year M w, will give the In- 
tereft M 771X^9 proportional to Mm; and according- 
ly, if Unity be expounded by MN, the firft Incre- 
ment thereof ihall be. ff^:=M/nx^. This being 
granted, let a Jiogarithmical Curve be fuppos'd to be 
defcribed through the Points Nn, whofe Axis is 
O M Qi Then in this Curve, if the Portion of the 
Axis M Q^exprcfles the Time, the Ordinate Q^y, will 
reprefent -the Money proportionally incrcafing every 
Moment, to that Time. For if there be taken m /, &c. 
= M z«, the Ordinates /^, &c. fliall be in a Series of 
continuar Proportionals in the Ratio of MN to mriy 
that is, they increa& in the fame Ratio as the Mo- 
ney doth. 

Again, let the right Line NX touch the loga- 
rithmical Curve in N, and the Subtangont thereof 
M X (hall be conftant and invariable, and the fmall 
Triangle N ^ « fliall be fimilar to the Triangle X M N. 
But it has been proved, thai the Increment ;{ ^ == M m 
Xtf=:N0X<7; and fo «^:Ntf::NdXtf: ^owdi 
I. But as ;i is to N ^, fo fhall N M- be to MX. 
Wherefore it ftiall be as <7 is to i, fo is N M, or i, 

to M X=^=:Sul)Cangent. 



Now if the nearly Rate of Intereft be 2^ Part of the 
Principal, or if tf=:/o=.o5, then will MXs=- 
::=: 20. 

Becaufe of different Forms of Logarithms, the 
Logarithms of the farrie Number, are proportional to 
the Subtangents of their Curves: If M Q^expreflea 
the Time of a whole Year, or Unity, then fliall QJY, 
be the Amount of the Money at the Year's End. And 
ttx find Q^Y, fay, as MX,' or 2% is to 0.4342944, 
(^i^hich Number expounds the Subtangent of the lo- 
garithmical'^urve expreffing Briggs*s Logarithms ) 
fo is one X«ir or Unit^ to a ^r/g^j^r^zw Logarithm,' 
anfwering to'the Number Q^Y. This Logarithm will 
be found 0.0217147'^ and' the Number anfwering to 
lis^ ikraeis i.o|i:^7=:Q;Y, whofe Increment above 

Unity, 
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Unity, or the Principal, exceeds the yearly Intweft 
,05 bat a fmall Matter. And fo if the yearly In- 
tereft of 100 Pounds be 5 Pounds, the proportional 
yearly Intereft, which is added to the Principal 100 
at the End of each Particle of the Year, will amount 
only at the Year's End to 5 Pounds a SkiUings and 
6i Pence. 

And if fuch a Rate of Intereft be required, that 
every Moment a Part of it continually proportional 
to the increafmg Principal be added to the Prindpol, 
fo that at the Year's End an Increment be product 
that fliall be any given Part of the Principal ; for 
Example, the ro Part, fay, as the Logarithm of the 
Number i. 05 is to i ; that is, as 0.021 1893 is to i, 

fo is the Subtangent 0.432944 to ^=220.49, and 

then will azZ t^\^ z^,04S^. For if fuch a Part q{ 
the Rate of Intereft .0488 be fuppofed as anfwers to 
a Moment, that is, having the fame Ratio to .0488 
as a Moment has to a Year, and it be made as Unity 
is to that Part of the Rate of Intereft, fo is the Prin* 
cipal to the momentaneous Increment theceof ; then 
will the Money continually increadng in that Man- 
ner, be augmented at the Year's End the a^ Part 
thereof. 



C H A P. VI. 

Of the Method by which Mr. Briggs cam^ 
puted his Logarithms^ and the Vemmjtra- 
ti(m thereof. 

ALthough Mr. Briggi has no where- delcribM the 
logarithmical Curve, yet it is very certaon that 
from the Ufe and Contemplation .thereof9 the 
Manner and Reafon of his Cakulationa will appear. In 
any logarithmical Curve HBD, let there be three 
Ordinates A B, ^ ^, f x, nearly equal to one another; 
that is, let their Difterences have a very fmall Ratio 
to the faid . Ordinates ; afid then the Differences of 
^r Logarithms will be proportional to the Dtfier* 
ences of the Ordinates. For fince the Ordinates are 

neatly espial to one aaotibcr> tbey wiU be very n^ 

to 
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ta each odief) and fo the Part of the Curve B s, in* 
tercepted by them, will almoft coincide with a ftraight 
Line; for it is certain, that the Ordinates may be (b 
near to each other, that the Difference between the 
Jhn of the Curve and the right Line fubtending it, 
may have to that Subtence, a Ratio lefs than any 
given Ratio. Therefore the Triangles BcS^ Br/, 
may be taken for Right-liit'd, and will beequiangu* 
lar. Whorefore, as sr : he:: Br:Bc:: Aq: Aa^ 
that is, the Excefles of the Ordinates or Lines above 
. the leaft, fhall be proportional to the Differences of 
their Logarithms. And from hence appears the Rea« 
foci df^ the Corre&ion of Numbers and Logarithms 
l^ Differences and proportional Parts. But if AB 
bieUnity, the Logarithms of Numbers Ihatl be propor- 
tional to the Differences of the Numbers. 

' If a meaa Proportional be found between i and lo, 
or- which is the fame thing, if the fquart Root of lo 
becxtrafted, this Root or Number will be in the mid- 
dle Place between Unity and the Number i o, and the 
Logarithm thereof fhall be t of the Logarithm of lo^ 
and fo wiU be given. If again, between the Number be- 
fore found, and Unity, there be found a mean Propor- 
tional, which may be done in extrafting the fquarc 
Root of the iaid Number, this Number, or Root, wilt 
be twice nearer to Unity than the former, and its Lo* 
garithm will be one half of the Logarithm of that, or 
Qoe fourth of the Logarithm of lo. And if in this 
Manner the fquare Root be continually extraded, and 
the Logarithms bife£ied, you will at lafl get as Num- 
ber whofe Difiance from Unity fhall be lefs than th« 
• t- o d s>«o -^ttTj-j-t rd b - b 6 Part of the Logarithm of lo. 
And after Mr. Briggs had made 54 Extraftions of the 
fquare Rjoot, h^ ^nd the Number i. 00000 00000 
00000 12781 91493 20032 3442, and its Logarithm 
wasD.00000 00000 00000,05 55' 1151231257 8 £702. 
Suppofe this Logarithm to be equal to A f or B r, and 
kc f X be- the Number found by extracting the fqimre 
Root i then will the. Excefs of this Number above 
Unity, vi%* rszx^ooQoo 00000 00000^ 12;^ 81: 91493 
20032 3.4* . > . • 

/Now by Means of thefe Numbers, the Logftridims 
of all 4)ther Numbers^ may be found in the 'following 
Manoer : BiQtweea the p^fA NuR^r (whofe Loga-^ 
1. ritfam 



•j%. 



554 01 X O G A R r T H M S. 

ritfam is to te found) and Unity, find fo many mean 
Proportionals, (as above) till at laft a Number be 
gotten fo little exceeding, Unity, that there be 1 5 Cy- 
phers ^ ne^t after it, and a like Number of fignificative 
Figures after thofe. Let this Number be ^ ^, and let 
the fignificative Figures with the Cyphers pr^ixed be- 
fore them, denote the Difierence b c. Then fay. As 
the Pifierenqe rs i$ to the Diffibrence j r, fo is B r a 
given Logarithm, to B r, or A ^9 the Lc^rithm of the 
Number a b \ which therefore is given^ And if this 
Logarithm be continually doubled, the fame Number 
of Times as there were £xtra(^ions of the fquaie 
Root, you will at laft have the Logarithm ^ of the 
Number fought. Alfo by this Way may the Subtan- 
gent of the logarithmical Curve be found, v/z. in fay- 
ing, Asrj-.Br: : AB,orUnity : AT, the Subtangent, 
which therefore will be found to be 0.4342944819 
03251 \ by^ which may be found the Logarithms c^ 
other Numbers ; to wit, if any Number >fM be given 
afterwards, as alfo its Logarithm, and the Logarithm of 
another Number fufficiently nearto NM be fought, fey. 
As N M is to the Subtangent X M, fo is no the Di- 
fiance of the Numbers to N ^ the Diftanoe of the Lo- 
garithm§./ Now, if NM be Unity = A B, the Lo* 
garithms will be had by multiplying the fmall Dif- 
ferences^ r by the conftant Subtangent AT. • . 

By this Way may be found the Logarithms of 2, j, 
and 7, and by thefe the Lc^arithms of 4, 8, 16, 52, 
64, ^c. 9, 27, 81, 243, ^c. as alfo 7, 49, 343, 
&r. And if from the Logarithm of 10 be taken the 
Logarithm of 2, there will remain the Logarithm of 
5, fo there will be given the Logarithms of 25, 125, 
625, £sff. 

The Logarithms of Numbers compounded of the 
aforefaid Numbers, z;iz. 6, 12, 14, 15, 18, 20, 21, 
24, 28, i^c. are eafily had by adding together the Lo- 
garithms of the component Numbers. 

But fmce it was very tedious and laborious t^ 
find the Logarithms of the prime Numbers, and 
not eafy to compute Logarithms by Interpolation, 
by firft, fecond and third, k^c. DifFerences, therefore 
the gjeat Men, Sir Ifaac Newtin^ Mercator^ Gregory^ 
WaUisy and Jaftly, Dr. /fo%, have publifhed infinite 
converging Series, by which the Logarithms of. 

Numben 
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Numbers to any Number of Places may be had more 
expediently and truer : Concerning which Series 
Dr. HaJley has written a learned Trad, in the Phikftn ' 

fhicai Tranfaifions^ wherein he has demonftrated 
thofe Series after a new Way, and fliews how to 
compute the Logarithms by them. Biit I tUnk it 
may be more proper here to add a new Seriey, by 
Medns of which may be found eafily and expeditioufly 
the Logarithms of krge Numbers. 

Let % be an odd Number, whofe Logarithm is 
ibught J then ihall the Numbers z — i and %•+- 1 be 
even, and accordingly their Logarithms, and the 
Difi^nce of the L^rithms will be had, which let 
be called jit: -Therefore, alfo the Lc^arithm of a 
Number, which is a Geometrical Mean between 
% — I -aiid'JK'-f-i will be given, vi%. equal to the 
half Sum of the Logari^ms. Now the Series 

-^ 4z 24»' 36o«'^^ 15120%^ 252002^9 
ihall be equal to the Logarithm of the Ratio, which 
thie Geometrical Mean between the Numbers z <— i 
and z+ I, has to the Arithmetical Mean, viz, to 
the Number z. 

If the Number exceeds 1000, the firft Term of the 

Series— is fufficient for producing the Logarithm to 
42; 

13 or 14 Places of Figures, and the fecond Term 
will give the Logarithm to 20 Places of Figures. 
But if « be greater than 1 0000, the firft Term will 
exhibit the Logarithm to 1 8 Places of Figures ; and 
fo this Series is of great Ufe in filling up the Loga- 
rithms of the Chiliads, omitted by Brtggs. For Exam- 
ple ; It is required to find the Logarithm of 20001, 
The Logarithm of 20000 is the fame as the Loga- 
rithm of 2 with the Index 4 prefixed to it j and 
the Difference of the Logarithms of 20000 and 
20002, is the fame as the Difference of the 
Logarithms of the Numbers loooo and loodi, 
viz. o. 00004 34272 y6%j. And if this Diffe- 
rence be divided by 42, or 80004^ the Qiiotient^L 

4% 

A a ihaQ 
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fhaU be ------ o. 0000000005 4281 j 

And if the Logarithm of the ^ 4. 50105 17093 #1416 

Gcometriail Mean be added 4,301051709845231 
to the Quotient, the Sum will 
be the Logarithm of 20001. Whooefore it is nam* 
lefty diat to have the Logarithm to 14 Places &[ Fi* 
gyresy there is no Neoeffity of continuing out the Quo* 
tient beyond fix Places of Figures. But if you have 
a Mind to have the Logarithm to 10 Pfaoei of FU 
gures only, as they are in Fla^s TaUe, the two 
Srft Figures of the (^otient are enough. And if the 
Logarithms of the Numben above 20000 are to be 
found by this Way, the Labour of doing them will 
sioftly confift in fetdng down the Numbers. 

N$te^ This Series is eafily deduced from that found 
out by Dr. Hall^y ; and thofe who have a Mind 
to be inform'd more in this Matter^ let them con- 
fult his above-nam'd iTreatife. 
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APPENDIX. 



I S iieedlds here to wnfe a pre&toiy Dif- 
courfe, iettbg forth the Ufe and Invention 
of Lc^rithms^ fince the Author has fup^ 
plied that in his Preface to the Treatife of 
the Nature and Arithmetick of L^rithnis annex'd to 
tbefe Elements : 'Tis enough to inform the Reader that 
my chief Defign in writing .this App0idixy was to ren- 
der their G>imru£tion eafy, by inveftigating various 
Theorems for that Purpofe, and illuftrating the:n by 
proper Examples ^ all which is performed in the a<ShiaI 
OpenKna of jBaJoiiig the Ixigftftthms of the firft Ico 
Number^, and of the prime Number loi, which ^ 
more than ^fufficient to inform the meaneft Capacity ; 
iiow to examine, or conftrudl the whole Table. I 
have alfo Aewn how from the Logarithms given, to 
fin^ its correfponding Number ; ' and the Inveftiga-* 
tioR of the Series omitted by the Author in Page 355, 
for expipditioufly finding the Logarithms of large Num- 
bers. As to tiiofe Series exhibited by him in his Trigo- 
nometrical Treatife Page 287, for mkking the Sines, 
and Cofines ; I muft declare that I have exceeded my 
firft Intentions, which were to give their Inveftigation 
oidy ; but confidering, that as they depended upon the 
Newtonian Series, without the Inveftigation of which, 
ear Author's Series could never be thoroughly underftood ; 
I thought it would therefore prove acceptable, if I 
{hew'd their Inveftigations too, from which thofe of 
our Anth^s eafily Jbw. In order to which, and to 
keep the Reader no longer in Sufpence ; let r be put 
for the Radius of the Circle ABCD, <7, for the Arch 
BE, whofe {iength is to be inveffigated. S equal to 
the Sine, and v the verfed Sine of that Arch, then is 

FjE«sWi IFas /, and lEisr G H= vl 

A a a Whence 



; 
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1 
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\>'-) 


v_ 


^^^ 


/' 



c 



•Whence <7 «=: X J + «w, but from the EquatKMi of the 
'Curvej v/z, 2 rv-^vv:=zss we have Vi=^— V^rr— w. 



Therefore v == «»«« iand t; v = 



which 



rr — ss 



rr^r-'ss 



being fubftituted forvv'm the firft Equation we hav^ifc: 



s ss 
rr — ss 



rrss 



r 5 



- = rjXrr — 



rr — ss. 



rr^^ss rr—ss z 
But rr--ss 'by Sir //i jc Nwton's Binomical Thco- 



Whei€forer;xr7~7r *="'+''" "*^ Jlllf + 



8r* 

2 



I c / J 

-^ --5 f €5^^. and the Fluent thereof, vi%» j-f* . J* • 



5 



4or* ^ 336/' ^'' —'^ 2.3 f* 

2. 4. 6. 7 r** 2. 3 r* 2.3.4.5 f* ^ 

^^ttt^Jf^^ ^^. « equal tq the Arch of a Cirdc 

vbofe 
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yihok Radius is r and Sine s. But if r be put equal to 



Unity, thenr-t s^ 



T" ' S 



3.3.5-5 

2.3 2.3.4.5 ^•3.4.5-^.7 
will exprefs the Length of the Arch a^ 

EXAMPLE. 



S'yffC 



Let it be required to find the Length of the Arch ofi 
30 Degrees, to 6 Plates of Decimals, the Radius be- 
ing Unity, 

Here j=: i, and J j = ^, whence the Operation may 
be as follows. 



V 



S = ,5000000 
S' 1:7,12.50000 



s> = 
s^= 



312500 

78125 
I953I 

4882 

1220 

305 



s = 



2 I 



aji 



,5000000 

298333 

23437 

S' = 3487 
593 
109 

21 

= 4 



X I l 

31 R9 — . 









,523598.4 



Hence the Lensth of the Arch of 30 D^rees.is 
352359^'+'. W)W-^if this Arch be multiplied by 6, 
we fhall have, the Length of the Arch of the Semicir* 
de in fuch Parts as the Radius is i , or of the whole Cir- 
cumference ill fiich P^rts as the Diameter is i, viz. 
3,14159-4-. 

But there is no Series fa eafy to be retain'd in the 
Memopy and fb readily put in Pni<^ice for obtaining 
the Ratio of the Diameter of the Circle to its Circum- 
ference as that which is derivM from the Tangent 
firft given. For if / be put e(fial to the Tangent of 
any Arch, then aziit—^ t -+'f / ---t / -j-J; t'^ &c. 

Now the Radius being Unity the Sine of 30 De;^ 
grees = 7, and confequently. the Cofine=;i/f, and^ 
becaufe tl^ Cofine is to the r^ht Sine, as the Radius to 
the Tangent, it will be v'i : i/i : : i :V \ the 
Tangent of 30"^ oo^ =/, whence //sst ; wherefore 
if the Root of j be divided continually by 3, and the 
feveral Quotknts by all the. odd Powers fucceffivel^,,. 

, . .A a 3 . vis^ 



^ 



7 
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Viz. the fidt by three, the fecond by 5, &c. the Sum 
oS, the affirmative Quotients made le& bjr all the negfi'* 
dve ones, will be the Arch of 30 £>egrees. 

And becaufe the Arch of 30 Degrees » i part of th« 
Semi*Circumference, if inftead of i/f be taken 6 
i/y = i/i2. we {haD have the Semi-Circumference 
in fuch Parts as the Radius is Unitv ; or the whole Cir- 
Dimfercnce, the Diameter being U nity. 

The Operation ftands thus. 

|/i2z=:3,464ioi Hh 3,464101 

3) 1 154700 ( — >384900 

5) 584900 (-f- 76980 

7) 12830^ (— f^32ft 

9) 4*76^ (+47S« 

11) 14^55 ( — »295 

is) 4751 {+ 36J 

15) 1583 (—105 

17) 5^7 (+31 

»9) »75 ^—9 

-f- 3,546228 — ,404637 

Whence 3,546228 — ,404637== 3jI4I59>i Ae fame 
as befell. The Impoffibilfly of expuefiuig the txs& 
Proporrion of the Diameter of a Circle to it^ Circum"- 
fcrence by any receiv'd way of Notitiwi; hai put the 
m&& celebrated Men in ali Agesi^on annxxdmating 
ti^ Trath as near as poflible ^ these bong a Neceffity of a 
near Quadrature, inafmuch as it is the Bafis upon which 
then^Hfeftil Branches of the IVEithcmatics are buik, 

/ and after the famous Fat^ Cifden^ who carried it to 36 
Pbfecs erf" Decimals, which be ordcr'd to be engraven on 
his T^iAb-Stone, thinking he had fct Bounds to fer- 
ther Impr<*vemcnts. The ii^ that attempted it with 
Succefi was rtic moft indefatigable Mr. j&raham Sharps 

' who By a double Compiitation, viz. &om the fiioe of 
i Degrees one way, and firom the Sine and Cofine of 
t2 Degrees another w^y, carried it ta twice Ae Nam* 
Bcr of Placfcs that Van Ctklen^ Had done, mix. 72. 

- Afrf ftice that time Mr. M^dtin, the prefcnt Prdef- 
fcr of Aftionomy in Gr^bAthCMegi^ andStecret^y to 
tjfk -Rffpti Society j by a dS&rent Method <rf Con^ 
midn has carried it to iofo Places^ almoft triple the 

Nmnkr 
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Number that Fan Cnden had done, which not only con- 
firms Mx. Sharp^s Quadrature, but Ihews us, that if the 
Diameter be i ooooo, {jfc . the Circumference vrill be 
3^14159. a6535l»9793. 13846.26433. 83279. soag?, 
4»97J^ 69399.. 37510. 58209, 74944' 59^30. 78164. 
05286. 20S99. 86280. 3482:5. 3421 1. 7067^ X of the 
fame Farts. 

Which is a: D^ree of Exa^ftnefs fer furpafEng all 
Imaginatioi), being by elHmation more than fufficient to 
calculate the Number of Grains of Sand that may be 
csomprehended within the Sphere of the fixed Stars. 

The late Mr. C««'s Series for d^rmining the Peri- 
l^ery of an Ellq^fis ( who was my Predcceflbr in the 
Mathennatical School erected by Frederic Slare^ M. D. 
and eftablifhed by a Decree pf the High Court of Chan - 
cerv for qualifying Boys for the Sea-Service) being new 
and curious, this. Opporttmity is taken of making it 
Publick. 

Let A be equal to a Quadrant of the Circle circum- ' 
fcribing the Ellipfis whofe Periphery is requir*d,Then Jx 

a.z' a;4.8 2.4,6.i6 2.4.6.$. 128 
^'J:, J: 7 ^^U. ,. v h 3. 5» 7- 9> "> ^' /Vi^r. 

2. 4. 6. 6. 10. z^6 2. 4, 6. 8. 10. 12. 1024 

is the Plbripheiy of a Quadrant of the EIIipHs where 

e the Semi-conjugate, 

When this Scnes came to hand, it was imperfeft, in- 
afmuch as there were only the firll five Terms without 
the Law of Contiimation : But J)eing delirous of ren- 
' dring it compleat, after fome Confideration I found the 
Law to be as follows ; It is plain by Infpedlion that 
the Numerators and Denominators of each Term, are 
coinpos'd of Numbers that run ia arithmetical Progref- 
fion, ^except the bft m each Term, vi%, i, i, 1^, rj-^i 
i^c; aad thofe being found by the continual Multiplica- 
tion of idaefe Fra<ftions, f X 5 X i X i X J X i^o X A, tsfr. 
the Law of continttiog the whole Series as above, is 
evident, Whence, by a wcB known Method of fub- 
ftituting Capital Letters for each Term rejpe&ivelyy the 

fcdlQiving Series is dedu^^d, viz.' A X i — ^ ^ ^ —- -^ e^ 

4» 4 

A a ♦ B — 
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" ^?' ^ 8,8- to. lo II. I* 

£^f where the Law of Continuation is CTi«ientalfo, 

{in^ each Capital Letter is equal to Its precedent Term, 

wa. B = ;-?'. C =—'<* B, (^c and without doubt 

in Praaice is preferable to the former Series : But the 
Inveftigation of that, on which this m depends, b 
omitted ; purely on account of its bong foreign to the 

^"bS to i&n ; if the Series expreffing the Leii^ of 
the Arch, vk. s-hir^ + ^s\ Wf . be reversd, w« 
fcaU have the Value of x in the Terms of a,- and con^ 
fequently a direft Method for finding the Sme of any 
Arch from its Length given. Thus. 

If a z^ t-{-- s +4^ r tH .f > j' ^<- ' 
Then J= «— s «' + T55 «' — TTJS <*'' ^^• 

^^ '-"" V^TT^i 2.3.4.5.6.7* • 

For put J = A «H- B «' H- C aU ^c. \_ 
Theni,= iA'«'+iASB-xS€Jf.. >^<'' 

And confequently Aa=f, and A=:i, 'f'J^-f^, 
A = o, a^d B = -- ^, A' = ~ ^ alfo C Hr 1 A 
B4-A,A' = o,andC=-iA'B~^A' = --*_f 
. 711 = .■. -- 4fe =-rro- Wherefore A = i, B = 

^ i, C = Tro» ^'' *"^ confcquendy, 1= « — -^ 
4. JL, £jf^. From which three Terms the Law of 
Continuation is eafily difcover'd, making J=«- ^^ ^ 

Whence fubftituting A for <,, and we (haU hwc A ^ 

A' . A' A _j_ ^ : 

7XJ ' i.i.3.4.5'"'.*.3.4.S.6.7^ '•'•'•*-^: w' 
fere, for the Newtonian Senes, according to our Autfwrt 
Form J for finding the Sin. of any Arch, its Length 
being given.Q;E,L ^^pj^ 
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Ap^» becaufe the Square of the Radius made lefs hj 
the Square of the Sine, is equal to the Square of the Co- 
fine, by the fecond Propofition of our Author's Elementi 
•f pkin Trigonometiy j it follows, that if from the 
Square of the Radius = i ; be taken the Square of the 
Sine = «- ^ tf^ -f-^ a\ (^c. the Square Root of the 

Remainder, will be the Corme=i--i a*+r^ ^'^'^TTZ ^^ 
bfc. thus. 









I 2c ' 



Sj=j*— ftf5^« * tf % «jff. . which being 
taken from the Square* of the Radius, -i, leaves 

X -^4itfH-7^^"^/> ^\ ^c. the Square Root of which 
will be the Cofine. 



7m^ 
I 



a 



2 — tf tf, isfc. ) r» tf+ — 4^ a\ (sfc. 



o 



Wherefore putting A for <7, wefhall have for the Cofine 
A* , A* A« ^^ • A* A* 

A^ A* 

i - 4- ^ , , A ^ tt ^^* According to the 

Author's Form. Q. E. I. 

But becaufe thofe Series, as our Author obferves, oon« 
veige very ik)W, efpedaUy when the Arch is nearly 
equal to the Radius, he therefore devis'd {Page 287) 
tther Scries, wfaoft Invcftigation may be as -follows. 

Let 



3S9 



'h 
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Let tbe Arc, who(e Sine Is fought, be the Sum or 
Diflfenencc of two Arcs, vi%. A-f-z, or A — z : And 
let the Sine pf the Arc A be called a^ and theCofiae^. 

Now if the An: D F =PE, Pwp. j/i of the 
Eleuients of Trigp&ometry becalTd 2, then its Sine FO, 

W31 by the iJfcwtDiuan Scrica be «:«>-> ' -^^^ L 

^ 1.2. 3 , 

-— 7 — ""^ rTT^y ^^- and its OyfjM CO 

1.2.3.4.5 i..2»3'4«S*^«7 ' 



z* • a* ^-5 ^ ' 

-— , _ L _ — •■„ ^ - ' . — : 2 ^C' and becauie 

I. 2 •" 1.2.3,4 1.2.3.4.5.0 

CD: DK::CQ; OP. Therefore O ? = «- 
— 4 — : — -^' ^^%^c. ! 

A^in, becairfc the Triangles CDK, FOM arc fiuii- 
lar, it wiBbe^a5CD:CK;:FO:FM5 wheoca 

I 1,2.3 ' 1. 2.3. 4.5 1.2.3.4.5.0.7 

Hut O P -^-F M = I F, the Sine of the Arc B F, 
vtz. A + z ; confequently the Sum of thofe Series, 
. bz az"- bz^ , az^ y bt> _ 

t/iz. ^-r J ,2. 1.2.3 » 1.2.3.4 «-*-3-4.5 
is the Sine of the Arc A -+- z. And bccaofe F M == 

M G, therefore their Difference ^— — "^ , ^"T 7TT 

I 1. 2 1.2.3 

* az^ h^ •* 
4 — , £sf^. is the Sine of the Arc A-z, 

* 1.2.3.4 i.2r.3^4»5' 

viz. £ L. 

Afld agai^ becaufe CD :, CK : : CO : C P. 

\^% <>2.3,4 1.1.3.4.J.0 

— -:^ — ^>^^* And by leafoii of thefirniliir Tri- 

angles CDK, FMO, it.^ai he ;v CD : DK : : Fi>; 

MO. Whence MO ^tfz--^- - J^-xv-^w,.^ 

x*2i3 .: ^•*»^r4^5. 
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Wheirefofe the Cofine of the Arch A-f*% is ^ — 

I W^Mi «J» II. II —III. « I I I >*ii — I I ^^ ■ 

1 1.2 ^ i.t.j Vi,2.3.4 i«2.3,4.5 1.2.3.4.5.6 

And becaufe M O =P L, thercfcre C P+M 0= 
C L» and con&quent}/ the Coiine of the Arc A-— z:= 

f «f« -^**^ — i-L^-^ — - -4- ■ ' '■> csTr. 

I 1.2 i.s.} I.2.3.4 ' 1.2.3.4.5 

Q,E-L 

Now the Arc A is an arithmetical Mean betwten 

the Arcs A*^^ and AHra, ^xA the DiSbieisoe of theii 

Sines are — ""• ^ — 1 ^"TTI :"^ 

t 1.2 • i.2.'3 • 1.2.3*4 ' 1.2.3.4.5 

a%^ *4 •, rtt* h%^ a%^ , 

1.2.3.4.5.6' '^* I '1.2 1.2.3 t. 2.3.4 

t ' ^ rf V > t""//>;^o ^^- Whence the Differenccof 
*»*«3»4*5» i#2.3.45«cr 

2 ly z* 2 ij ar*" 
theDilftmices, orfccondDificrcnceis 



.•.Mito *■ 



I. 2. 1.2. 3,4 

4-^ ^-~,,erf.or2<7X — — U- 

• i.:^.3.4.y.6 1,2 1.2.3.4 J.2.3«4.5.6 

V^*. Which Series ii equal to doaUe the Sine of the 

mtean Arc, dWiwA irito the Terfed Sine of the Arc «> 

and converges very foon ; fo that if z be the Arch of 

the firft Minute of the Quadrant 5 our Author fays the 

firft Term of the Series gives the iecond Difierence to 

t J Pluces of Figures^ and the fecond Term to 25 

Phccs. 

Whence, the following Rule is derived for finding the 

Sine of the Arc A-f-» or A — z, "^ 

RULE. 

From douUe the Sine of the mean or middle Arq, 
fubtra^i: the fecond Difference found by the Theorem; 
and from the Remainder, fubtratEl the Sine of the giv- 
pi Extreme, whether it be the greater or leaA, and the 
Remainder wHl be the Sine of the other Extream. 

EXAMPLE... 

Lei It be required to find the Sine of 30'* ox' the 
Sia«s of 50 00 ^ and 29 "" 59' being both given. 

accords 



3<Ji The APPEND IX. 

Here 30''. 00' is the , mean Arc, whofe Sine k 
50000000000, and the Sine of 29° 59, the given 
Extream is ,49974806236, and the Length of the Arc 
%y viz. one Minute is ,000 29 0^88208, which fquar'd 
and multiplied by the Sine of the mean Arc, 50Q00, tfr. 
according to the Dire6Kon of the Theorem, the Produd 
will be the fecond Diflferencc, equal to ,000000042307, 
which fubtra£ted from double the Sine of the mean Arc, 
equal to i, the Remainder will be^,'999999957693, 
from which fubtrad the Sine of the given £xtream(whicb 
in this Cafeistheleaft) aiidthenewfll iemain,5O025 1 S943 
for the Sine of 30' bi', the! greater Extream... 

This Method of making the Sines, however it ma3r 
appear at firft Sight, is fo far froxri. bring tedious or 
troublefome, that I look uppn it to ie the moft ^li^ble 
of any other wfaatfoever ; for the Sqpiare of z bon^ 
once determined, and the feveral Multiples of' it by 
the nine D^ts made, i|nd fet down in a Table orderly, 
all the Sines may be made by Addition and Subtradion 
only ; a3 ja^leed our Author hints they may by the M»p 
thod demonftrated in the' loth Proportion of the Ele- 
mentf of Trigonometry j but this is evidendy prefera- 
ble to that, thp' a good Method too ; and by which, 
all the Sines of the C^iadrant, I prefume, were wont to 
be made, at leafl as far as 30, or 60 Degree ; fi>r af- 
ter the Sines as far as 60 Decrees are obtained, all the; 
others may be bad by Addition only ; and notwith-* 
fbnding there are other excellent Theorems, which con-* 
tribute very much towards finifhing and cpnfirnMng the 
Truth of the whole Canon ; yet this deduced from our 
Author's Series, I deem the moft elegant and fit for 
Pra£kice ; becaufe the Difference of the DifFereaces of 
the Sines, being what is always required to be found, 
there will be feven Cyphers at leaft before the fignifi- 
cant Figures of the faid Difference ; which is the Pro- 
duft made by the Square of z, into the Sine, of thp 
. mean Arc : So that to have the Sine true to ten Places, 
there will not be occafion to find above four or five Fi- 
gures in the Produd, which according to the cobimon 
Method of contraded Multiplication, may be obtainM 
with very few Figures. Thus, for infhuice, the Sine 
of 30 02 nlay* be had to ten Places by a.wo^rfiil 
cafy Operation, the Sines of 30"* o T and 30° 00' be- 
ing both given. 

EXAIMP. 
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EXAMPLE. 

Tlie Sine of 30' 01 is ,50025189545 
The Square of % inverted 16480000000 

40020 

izooi 

360 

5__ 

m 

Whence the Produft Is ,000000042326 true to eleven 
Places at leaft. Wherefore, if according to the Rule, 
from double the Sineof the middle Arc=::i, 00050379086 
we fubtra£k the faid Frodu£t, ,00000004232 

And from the Remainder '100050374854 

the Sine of 30"* 00 the given Extream , 50000000000 

be fubftrafled ,50050 374854 

There will remain ,50050374854 fortheSineof 30'' 02' 
the other Extream 5 than which, nothing of this Na- 
ture can be defired more eaiy. 

SCHOLIUM. 

Becaufe the Difference of the Differences of the Sines, 
or iecond Difference, has always 7 Cyphers before th» 
%nificant Figures ; it follows, that the whole Canon 
where the Sines confift but of 6 Places, which is as far 
as our Tables for common Pradice ne^ extend, may 
be performed chiefly by Addition and Subtraction only, 
without forming Multiples of the Square of z by the 
nine Digits ; tho' perhaps it may be necefTary to de the 
Method of contraded Multiplication every 5th Minute 
to confirm the Truth, left in continual doubling and 
fubtra&ing an Error fhould arife in the r^ht-hand Fi- 
gure : however, as it may be fafely ufed for 5 Minutes 
together, and fometimes more, it . will render the 
whole very eafy. 

N&tij the Square of z in this Caie> viV« the Arch 
of 5 Minutes is ^,^gA9l,l.'.^ 



Thus 



r 
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Thus having inveftigated , the Newtonian, and our 
Author's Series,, and exemplified the btter, by making 
the Sines of 30^ 01' and 30° 02', and withal (hewn 
how from the Sine of an An: given, to find thtt length 
of that Arcy and confequOaty die Cfrounifemiceof die 
whole Cirdtej^I (hall beg leave before I treat of the 
ConitruSbion of Lo^rithms, to Ihcw how from the 
known Ratio of the Uiameter to the Circumfeience, or 
any oth^ Ratio whatfoever, that a Set of intisg;ial 
Numbers may be found, whofe Ratios (hall be the Sttb- 
eft poflible to the Ratio given ; for which I hope to be 
excus'd, and the rather, becaufe I beUeve this Method 
of 4etenninii^ them, was nevcx before publifli^d.;^ 

RULE. ^ 

■*. 

Divide die Confequent by the Antecedent, ^ra the 
Divifor by the Remainder, and the laft Divifori^ the 
laft Remainder, and fo on till nothing remaintF.' ' 

Then for the Terms of the firft Ratio, Unity will 
always be the Antecedent, and the fiift QuotieQt.t^c 
firft Confequent* 

For the Terms of the fecond Ra;tio. 
Multiply theM{Ant^|-^by the feco4g«6ti«t, 
and to the Ptodua add \ Umv"^}'"*'* ^° ^'"^ ^^^ 

« 

For all the following Ratios. 
Multiply thchft J Ar.ft^tj^ ,he next Quotijrt^ 
and t!o the Produft add the Iaft| q^*"^}!!"**"** 
and fo wfll theSam be the P«ifa«^ cSS« 
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nixt it be reqpiired to fiiid a Rank ^ Ratios, wjhofe 

^tm an intend ; and tfa& Mftreftfp^Ue t» the fij* 

|owng Ra*to, w«. of loooo to 3 ^^6, wlrich ex- 

'^^dfa-nttufyy die PiDportton of the Diameter of the 

CSide^ to itt Giicumfennics* 

Bat beeaufe the Tenns of the Ratio aie not prime to 
ioch^dier, they ftiafttheaefefe be i«dtic'd«o their leaft 

Terms. • 

1Vhcnce--^^5=-^^* and then 3927 divided by 
3i4>W39*7 
rise and "So'By thj Remainder, ^jTc. vidll be as 

fcBiows. 




If > »•" 




I I > 



Tsro) $917 (3 

177) I2jO (7 

II ) 117 ( 16 

1 ) II ( ir 

' o 



\ So tlie firft Antecedent is t, and ttefirft Conftquent 3. p 




Anteccd.i') ^^iS" 
Colifcq.-3i^~Z 



2l'< 



f 7"+'C2r 7 the zd Antccdl 
421 -In :=:22 the 2d Confq. 






:«* 



Which 7 and «2 i$ Jlilrc^tfTz^^/s Pi^portion. 

sift 

25^ 



f 



^CoDfcq, a. f — 125* 135-^.^^55 ^ 3|^r 

Which Terms < if anil 3 S S is Metiui^ ProportfoS^ 

es'jAntecd. ii3?v /, —S* 'Hi's J«i43-f-7 =^250 

♦2 t Confcq. 355 5'' " — i 39055 d.3Q05'f-«^=39»7 

the fame Antecedent and Confequent as at 

,^d^ aS; it is ev^ the Property of the Rule fp 

irovfe at the fame time, that no Error has been 

thro* the WholeOperation. 

. .. . ' f' . C««3 = 3tfSJ°f'l'«. t3 

.I^iiiiift be obfeWd tfeit i to 3 does not ejcprefithft 
&f jfi near » ? to «, npr 7 to a* fo n«r a? i^J 
"u to 





J •) For t"he 
2z >Terms 
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to 355, that is, tte ki^r the Terms o|^ the Ratio aie, 
the nearer they approach the Ratio given. 

Mr. Molyneux^ in his Treatife of Dioptricks informs 
us, that when Sir Ifaac Niwtm fet about by Experi- 
ments, to determine the Ratio of the Angle of: Inci- 
dence, to the refrafted Angle, by the Means of their 
lefpedive Sines ; found it to be from Air fx> Gi^ as 
300 to 193, or in the leaft round Numbers, as;l4ttG»9» 
Now if it beas 300 to 193, it will readily app«*bgf« the 
Rule, whether they are fuch int^ral Numbers^ whoft 
Ratio is the neareft poffible to ti^ given Ratio, 




193 ) 300 ( I 

107 ) 193 ( 

86) 107, ( I 

2i)8\(4 

z ) 21 (10 

1)2(2 

o 



>!****<\ 



For dividing the greater Number by the lefs, and die 
lefs by the Remamder, i^c. the Operation will fccw 
that the Numbers 1 9 3 and 3 00 are Prime to each other ;' 
and that the firft Axitecedent is i, as alfo the firftCon- 



f X ^j J I ■+■ azi t the fecqod Aatecedeot 
\i \ I •!«. I ~- » the <&oond CoDlequeo^ 



Mh 






And 4 ' *+• ^ = a the third Afltecodcnt 

I * -f- 1 ;2: 3 the thiiii Confequeot. 

^^ J 8-}- 1 -^ 9 the 4th Anteotilcnb 

I2.J. a 5- 14 the 4th Confeqoent 



={L ^{ 



Hence, the fourth Antecedent and Conf^ent, make 
the Ratio to beas 9 to 14, or inverfly as 1410 9, whicH 
not only agrees with Mr. Molyneux^ but at the ' ' 
time difcovere that they are nearer to the given j^ipp 
than any other Integral Numbew lefs than 92 and 143 i 
which are the ncjpreft of all to the given Ratio, as will 
•ppcar by repeating the Proce^, according to the Di- 
wftion of the Rule. 

Sir IJaac Newton himfelf, determi 
pf Air into Glafs to be as i7to 11 ; 
©f the Red Light. For that grot 



Ratio out 

ihei^)eaki 

[qpher in Ym^ 
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l3i&Ftations .concerning Light and Colours, publifh'^ ifl 
thePhilofophical Trania^ions, has at large dcmonflra* 
tied, as alfo in jbis Opticks, that the Ray^ of Light are not 
all Homogeneous, or of th^ fame fort, but of different 
Forms and Figures^ fb that foihe are fxidre refracted than 
others, tho* thdy have the famtf of' equal Indlnatibiis oii 
the Glafi : Whence there can be no conftarit Pro- 
portion iibtldd between the Sines 6f the Incidend^^ and 
df the reft afted Angles. 

But the Proportion that comes neareft TrutR, for 
the middle and ftrong Rays of Light, it feems is nearly 
8S 300 to 193 or 14 to 9. In Light of other Coloun 
the Sihds hive other Proportions. But the Difference 
is fo little that it neiCd feldonl to be regarded, and eithef 
of thofe jhentidh'd for the moft part is fufficient for 
Pradlice. However J nluft obferve, that the Notici 
here taken other of the one or the other is more to illuf- 
trate the Rule, and fheiir, as Occafion requires, how ttf 
exprefs ^7 given Ratio in fmaller Tc^rms, and the 
nearefHft)i£ble, with more Eafe and Certainty, than 
kny Ddligh in the leaft of touching Upon Opticks. 

Wherefore, M this fmall Digrcflion from the Sub- 
je£t in hand, and indei^ even from my firft Intentions^- 
fhoul^ tire the Reader's Patience, I mall not prefumif 
more,; but immediately proceed to the Conftrudtion of 
Logarithms. 

Of the ConJiruBion ^Logarithms. 

TH E Nature of which, tho* our Author has fuf^ci- 
cntly explain*d in the Defcription of the Lc^h^ 
rithmical Curve ; yet before We attempt their Conftradi-^ 
On, It wilUbe neceflary to premife : 

Tliat the Logarithm of any Numbef ,; is the Eic^* 

naj^i or ^aluc of the Ratio of Unity to that Number ; 

vm^ln we confider Ratio, quite different from that 

feid down in the fifth -Definition of the 5th Book of 

thefe Elements ; for beginning with the Ratio of Equa^ 

lity, we fay I to 1=0, whereas according to the faia 

Definition, the Ratio of i to iirii, ahd confequently 

the Ratio here mehtion'dk, is of a peculiar. Nafiirey 

K being a^rmative when increafing, as of Unity to 2 

p^catcr Number j but negative when d«(jreafingv Ana 



t^7 
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a^ the Vaiii^ of the Ratio of Unity toaay Number, b 
die Logarithm of the Ratio of Unity to that Number^ 
(o ^ach Ratio is iiip{x)sM to be meafur'd by the Num- 
ber of equal Ratiunculse contained between the two 
Terms thereoi ; whence if in a continued Scale of 
ipean l^rofo^nsis^ inilnite in Number, there be af- 
fiiin'd an infini^ Number of ilich Radunoulae, between 
my two Te]:ms in the ^d Scale ; then that infinite 
Number of Ratiunculse, is to another infinite Number 
of the Eke and equal Radunculae between any other two 
Terms, as the Logarithm of the one Ratio, is to the 
;-offiirithm of the other. ^ 

But if inftead of fuppofin^ the Logarithms composed 
of a Number of equal Ratiunculae proportionable to 
each Ratio ; we (hall take the Ratio of Unity to any 
N/imbei: to confijH always of the iame infinite Num^* 
l^r of Ratiunculae, their Magnitudes in this Cafe will 
l^ as their Number in the ibrmer. Wherefore if be** 
tween Unity and any two Numbers proposed there be 
Uken any Infinity oi mean Proportionals, the infinitely 
little Augments or Decrements of the firfl of thofe 
Means in, each from Unity will be Ratiunculae, that 
Is they will be the Fluxions of the Ratio of Unity to 
1^^ faid Numbers ; and becaufe the Number of Ratiun^ 
i^2e in both are equal, their refpediye Sums or whole 
Ratios will be to each other as their Moments or Fluxi- 
ons, that is the Logarithms of each Ratio will be as the 
Fluxion thereof. Confequently if the Root of any in- 
finite Power be extrafbd out of any Nunicr, the Dift- 
rence of the faid Root firom Unity, fhall be as the Lo- 
garithm of that Number. So that l^ogarithms thus 
produc'4 may be of 23 many Eorips as we plea&y to af- 
ilime p^ui^e Indices. of the rower whole Root we kek. 
As if the Index be fuppos'd jl 00000, &r. weihall have 
the Logarithms invenfsed by Ntpfr ; but if the faid . 
Index b^ 230258, isfc* thofeof Mr, Brigg^s wUl Im 
produced. 
.Wherefcre if i-f";r be any Number whati!beveraml 

^'infinite, then its Logarithm will be as 7+i * — i is 
•X;r— —-+-—----+— ,£srr. For the Infinite 

Root of I H-^ without iti Uncfac pr prcfixt Number 



tlie A i> P E f^ 15 i Xi ^f 

it'i- 1 J f'' > M r4^^xx)f»^xxx»i fefir. ai)d the tekfci^tei 
unoniial Tlieorem invented bf Sir Ifaac Newun fot 

• 3. i. ^ 

determining thenj is i y-^ X '^ZlLx l_i jtHl'^tfe; oir^ 

kt|ikC5al«rtth(erexiX--ix,.:slx =1 >t^, feTa 
&r « Ittiiig^ ait ittlkiMn^ is t^eSki ; whdice the mfi^ 

nite Rdot of <+«s:i+**sss i+£— if-f *' ** 



. ».,.^» j^t 4« 5*^ 

— ^ —1 {f^r. 19 t&e .^loe^t of tlse fiift of thf nkmk 

Pfoportiofialslwt^^^ Unity awJiH^^v whicfetherefoi* 
wiIlbeastheLogarithniof thcRatioof i to i-P^, or^ 

the Logarithm of i +x. fiut as i-4^x'*— ijs a %l^ 
tiuncuh it m\A 1» miAiplied by i oboo, C^f. inlinke-^ 
ly, which will le^kiGA it to Ternis fit kf ?n^Cfi% m^k^ 
i|ig the LogaiitW of the Ratio of i to i Ht ar SA 

— — X » — •4*.-- p—^A {-f^. whiles if tb* 

Index 1^ be taken tooo^ &^ as in N^^erU Form, thf 

;p* Af' X^ X^ 

Logarithms wfll be fimply x^^ — h"*"-* — -^-^y^^* 
But as fi may Ve taken ^ FleaTure the feveral Stales of 

f ooo* ^f • 

Logarithms to iUch Indices will be as « or recipro^ 

^y as Ibbdnrndiees. 
Again, jf the Logarithm of a decreafing featid W 






fought, thcS iplimte Root of i — * ±: i — jt will l;i^ 
.found by the Jike Method to be r — -« ;^— — \«r*i x^ 

.^ --^V ^^ which fubftraft froiti Unity^ and ^ 

4^ 
t)ecrem^^t of thefirft of the' infinite Number 0fP)?9^ 

pcMtioaMt 'rtUWpcar to be ^x;f ^^ 

B b a jrS ^C4 
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iS isFc. which expreflb the Logaritbih of the Ratia 
of I to I— # or the L^arithm of i— -* adcording to 
Neper's Form> if the Index n be put = loooo, i^c. 
anB^befbre. 

And to find the Logarithm of the Ratio of any two 
TermS)^ the leaft and 2 the greater, it willbesCsii: b\i 

1 : 1-+-^ : jc= — I 3s-«^ i or the Difference divided 

a a 

by the leflcr Term when 'tis an increafing Ratio, and 
-rr— when *tis decrcafing. 

*: Wherefore putting ^ssDiilerence between the two 
Terms a and by the Logarithms of the fame Ratio 
jhay be doubly cxprdl,"ahd accordingly is either^ x 
d y* , rf' d' ,. I d , d' d' 

d' 
--Tj ^^« ^'^ producing the fame Thing, 

But if the Ratio of ^ to £ be fuppos*d to be dhrided 
into two Parts, vi%. into the Ratio of a to" the arith- 
metical Mean between the two Terms, and the Ratio 
of. the faid arithmetical Mean to the pther . Term A, 
Aen will the Sum of .the Logarithms of thofe two Ra- 
tios be the Logarithm of the Ratio of a to *. Where- 
fore fubftituting z s ior ^i»-^\b ixiAit will be i s . 

« : : I : i— a-, whence *='-y7=-.. a^j ^^ ^ 

"' h '"'^ £ d 

f X : ^ : : 1 : 1 4-^^- whence x:=s .-± = ~/ Therefore 

fubftituting ~ for x, and we (hall have for b<^h Ratios 
« ^^, d* di d^ I d d* 

d d* id 

— J l^c. And their Sum, viz. — v 2 X -• 

S^ 4^^ If / 

di d^ d^ 
*T*r:+~,H > ^^' Js the Logarithm of the 

• Ratio of tf to *, whofe Difference is rf, and Sum j ; 
wiiich §CTies without tfir Index », is by the bye, the 

/ Fluoit 



Log. of ...^—^ isL 
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Fluent of the Fluxion of the Logarithm of -^-^^^ af- 
fuming d the flowing Quantity, for the Fluxion of the 

+, i^c. whofe.Fluent 2 x-H { — r-f— ^ , iSc 

S3 s\ 5^^ 7 f 

13 Neper's Logarithm of-*—, and the fame as above 

bating the Index n. This Series either way obtained 
converges twiceasfwiftas the former, and confequently^ 
is more proper for the Praftic? of making Lc^ithms ; 
thus, put azsi and b any Number at Plea&i$, then* 

— =»jZ7> which. aiTume s=: <, and then b =— ^ — 

s ^T*»- I — ^. 

and becauie — ss r> therefiire we have for - ^ 

THEOREM I. 



The Log- of i (=131?) =:ix a X/H- |^' + 

I — i n * 

To illu^bate this Theorem, Let it be required to 
find the Lc^arithm of 2 true to 7 Places. 

2fote^ That the Index muft be afliun'd of a Figui^ 
or two more than the intended Logarithm is to have. 

EXAMPLE, 

Here *= = a%' ^+ i ssa — 2tf\' 3 #=| 

I — e 

whwiee ^ s= i and ec^ij.' 
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TheOrcKATfON ftaflds thus. 



: <= .J3)35]3J 
«i= 3T0370+ 
«»=3 411313 
''= . 4!7«5 

• "= 564 

■ '•3! «3 



/^ 



!J;i 



< 5?= .X33J3SJ3 

81304 
f'^ 6s3a 

fr'-=:- ■ ■J64 

rt«''CBj_____J_ 



■i346j73S7 



Whence Wj/iw^s I.og?rithln of "r is ■ "^C8 3' 47't ' 
But , 69314.714 mi4tq)liedtnr } wiUgivfj S07944143 
Jqc CDC Lc^aii^iB of 8, inafmuch as 8 is theiOix m 
third PoBW of fc,' iUid the Logaritjim of 8 (Jus tie Log. 
of i'^ B equal to the Logarithm of to, liecaufe d 
XI i = 10 ; mheuAK to &id the j^^^tlim of 1 i. 

weluve isjiilis; i i « |, whpnde < =: ; and 
IT'- . ■ , 



Tlie-Ol>x&4tlO)) ibi^.thu.- 



» = ' 



r= ,11111111 

= r37'-j* , , 



45724 



Whence A^if/tCT-'s Lt^Brithm of t i tt ,21314351 
To which add the L^?rithm of 8. 2,07944 141 
■ The Snm, vhi. • '»S ^*S^494 

is Neper'% Logarithm of i o. But if the Logarithm of 
10 be made 1,000000, i^e.' as it is moft conveniently 

done i;i moft of our Tables extant, then ~ — L-l — 

j,ooo, Wf. Whence»=r230zs8s, ^c. is the Index 
for Bngg^s Scale of Logarithms 1 and i^tbe above 
Weak had been carried on to Places liifficlent, the Index 
jt urould have been 1,3058, 50919, 94045, €8401, 
799>4| 
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79914, (fc. and its Reciprocal, viz. — =^ 0,43429, 

44819, 03251, 82765^ 11289,- <^r. which by th^ 
Way, is theSubtangentof the Curve^preffing Brtggs*^ 
Zx)^rithins ; fix>m the double of which the faaS Loga* 
rithms may be had dire£Uy« 

« 

Forbecaufe JL= 0,4342944,, ^r, •.•-?=:,868588 

n « , 

9638, &r^. which put xszm, and then the Xogaiithm 

of izsi =: me -n — H- — •+• •+— — * ^^» 

«— ^ 3 5 7 --.9 

EXAaiPLE/ 

- Let it be required to find jl3riggs*s Logarithm of 2. 

Here ^s; — •:; z *.* #5= ^ and it sni, 
i—e . ^ 

The D p fe R A 1 1 o>i ftands thu8. 



»I ss ,868588963 

I me =: ,289529655 

fne^ tz 3216^962 

W*= 3574440 
me'f^z;. ^97160^ 

me^'^s, 44120 

me^^ ziz 4902 

i * me'}^, 545 



!«>= ji59529655 
\ me^^si 16723321 

714888 

• 5^737 
A «w^' = 445 



tme^zs, 
7 im^sr 



Whence Bnggs's Logarithm of 9 is •^30102999. 

AGAIN. 

Let it be mpiir'd to find Srigg/s Logarithm of 3 ; 
now becaufe the Logarithm of 3 is equal to the Loga- 
rithm of 2 plus the Logarithm of i 2 (foi- 2x12=: 
3) therefore find the llogarithm of i 2 and add it to 
the Lc^rithm of 2 already found, thie Sum will be the 
Logarithm of 3, which is better than finding the Lo- 
garithm ef 3 by the Theorem ilireflly, liiafmuch as 
it will not converge fo iaft as the Logarithm of i i ; for 
the Imaller the Fraftion reprefented by ^, which is 

B b 4 deduc'd 



M.MJ 
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dcduc'd from the No. whofe Logarithm is fought, the 
ftviftcr docs the Scries converge. 



Heie i = 
^d eezz: ii^ 



i- 



I—/ 



V 2.H"2 rS 3 — $ * VYsai 






w = J 


MV^m^, 




2316137 


$$589 


*^I = 


1588 


?^^ = 


49 


^jmi^=. 


. . I 



Tbe Operation isas follows^ 

m = ,868588963 

mez=i ^17^71779^ 
me^zr: 6948711 
•me^ z^ 277948 
me7 ziz 11117 

' 447 

?7- jr—^ 

Briggs^s Logarithm of i i =^ ,176091256 

To which add the Logarithm of 2 s r ,3ot^»'2999^ 
The Sum is the Logarithm of 3 = 0,477121246 

Again, tofin^ the Lc^su-ittym of 4, bepu(e.2 x 2 =4, 
therefore the Logarithm of 2 added to itfelf,' or multi- 
plied by 2 theProdu<a 0,6020599^ is the Logarithm of^. 

To find the Logarithm) of. 5, bp??iufe -ir = 5? 
therefore from the Logarithm of ro i,qpboooooo 
Suteraft the Jjogarithm of 2 , ,3610299 90 

Thpre remains the Logarithm of y s=: >69J97Q^'Q 

And becaufe 2x3 = 6. Therefore • 

To find the Logarithm of 6 - 
To the Lp^rithm of 3 >47 7 ' 2 ' 246 

Add the Logarithm of 2 ,301 029990 

The Sum will he the Logarithm of 6 =s ,778 1 5 1 236 

Which being known, theLogarithmof 7, the next Prime 
Number, may be eafily found by the Theorem ; for 
becaufe 6 x 6 =;f 7j therefore to thcLc^arithm of 6 
add the Logarithm of i and the Sum wHl be the Lo* 
garithni of 7* 

EXAMPLE. 



i * 



^^i=^f±lz^l v*:^ o an4*/^yf,t 



at =3 
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m = ,868588963 

me =s ,066814535 

I tne ^3: 467 

7 mi'' z:^ i 



l»f s;? >o668i4535 

m-' 5=? 3953S? 
me^:=i 2339 

iw*7= 13 



Brigg^s Logarithm of i ,066946788 

Ta which add the Log. of 6 , 778151236 

The Sum is the Log, of 7=;: ,845098024 

Again, becaufe 4x2=8, Therefore 
*To the I^)garithm of 4 ,60205998 

Add the Logarithm of 2 ,3010299^ 

The Sum is the Loearithn> of 8 1 90308997 

And f)ec^uft 3 X j =p 9» Therefore 

To the Logarithm of 3 . »477 1 * 1 24$ 

Add the Logarithm of 3 ,4771212 46 

The Sum is the Logarithm of 9 ,95424249 2 

And the Logarithm of 10 having been determined tQ 
be 1, 6000000, we hav? tljer^fore obteinpd ^5 Logiir 
rithms of the flrft ten Numbers. 

Affcr a^ fame manner the whole Tabb may be 
conftruded, and as the prime Numbers increafc, fo 
fewer Terms pf the Theorem are required to form their 
2!x>garithms j ifor in the common Tables which extend 
but to fcvcn Places, the firft Term is fufficient to pro- 
iiuce the Lc^rithm of loi, which is composM of thf 
5um of the Logarithms of 100 and -^^ becaufe too 



;^ii:l= loi, in which cafe is'IlIfaK?!^ v e » 

4- , whence in making of Logarithms a^wrding t^ 
the preceding Method, it may be obfervM that the Sum' 
and Difference of the Numerator and Denominator of 
the FraSion whofe Logarithm is fought, is ever equal to 
the Numerator and Denomixator of the Fradion rcpte- 
fented by e\ that is, the Sum is the Denornipafor, and 
the Difference which is always Unity, is the Numeratoi^ ; 
confequently the Logarithm of any* Prime Number may 
be readily had by the Theorem, having the Logarithm 
either next above or below given. 

Tho*, if the Logarithms next above and below that 

Prime are both ghren, then its Logarithm will be ob-? 

tsiined fomething ^fr, for h^ th$ l^iff^nence of the 

' ^ ' ' l^tiog 



S7^ 



The APPENDIX. 






m X -^+-^+~A+r-,» ^- ?5 ^ Lc@rithm of 



Ratios which conftitute the ijt Theorem, vsz. (n zs) 

the Ratio of the arithmeticat Mean to the geometrical 
Mean, which being added to (tiie half Siml of the Lo* 
garithms next above aifd l)el©w the Prime fought, will 
give the Logarithm of that Prime Number, which for 
DiftinfKon's Sake mayj)e. iallM Theorem the fecond, 
and is of good Dif{&tcli, ks Will appear berealter by an 
^Example. 

But the beft for this Purpofe is the following one^ 
which is likcwife dcrivM from the fame Ratm as Theo- 
rem the firft. For the DiffeiTence of the Terms be? 

» • • "^ 

- 2 

•-- 4 aH- i ** =; i 4K-i & ?:t i i/^Ese, I, and the Sum 



of the Terms ahzsA^ts beittg put =y, thfeitfort 
(fmcte ;f In this Cafe = j and ^/?= i) it follows that 

-i % -^u-^ ^^-^--?, ^c^ a the Ix)gatidim of the 
n .y f \y[ y^ 

R^tio oi ahto\% as, whence -»x — + ~*f- JL 

• ^ y sy^ 5f 

, — , bfc^ is the Lc^arithm of the Ratio of 2 X to l/tf^ 

7y^ 

which converges exceeding quick and is of excellent Ufe 
for finding the Logarithm of Prime Nuinbers, having 
^e Logarithms of the Numbers next ^ve and below 
given, ^ iiri Theorem the Second, 

EXAMPLE, 

Let it be required to find the Logarithms of the Prime 
Number lot, then a^iz too and ^^lOi.^ whence 

^s;;: 20401, puti- :5s m 3=; ,4342944819, (^c. then 

n 

the Scries will ftand thus ^ -H - + — + ^ btd 

•^ • y 3f 5/ 7y' 

.And 
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Add the &id Quote 0^0000^1 18790 14 

AndtJicSum, vh. 2,0043213737823 

II die LogMthm of iqi tnse to 12 Pbces of F^res,' 

luid ob^uied by the firft Term of tJie Series only^ 

wiKnce • & ttSj to peitehre vliat a vaft Adnntage tbe 

iboond Tom would baty wtre it put in Pm^ce, finoe 

^irittobedividedby smukij^ied into the Qibe of £0401* 

This Theprenf which WU call Theorem the third, 

tiM firft found oat by Dr. Halliy^ and a notable Inftance 

of its DTe given by Ipim in Uie Philofophical Tranfadtion^ 

for making the I«^^;arithm of 23 to 32 Places^ by five 

pivifidhs perfom^ed with fniall Dtvifor^i which coul4 

hot be otedned tccohling to the Methods firft made ufi; 

of, without inde&t^ble Pains and. Labour, if at all 1 

on Account of the gs^eat Difficulty that would attend 

the manag'i^ fuch i$^ Nuq[|ben. 

Our Autlx>r'8 Series for this Puipofe is {Page 363) 

j^X— -(-— i~-f-— -^^ — , fe^r. the Inveftigation of which, 
4% 242^ 360 9(S 

as he was pleas'd to £onoeal» induc'd me to enquire into 

it, as well to knowtfae Truth of the Series, as to knoiv 

whether this or that Ikad the Advantage, becaufe Dr. 

Hdlley informs us when his was firft publifli'd that it 

converged quicker than any Theorem then m^ pub^ 

fick, and in all Protiabi&y does ib ffifl ; however that be, 

^tis certain our Author's convergiqs no iafter than the ie* 

^nd Theorem, as I found by the Inveftigation theteof, 

which mfiy be as follows. 

From the forq^oing'DoSrine the Difference of the* 

2 2 

Ix>garithms of 2««- 1 and^H-ri is^x — + — + 
^** • at 3«» • 

9 2 2 

—A — 7"^ — 79 ^^» which put equal to y, and thej 
i7> 7^ 9a' , ; t- m yj 

Logarithm of the Ratio of th e Arith n^^cal Mean %% 
to the Geometrical Mean v^««— i is « x "H 

•f-J--}-— -V-JL, i:fc, per Theorem the fcoond, 

4»* 6x^ g«^ ,; * : 
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fcr z equal p> I Sy whence — =JL. 

2SS 2ZZ 

Iftt A and B be the Logarithms of «— i and z+i 
icfpcaivclyj then is:^:±5+wx ' '^ ' * 



2ZZ 4z* 6? 
— ^, f^c. the Logarithm of 2^ and if the b^r Part 

of the Series expreffing the faid Logarithm of 2 be di* 
vided by the Series reprefoiting the Difference of the 
Logarithms of 2: — i and 2+1 the. Quotient will exfai^. 

bit the Series required, viz.n — r,^^ I ' — £s^r, 

4z 24«^ 360%^ 
as appears by the following Operation, 









■ I II I 



I2»' ■ 15:?** 



+ 4t. fc^^- 



I2«^ 36«^ 



^c. 



Now bccaufe the Dividend is ever equal to the Divi- 
for draw n into the Quotient of the Divifion, it follows 

thzty^l-h'—'+^/^ ifc. is equal to wxJ- 
____4? 34z» 36o»5' ^ 2«» 



42* 6z^ z ' 2ZZ 424 



y;--5'^^' ^^hc Logarithm of ». Wherefore -^^^ 

ox z 

;'X (- — + ./_, {jTr, is the Logarithm 

4% 24 »' 360 a5' » 

of 2. Q^E. I. 
JS?i?//, I njAke the Author's sth Term — ^-^ — to 



1 
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To illuftrate this Theorem by an Example. 

Ijet it be required to find the Logarithm of loi. 

To the half Sum of the Logarithms of i o i and i o 2=2 

2,004300085s 
Add the Difference of thb faid Loga- 7 

rithms divided by 4 « equal to S ^ ' ^ 

And the Sum, viz. <>00432i3733 

is the Logarithm of loi true to 9 Places of Figures ; 
whence it appears that our Author's Series £ills ihort of 
Dr. HalUfs in finding the Logarithm of the Prime 
Number 101, three Places of Figures, by ufing only the 
firft Term of the Series ; whereas if two Terras in each 
were us'd, perhaps the Difference would have been coo* 
fiderably greater. 

NotSy This Series of our Author, deduc'd from Theo^ 
rem the Second, is in efle£t Dr. HalUy^s too, but vail'd 
over by being thrown inio adifierent Form : which how- 
ler has its Ufe, as being very ready in Practice. 

Having thus invefUgated feveral Theorems, whereby 
the Tables of Logarithms, according to any Form, may 
be conflru£ted, it remains to (hew how from the Loga- 
rithm given to find what Ratio it exprefles. 

The Logarithm of the Ratio of i to i+* has been 



prov'dtobeas 1-+-* — i=:»XJf— 5**-|-X^'-- 4*S 
Vc. n being any infinite Index whatfoever; whence if 



n 



L be put for the (aid Series, then i-f-* — i =Lcon. 



' tr 



fequently i •+•* = iH-L, and i-f-x-sr i-HL=:i-(- 
»L + i 71* L» -h J >f' L'4-^i;:7i* LS (sTr, 

AGAIN, 

The Logarithm of the Ratio of i to i— ;r iasBke- 
wifebcen prov*dtobcas I— I— jr S2wxx+i**-f- 



X 

n 



and 
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h 

Whence r'jj jr = i^ht-^ln^V^l ^ I,« 

M* X4. n* LS Wf- is a general Theoiemi for fading th# 
Number from the Ix^rithm ghren of any Species of 
Form whatfoever ; but in th^ Application of H to Pncr 
tiee we labour under a great Inconvcniency, ef{xccially if 
the Numbers are krge ; thatia to iav, it convert fo ytsxf 
flow, that it were mikih tp be wilfaVl it cpuld be coa^ 
tracked* 

However, if L be the Logaritfani of the Ratio of 4 
the leftr Term, to * the greater, and dthcf of theni 
are given ; then the other will he eaiily had and expe- 
dkioufly enough too : 

and a J f bi 

Wherefore it follows by the Help of & Table of 
Logarithms, that the correfpcmding Number tq zaj 
lx>garithm may be found ^^many Places of Figurof 
ia tlx>fe Logarithms confxft of ; ipr putting d equal 
to the Difierence between the ^ven Log^u^m and 
the next lefs in the Table, then will the Number 
fought, viz. N = tf X I H- » ^/ •+» i «* </^ -f- In^d^ 
tsfc. But if ^j be put equal to the Difierence between the 
given Logarithm, and the next grea^r, th^ Nss ^x i 
— »i+i»*^*- Jn'i', ifc. Both of which Se^ 
dca convorge fefte^ as itf b OnaUer* 

But the nrft three Terms in each may be contnu^ 
ted into two, which, is v^ry ufofiil^ inafmurhas it fava 
the Trouble of raifmg n and d in the third Term tQ 
the fecond Power ; foyr letting the firft Term remain ai 
it is, the other two are reduced to one ; thus, make the 
/econd Term the Numerator 0/ a Fradion, and Uni- 
minus the third Term divided by the Second is 
le Denominator. ' . 

Whence Nrsrirxi -f*»i-+-2 »* d^ssa'i* 

j-^ aad N :^ * X I -ra ^Tf?: i» 4?'»*-^ 



I 



Whcrefonr<?-f- ^^ , otJ-^^^fr, ^ ^ ^ 

. . /«— a d nv f*ia 

4 Nuxn- 



I 

I 

i 

I 
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Kumber anfwermg to the given Logsirithm^ which tho* 
it differs a litde from the Truth, is fufficient to find the 
Numbers exaft to as many Places as Bnggs's Loga- 
rithms confifts of, 1)1%. 14, which are the largeft Ta- 
bles extant. Much after the fame Method may the 
whofe Series be contraOed, by which Means each al- 
ternate Power of J will be exterminated, or which is 
the fame Thing, every two Terms in the Series will bt 
reduced to one, making the whole as ihort a^ain. 

To illuftrate thefe Cbntra£Uons by an Example. 

^ Let it be reqiSred to find the Number anfwering to 
the Lopurithm 7,57 1 3740282 in Briggs^s Form, 
From the given Logarithm 7,571 3740282. 

Subtraarthc Log. of 37271000 thel cti^tioxcx 

. next neareft i 7>57i37io453 

die Remainder is equal to dzs: ,000002982 9 

] And becaufe the Number 37271000 is lefs than the 
l^umbcr fought call it tfj» which multipliedby,ooooo29 8 29, 
and the Produft 1,11175 6659, &c. divided bv »i— 
Idzs: ,434«92, ike. qootes ,255,992, which added to 
3727iooojgives 37271255,992 for the Number fought. 

Thus, Iprefume, the Doflrine of Logarithms has 
been fuificicntly exemplified> whether we confider the 
Conftruaion of thc^i f©r any given Numbers, or on 
the ^ntrary the finding of the Numbers from the Lo- 
garithmsgfven. 

But before I conclude I ihall ^ve an Inflance or two 
of the gi^t Ufe of Logadthm^ in ' Arithmetical Cal^ 
oilatioQ^, apd firil in the purchafing of Annuities. 

If <i W put for any Annuity, p for the prefent Va- 
lue, r the Amount of one Pound for one Year at any 
Rate of Interell, and / for the Time or Number of 

a 

Y^ars the Annuity is to continue, then ^ =1;IL:1 tht 

r — X 

Value of the AnAuity, 

EXAMPLE. 

X Let it be required to fkid the prefent Value c^ an 
itonuity of 60 /. fir Annum to continue 75 Years at 

Hen|* 
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Hcretf=6o, /= 75, and r =1,04. Nowihordei^ 
to obtain the Anfwer we muft find the Seventy fifth Pow- 
er of r, or of 1,04, that is we muft multiply 1,04 fe- 
venty five Tilfies into itfelf, which is exceeding tediout 
by thef donimoh way, as any one may judee« but by 
the Logarithms ^tifi done with the greatm iSsit; for if 
CL017633 the Logafithm of 1,04 b6 Muldt>Ii^ Hy 7;^ 
the Produfb i>z77475 will be the Logarithmi of the 
feventy fifth Power of 1,04 ; which b^ng fubtrafled 
from 1,778151 the Logarithm of a equal to 60 will 
leave 0,500676 the Logarithm of 3,16719 which be* 
ing fubtra£led fiom 60 and the Remainder divkied by 
r — 1^:104 will ^Tei42iy82oequal to 1421 /• 151. 4^^*^ 
fcr the Value of the Annuity ; and if 1421^830 be di- 
vided bv 60, the (Rodent will exhibit the 'Nuaber of 
Years rurchafe requifite to be given for any Annuity, to 
continue 75 Years upon' a good Security free of all 
Incumbrances, the Purchale being made at 4 per Cent. 

Hence we £be the Reaibn why the long Annuitie) 
purchafed in the Year 1708, havms aboutj; Yeufc ta 
oome, are now valued in C^aififtMitLdt Exchanges at 
24 2 or 25 Years Purd«cfe; ibi* tho' according to this 
Calculation they are worth but a Httle more than 23 
Years and 2t half, yet. becaufe in the publick Funds 4 
fer Cent, is fcarcdy ever made of Money, aihd the 
Contingencies it is there fubjefl to, which thofe An- 
nuities and other Government Securities are not, 
makes them very juftly worth 24 J or 2 j Yeais Pur- 
chaie. 

Likewife Queftions relating to Annuities ixpon Lives, 
whether for one, two, or three, bFc. areahnioftaseafily 
eftiinat^d. For inftance, it may readily be found by Lo- 
garithms that an Aimuity for a Man of Thirty to con- 
tinue during his Life is worth 11,61 Years Purchafc,- In-^ 
tereft 6 per Cent, but at 4 per Cent. 14,68. And as 
die Probabilities of Lifers Continuance and the Value 
thereof is determined by an Algebraical Procefs ground- 
ed upon the Rudiments of the Doflrine of Chances, and 
five Years Obfervajtions upon the Bills of Mortality c( 
BreJIaWy the Capital of Silefia; fo there refults that 
Truth arid Equity from the Operations as ought to ffre-. 
fide in all ContraSs of this Nature; Whence it foilo ws» 
that all other Methods, whofe Resolution difiers from thi» 
(efpecially if the ViSsrenoQ be much) may juftly be 

deem'd 
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deem'd erroneous, confequently pr^didal to bne of tht 
Parties concerned. Wherefore to prevent Impofitions 
thro' Ignorance great Care fhould be taken ; which Pre- 
caution, however unneceflary it may appear, 'tis prefum'd 
will be regarded, inafmuch as no one is willing to pay 
more Years Purchafe than he has Chances for living, ti 
on the contrary the Seller to receive lefs than his due, 
which may poffibly be by following the common Me- 
thods^ where for the tn6& part r^rd Is had neither to 
Age nor IhtCreft, but founded upon Caprice, Huoiour, or 
if you pl^fe Cidloih, the Contra^ being made as they 
can agree right or wrong, which Method of Proce- 
dure ought to be exploded flnce fo liable to Error, and 
the Confequences drawn therefrom, fo often wide of 
the Truth. 

The other Inftance which I fliall give of the gtet 
Ufe of Logarithms is in the Cafo of Seffij as related 
by Dr. Wallis in his Opks Arithmeticum from Alfe^ 
pbad (an Arabian Writer) in his Commentaries upon 
Tegraius*s Verfcs, nkmely that one Seffa an Indian hav- 
ing firft found out the Game' at Cheffi, and {hewed it 
to his Prince Shehram^ the King, who was highly 
pleas'd with it, bid him ask what he would for the Re-* 
ward of his Invention ; whereupon he askU, that for* 
the filrft little Square of the Cheffe Boards he might havcf 
one Ghdn of Wheat given, for the (tConA t^o, and 
fo on doubling continually^ according to the Number of 
the Squares in the Cheffe Board, which was 64. And 
when the King, who intended to give a very hobte 
Reward, was 'much difpleas'd that he had'askM fo tri-« 
fling a one, 5*^ declar'd, that he would be contented 
with this fmall one. So the Reward he had fixM upon 
was ordered to be given him : But the King was quickly 
ailoniih^d when he found that this would rife to fo vaft 
a Quantity, that the whole Earth itfclf could not fur- 
nifh out fo much Wheat. But how great theNumbei' 
of thefe Grains is, may be found by doubling one con- 
tinually 63 times, fo that we may get the Number that 
comes in the laft Place, and then one time more to have 
the Sum of all : For the double of the laft Term lefs 
by one is the Sum of all. Now this will be more ex« 
peditioufly done by Logarithms, and accurately enough 
too for this Purpofe* ForHf to the Logarithm of i 
Whi^b is o^ w€ add the Logarithm of 2, whicl> i$ 
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0^3010300 multiplied by 64^ that is 19,26(9200 the 
abfolute Number agreeing to this, will be greater than 
1 8466, 00000, 00000, 00000, and lefs than 1 84479 
00000, 00000, 00000. 

As I have had the revifing of thefe Sheets, fo it may 
be expefted that I fhould give my Opinion concerning 
Mr. Cunn and our Author, in r^rd to fpherical Tri- 
gonometry 'y wherein the former accufes the latter and 
feveral other eminent Authors, of having committed 
many Faults, and in fome Cafes of being miftaken, ef- 
pecially in the Solution of thd i ith Cafe of Oblique Sphe- 
ricks, in which Mr. Cunn has entirely miftook the Au* 
thor's Meaning, as plainly appears by his Remark, where 
he conftitutes a Triangle, whofe Sides are equal to the 
given Angles ; whereas the Author means that each 
Angle fhould firft be chang'd into its Supplement, and 
then with the faid Supplements another Triangle con- 
ftiituted, whofe Angles by the very Text of the 14/i 
Propofition of his own Spherical Trigonometry, will 
be the Supplements of the Sides fought in the given 
Triangle ; to which Propofition I refer the Reader; that 
this is the Senfe of the Author is very evident, if im- 
partially attended to, and which I think could poffibly 
/ have no otjier Meaning ; and accordingly aver what is 
here advanc'd to be univerfally true, but becauie I would 
not be mifunderftood, fliall Uluftrate the Truth* there- 
. of by a numerical Operation i which to tbofe who care 
not to trouble themfelves with the Demonftration may 
be fuiEcient, and to others fome Satisfaction. 

EXAMPLE. 

Suppofe in the Oblique angled Spherical Triangle 
ADE, there are given the Angles, A, D, E, as^^ Fi- 
gure, and the Side D E required. 

Note^ write down the Supplements of the two An- 
_ gles next the Side required firft, and then the Operatioo 
may ftand thus. 



The 
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3^S 




The Supple- fE = 50^ 
menjt of theHD=i5o 



Angle. 



V'A =i4o 

Sum =340 

»l — 

i Sum 1^170 



Sine Co, A r. 
Sine Co. A r. - 
Sine 120'' 

Sine 



20 



0,115746 
•0,301030 

'9>93753d 

9>53405» 

19,888358 

M 

9*944179 



7 Sum, minusr£s:i20i 
the Supple* J •— — 
ment of the yDsz 20 
Angle C _* 

Which laft Figures 0.944179, give the Sine of 
61° 34' and the double thereof, viz.. 123'' 08' fubtrac^ 
ted from i8oDegrees, leaves for the Supplement 56^ 52^ 
which is the Side D£ required. 

The Rule v^hich Mr. Cuna fubflitutes in the Room 
of our Author's, is alfo univerial (but not new) and 
Confequently when he fays change one of the Angles 
adjacent to the Side fought into its Supplement, it i^ 
very juft. Tho' by the Way I affirm, it is equally 
true> if the Angle oppofite to the Side fought wer^ 
changed into its Supplement (which perhaps is wh^ 
h^s not yet been taken notice of) only then inftead of 
having the Side fought dixeOiy^ we fhould have its 
Complement to 1 80 D^rees, as in the pr^ecedent Ex- 
ample ; but there is a Neceffity of changing either one^ 
or all of the Angles into their Supplements, tho' it is 
beft to change only one ; which let be either of thofe 
pext the Side ibught, no matter which, and the Side 
will be had directly without any Subdu^on^ as will ap^ 
pear by the fubfequent Operation, 

, ' EXAMPLE. 

I^ the Aii^ £ be chang^ into its Supp)epient> and 
,tb^ Side P £ fought } which Supplem^nt;^ aod the o- 
' C c 2 th*jp 
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thcr Angle adjacent to the Side^foi^ht, being writ down 
firft ; the Operation may be as follows. 

Sup. of the Angle £=50 Sine Co. Ar— o, 1 1 5 746 

The jD=:3o Sine Co. Ai — 0,301030 



Angle iA =Ho Sine 10^ 9>239^7o 

Sum 120. Sine 30 — — 9,698970 



»l 



i# •< 



i Sum 60 Sum 199355416 

tS I i"P\^S'*^ =-^ * Sum 9^777ot 

mmus c Angle D =1 30 

Which half Sum 9,677708 gives the Sine of 28° 56', 
and the double thereof 56" 52' is the Side D E fought, 
the fame as before, when all the Angles were chang'd 
into their Supplements. 

Whence it is abundantly manifeft that thofe two 
Methods of Operation, notwithftanding their Manner 
is fo different, agree precifely in Practice ; and confe- 
quently we may conclude our Author's Rule to be 
right. Wherefore I wonder Mr. Cunn did not attend 
better to the Words of our Author's Rule before he 
ventured to attack the Characters of fo many famous 
Trigonometrical Writers. But to remove the Impu- 
tation of his Charge againfl thofe Authors who havede- 
ferv*d fo well of the Mathcmaticks, and to jufKfy 
them to the World, for JufKce ought to have place, 
it is, that I have ventured to give my Opinion, and 
point out where Mr. Cuntr was mifbken : ihe Reafon 
of which is not cafily aflignM, fince to give him his 
due it could not be for want of Knowledge, though in 
this Cafe I can't think it entirely owing to Inadverten- 
cy, ina/much aslt was a premeditated Thing, and I*m 
loth to impute it to any contentious Inclinations of his, 
m difputing the Veracity, of our Author'is Rule, becaufe 
it did not appear with all that Plainnefs^ requifite to pre- 
vent carping by the Litigious ; wherefore as I am in 
ISufpence how to determine, fliall leave the DecifioA 
thereof to better Judgments. * 

Indeed, Mr. Haynesh Rule, which dire£b with the 
three Angles given to projed): a Triangle, as if tb^ 
were Sid^^ is defident, were it only on that very 
Account J for with the givea Angles i» tjie preceding 

Examplfe, 
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Exafhplc, It will be impoffible to Coriftrufl: a Triangle^ 
t)ecaure 'tis r^uifite that two Sides together, however 
taken, be greater than the third, whereas in this Cafe 
they will be le(s ; but the Rule is not only deficient in 
that I'efpeA, but really wrong ; for tho' wjiat Mn 
Heynes aflerts is juft, vtz. that the grcateft Side in thcJ 
fupplemerital Triangle, is the Supplement of the greateft 
Angle in the other Triangle ; yet, notwithfhinding that^ 
^ the Confequence drawn therefrom is falfe, and fo thd 
Solution only imaginary : for with Submiffion^ nei-» 
ther the Sides Hot their Supplements m Mr, Heyntf^ 
Supplemental Triangle, are the Meafures of the Sides 
fought: *Tis true, when one of the Angled is a right 
one, and the others both acute, then the faid Supple-* 
mental Triangle is that wanted to be conftrufted, a^ 
containing all the given Angles ; and confequently thd 
Sides appertaining thereto, arc the very Sides rciquired % 
but then this is only one Inftande out of the infinite 
Number of other Triangles that may be conftrufted J 
and which is not folved direftly by the Triangle firit 
t)rojeSed neither; for the greatdl Angle thereof muft 
be changed into its fupplement, when the Side oppo* 
fite to the right Angle is required ; and if the right An-» 
gle ftill reniains, and either one or both of the other given 
Angles are obtufe, the Solution is rendered more per- 
.|)lext : Wherefore there can be no general Solution given 
to any Triangle, by conftituting a Triangle, whofe 
JBides are equal to the given Angles ; exc^ept to th^ parti^ 
cular one which Mr* Curm takes notfce of in his Remark^ 
where each given Angk is the Meafure of its oppofitd 
Side fought, and which therefore needs no Operation. 

This I thought my felf obliged to obferve, out ojf 
Juftice to Mr* Cunn^ who we fee is not intirely to 
blame j as having juft Rcafon to obje^ againft the Ve- 
racity of Mr. H^ne^s Rule, tho* not againft the Rules 
Xii the other Authors, by him nominated- 

Aiid here I can't but take notice of fbme Gentle- 
ihen, who are fo very fond of finding fault, that ra- 
ther than you fhall not be in the wrong, they will wreft 
your own Mei^ning from you, and will not fuffer an 
Error, tho* ever fo minute, to pafs, without proclaim- 
ing it to the.Publick, under pretence of preventing their 
"being impos'd upon ; whereas if the Truth Were known* 
I ftwr it Y(wiA appear to be the Vanity gf th^ir Hearts, 

C,c 3 an 



388 The A P P E N D I X. 

an over Fondnefs of being thought wifer and more 
knowing than the reft of Mankind ; nay, I think it 
appears plainly fo, by their oppofing the Works of Men 
greater than themfelves : But if inftead of comparing 
now fer their finitj^ Knowledge extendi or exceeded 
another Perfon's, they confid^r'4 how pduch there was 
they knew nothing of j^ as it would conduce to make 
them humble, fo Fm of Opinion it would contribute 
very much toward their leaving ofF th^t jpaiin^r of Wri- 
ting. B^fides, as I take it, the Buiinefs of Wrjting is not 
fo much to difcover who has committed the moft faults, 
as to avoid them, and make greater Inq)roveiiient5. ' 

But what is the moft to be wondered at, thofe who 
are fo very ready in finding feult, not without great 
Sufpicion, receive the beft part of their Knowledge 
from the Works of thofe very Authors againft wlioni 
they exclaim ; the R^albn that induces me to think (b, 
Js this ; whilft they are ftudying an 4^uthor jn order to 
underftand him,, then it is perhaps, they difc^y^r fpme^ 
thing which he waspleas'd to omit, or thought fit to 
conceal, for which 'tis more than probable they take care 
not to omit paying- a profound Refpeft to their vainly 
imagin'd fuperiour Genius's : And if by Accident an 
Error fhould creep in (which is very/poflible, none be- 
ing infallible) then to be fure he muft be egregioufly 
jniftaken, and not underftand what he was about : But, 
1 fay, this Difquifitibn, into t)ie Pemerite of an Au- 
thor, would ntver have been made, had they undj^rjlbod 
the Subjeft beforehand ; for if otherwife, they niuf]t 
\ye of a fad Cynical Temper, as well as have little elfe to 
do, to make it their Bufinefs to difcover Faults, and at the 
fame time acknowledge not one fingle Beauty ; a very 
Ungrateful Return for- the Advantage they receive in the 
Perufal. • ^ 

Nor do they do thePublick that Service they pretend 
to ; for thofe that are capable, and will be at the Trou^ 
jble of reading a Treatife upon a Subjed without a 
Mafter, are as well able as themfelves to rcftify what 
is amifs; and as for thofe who will not be at that 
Trouble, there is no danger of their being led aftray ; 
fince it is the fame thing to them, wnethcr there be 
any^iffakes or not. ' ^• 

. However, if after all there fhould be a Neceffity for 
an Admonition, why can't it be done with Candour ani 
, ' ' T ' ■ Hunaanity^ 
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Humanity ? and then without doubt an Author out of 
r^rd to Truth, which of all things ought to be pre- 
fer'd, would be thankful : And to reprove otherwifc is 
to be ungenerous ; becaufe whenever thofe Miftakcs 
happen, as they are for the moft part owing more to Inad* 
vertency, than Want of Knowledge ; fo they fhould 
therefore be attributed to the Frailty of human Nature 
(to which we are all more or lefs fubjeft) nothing be* 
ing more common amongft all Profeffions, than the 
writing of one thing for another. 

If any 'think, by my interfering between our Author 
and Mr. Cunn^ that I have fun into the fame Error, 
of which I accufe others in general of being guilty, let 
them pleafe to confider that I have only writ in the Vin- 
dication of Gentlemen, who were firft wrongfully ac- 
cused, and in one Particular juftify'd Mr. Cunn ; for 
fuch an Occafion as this Offering, I thought the 
Difference between them lay upon me to decide ; left 
I Ihould be tax'd with Partiality for not doing Juflice, 
or with Ignorance in not determining an Affair which 
held fome in fufpence to know who was in the right or 
wrong ; for there could be no Poflibility of making a 
Merit, in adjufling a thing of fo eafy a Nature ; tho* 
perhajps to conceive thoroughly the Reafon of all the dif- 
ferent Methods of Solution, may not be fo eafy neither. 

But to proceed, as for the OmifEons our Author has 
made in not determining accurately, when Ibme of the 
Cafes are ambiguous and when not, I fhall not quar- 
rel with thofe who think him to blaijie ; but if I may 
be idkywed to give my Opinion, I think they are de-* 
termhi'd for the mofl part as well, or at leaft with more 
Eafe, from the Conflruftion of the Triangles, becaufe 
it fixes an Idea of what one is about, by exhibiting a kind 
of an ocular Demonftration ; and confequently, pre- 
vents the laying of that Strefs upon the Memory, as all 
thofe arc obliged to who depend entirely upon Mr. Cunn's 
Rules 5 which to Beginners is not very agreeable : Hence 
who knows, but that what our Author wrote relating to 
the ambiguous Cafes, he thought' fuffkient ; that is, that 
the Reader would not ftop, for want of ferther Expli- 
cations, but with more Eafe fupply himfelf with what 
was wanting, when he came to the Practice thereof, I 
mean, tht Conftmdion of Triangles ; for after all, 

without the Knowledge of that, a Perfon will have 

C c 4 but 
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but a mean Notion of this ufefiil Branch of the Mathe-i 
maticks) and if fo, he ought in fome meafure to be ex-<^ 
^us'd, efpecially if to this, we join the following Confi- 
deration, viz. that few or none ever learn Spherical Trt* 
gonometry, purely for the Sake of calculating Sides and 
Angles, to determine their Ambiguities ; befides what is 
^unbiguous in Trigonometry, is very often not fo in Geo- 
graphy and Aftronomy, i^c. for which the other is chiefly 
learnt. 

For inftance ; If we know the Latitude of London^ 
and the Diftance and Difference of Longitude between 
the faid Place and Rame^ notwithflanding there are two 
Sides and an Angle oppofite to one of them given, the 
Cafe is not doubtful when we undertake to find the La^ 
titude of Ropie; unl^fs it be not known whether it lies 
to the Northward or Southward of London ; which 
however could not be determined by any Principles of 
Trigonometry. Likewife in Aftronomy, if the Lati- 
tude of the Place, the Sun's Declination and Azimuth 
Yexp given, the ^afitum is not doubdiil neither, un- 
lefs the Sun's Declination exceeds the Latitude of the 
Place, an^ both of the fame Denomination, that is, 
both N^rtb or both South ; in which Cafes becaufe it is 
poifible for th^ Sun to be upon the fame Aaumuth Cir- 
cle, twice in the ]Forenoon \ and upon anot)ier Azimuth 
Circle, twice in the Afternoon ; it is doubtful, if by Cir- 
cumflances during th? Obfervation, we can't difcover 
^ which of the Times, whether the firfl or lafl ; but if 

thofe Times fall near each other, it will b$ quite impof- 
fible to diftinguifh which, ai^d therefore ambiguous: 
Other Inflances might be produced, but I believe thefe 
are fulficient, to evince that thofe nice Diftin6lions are 
not fo neccfTary in Practice \ if there be thofe who think 
otherwifc, I fhall not difpute it, but leave then^ %o their 
Ppinion without Interruption. 

However, what with Mr. CuniiC% Rules for deterawnr 
ing the ambiguous Cafes (which are judicioufly drawn 
up as including all the Varieties poifible) and the Cor- 
reftions now made,by refloring what was lofl and cor- 
rupted, pur Author's Treatife of Trigonometry in re- 
fpe£l to Theory, may perhaps appear complete, ^ven 
to the moft fcrupulous. And 

Here I thought to conclude, but for the Sake of 
Novelty, ajld to iUuftrate the various Methods for folv- 

z iDj; 
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ing th^ 1 2/^ Cafe of Oblique Sphericks, where the 
three Angles are given to find either of the Sides, I / 
(hall b^ leave to give one Inflance more, in order to 
fhew how it may be performed after a new manner, by 
the Help of the natural and logarithmical verfed Sines $ 
which i not entirely new, is not fo publickly known as 
the preceding Methods, at leaft I never f^w any wh^rs 
the Method of Operation, and therefore ihall deliver a 
Rul^ for ttet Purpofe ir; the following Wordp. 

RULE. 

Having according to the former Dire£b'ons, changed 
one of the Angles next the Side fought into its Supple* 
ment ; take the natural verfed Sine of the Difierence 
of the faid Supplement artPthe other adjacent Angle, 
and fubtrad it from the natural verfed Sine of the 
Angle oppofite to the Side fought, and to the Logarithm 
of the Remainder add the Square of the Radius ; then 
from the Sum, fubtraft the logarithmical Sines of the 
above Supplement and the fame adjacent Angle, and 
the Remainder is the Logarithm of a Number, which 
will be the verfi^ Sine of the Side foughf. 

EXAMPLE. 

Supplement <;E— 50^ 



Angle D— — 30 

Natural S Diff. — 20— ,06030 
V. Sine i<;A— 40— ,23395 



>i7365 
The Log. of which Diff. 17365 1 
with the Square of Radius is ^293^239674 

Sine of the Sup. of the <ZE 50®— 9,884254 
Add the Sine of the <D 30« 9,698970 

Sum fubtrad): 19,583224 
Remains 9,656450 
Which Remainder 9,65 645 o gives the Logarithm vcrf- 
ed Sine of DE 56° 52', agreeing exa£Hy with the for- 
mer Computations. 

Natsj if the faid Remainder exceeds 10,000000, it 
implies that the Side fought is greater than a Quadrant ; 
whprefore cancelling the Charaaeriftick. i o, look out 
fer ttie Nomh^ sewering the raoiuning Logai^n, 
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from which cut off the left Hand Figure, or which is 
the fame Thing, abate the Radius (viz. Unity) and 
the Remainder will be the natural Sine of the Excefe of 
the Side fought above a Quadrant. 

As the natural and logarithmical verled Sines are not 
fo frequently met within Books, as the artificial Sines, 
'tis poifible, on that Account, this Rule may meet with 
fome Objeiftion ; fbr which Reafon, and not knowing 
whether it may be thought preferable to the foregoing 
Methods (tho* undoubtedly very eafy in Praftice) I 
have omitted its Demonftration ; but have publifh'd the 
Rule, with fome view of introducing the Ufe of the for- 
mer Sines, which fometimes are prdferable to the latter : 
For by the Help of the faid verfed Sines, and the Res^on- 
ing us'd in obtaining this Kkle, we necd&trily come to 
the Knowledge of folving that Problem, where two 
Sides and the contained Angle are given, and the third 
Side required, at one Operation, very ufefiil in Aflroi 
nomy and Geography, efpecialiy in the latter ; when 
the Latitudes and Longitudes of two Places are given to 
find their Diihmce afunder : But the Ruk for perform* 
ing it, and the Demonftration thereof, is alfo omitCed 
fol" the Sake of Brevity. 

However, 'tis cafy to perceive, fince Angles may 
. be turned into Sides, that the prefent Rule includes the 
Solution of that ufeful Problem in Aftronorny, for 
finding the Sun*s Azimuth, having the Latitude of 
the Place, the Sun's Altitude and Diflance from the 
elevated Pole given, by which means the Variation of 
the.G)mpafs of fuch Importance to Navigators, may 
be readily determined in any Part of the World : 

An Example of which, comprehending the latter 
Part of the Rule^ mz» (when the Remainder exceeds 
10,000000) is exhibited. 

EXAMPLE. 

Suppofe on Jung the 50/A 1752, ^t London in the 
Latitude of 51^ 32' No. it were required to find^th* 
Sun's true Azimuth when his Altitude was 50° 00' in 
the Afternofm* Firfl 



From 
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From the Com. of the Altitude 40" : 00' 

Sub. the Com. of the Latitude , 38 : 28 

Natural f of the Difference ■ ■ i : 3 2— ,00035 
V. Sine I of the Sun's dift. from thcPole67: 54— ,62377 

The L<Jg. of which Difierence 62342 ? 

with the Square of the Radius is i ^7947!^ 

CofmeoftheC ^tl^jf ^'^^^^ 9-793831 

I. Altitude 50 00 ' 9.808067 

• Sum Subtrftdt 1 9.6018 98 

Remains 10.192882 

Hcrt the Remainder exceeds 10,000000, wherefore 
cancel the Charafteriftick 10, and the Number an- 
fwering the remaining Logarithm is I9559I) the Ex- 
cefs of which above Unity, vtz. ,5 i(9 1 j gives the natural 
Sineof 3 4° 00' ; whence the Sun's true Azimuth is North 
1 24° 00' Weft, At which time, if the Sun's Mag- 
netical Azimuth were North 1 10° 30' Weft, the Va- 
riation of the Compafs would be 13^ 30' V7eft, as 
appears hy the following Subtra£Uon. 

True Azimuth, North 124'': 00' Weft 
Mag. Azimuth, North no 30 Weft 

Variation 13 ; 30 Weft 

N. B. If the Sun's Declination had been South, then 
the verfed Sine of the Sun's Diftance from the elevated 
Pole/ would have been equal to Unity Plus the natural 
Sine of the Sun's Declination ; which in PrafKce creates 
no more Trouble than when the Declination is North, 
if fo much, fince it is at leaft as eafy to take the natu- 
ral Sine of an Arc, as to take the verfed Sine of its 
(implement to 90 D^rees ; which Sines, and othtrs 
with their refpeflive Logarithms, ifc. may readily be 
j)ad out of tS^m(/iy.$ Mathematical TaUes. 
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Church in Flectftrcet. 

' Mathsmaticks. 

£17'CI./D's Elements, Vol. 11. Contauiii^the feventh, 
eighth, ninth, tenth, thirteenth, and fifteenth^ooks, with 
tht Data \ being the remaining Parts of that Work 
which were not publiihed by the bte Dr. Keil, now firft 
tranflated from Dr. Gr^gw^s Edition. To which is prefixed 
an Account of the Life and Wridngsof EUCLID^ with 
a Defence of his Elements a^inft the modern Obje^ons. By 
Edmund Stone, F. R. S. • 

II. An cxzA Survey of the Tide ; explicating its Pn)du£ti>n 
and Propagation, Variety, and Anomaly in au Parts of the 
World, efpecially near the Coaih of Qreat Britain and Irelandy 
with a Preliminary Treadfe concerning the Origm of Springs, 
Generation .of Rain, and Ptoduftion of Wind. With 15 
curious Maps. The fecond Edition. To which is added, a 
cleaf-and' uicdn£l Defcription of an Engine, which fetcheth 
Water out of the/Deep, and raifeth it to the Height def^'d 
progreffively, by the fame Motion. By JB. Barlow^ Gent. 

III. Mathematical Elements of Phyficks provM by Experi- 
ments ; being an Introdu6tion to Sir Ijaac Newtonh Philofophy. 
By Dr. TViUiam James Gravefandey Profeflbr of Mathematicks 
and Aftronomy in the Univeriity of Ltyden^ and Fellow of the 
Royal Society of London. Made EngUJhj and illuftrated with 
33 Copper Plates. Revifed and Correfted by Dr. yohn Keittj 
F. R. S. Profeflbr of Aftronomy in Oxford. 

IV. A Phyfical Diflertation concerning the Caufe of the Va- 
riation of the Barometer, the Form of the Globe of the Earth, 
the Diminution of heavy Bodies, the Flux and Reflux of the 
Sea ; wherein {omt Mifiakes of Sir Ifaac Ntwtmfs Syftem are 
redified. Price i j. 

V. A new Mathematical Difiionary, wherein is contained 
not only the Explanation of the bare Terms, but likewifii aa 
Hiftory of the Rife, Progrefs, State, Properties, Wf. of Things, 
both in pure Mathematicks, and Natural Philoibphy, fo far as 
it comes under a Mathematical Qoniideratioj^. By E. Stom^ 
F- R. S. 

VI. An Appendix to the Englijh Tranflation of Cimwiandin^% 
Euclid ; wherein the i ith and 12th Books of the Elements are 
madp eafy to the xi^eaneft Capacity, by exhibiting the Solids 

thcmfelvQS 
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themfdves to the Eye, inftead of their feveral Pi£hires or Pro* 
jefiions laid down by the feveral Writers of Elements of Geo- 
metry. A TnSt ufefiil and neceilary for Painters, Builders, 
Gardeners, and aU Peribns who woiud inform themfelves de«^ 
monftratively^in Perfpedive, Menfuration, Sphericks, &r. or 
^jalify themielves to read the Works of thofe who have writ- 
ten £urther on folid Geometry. With an Introduflion explain- 
ii^ the ProjefUon ufed by the ^cients, and (hewing its Excel- 
lency to any other for this Purpoie. By Samuel Cwtn. 

Gardening and Husbandry. 
^ L A New Syftem of Agriculture : Bong a Complete 
Body of Husbandry and Gardening, in all the Parts of them^ 
viz. Husbandry in the Field, and its Improvements. Of Fo- 
reft and Timber Trees, great and fmall ; with Ever-Greens, 
and Flowering'Shrubs, isfc. Of the Fruit Garden. Of the 
Kitchen-Garden. Of the Flower Garden. In five Books. 
Containing all the heft and lateft, as well as many new Im- 
provements ; ufeiul to the Huslxmdman, Grafler, Planter^ 
Gardiner and Florift. Wherein are interfperfed many curious 
Obfervadons on Vegetation ; on the Difeafes of Trees, and the 
general Annoyances to Vegetables, and their probable Cures» 
As alfo, A particular Account of the &mous Silphium of the 
Ancients. By John Laurencij M. A. Reflor of Bt/hops-fFere*- 
mouthy in the Biihoprick of Durham^ and Prebendary of the 
Church of Sarum. 

II. The Pra£tical Fruit Gardener, being the beft and neweft 
JMetbod of raifmg and planting all forts of Fruit-Trees $ agree- 
aUe to the Experience and Prai^ice of the moft eminent Gar- 
deners and Nurfery Men. By Stephen Switxer ; revifed and 
recommended by the Reverend Mr. Laurence^ and Mr. Brad^ 
l^. Adorned with Plans. 

III. A General Treatife of Husbandry and Gardening ; conr 
taining fuch Obfervations and Experiments, as are new and ufe- 
fiil for the Improvement of Land ; with an Account of fuch ex- 
traordinary Inventions, and natural Productions, as may help 
the Ingenious in their Studies, and promote univerfal Learning. 
In ^o Volumes %vOy with Variety of curious Cuts. By Rich,. 
Bradley y Fellow of the Royal Society. 

IV. The City Gardener i containing the moft experienc'd 
Method of cultivating and ordering fuch Ever-greens, Fruit- 
Trees, Flowering-Shrubs, Flowers, Exotic Plants, ^c, as will 
be ornamental, and thrive beft in the Londm Gardens. By 
Thomas Faircbild^ Gardener of Hoxton. Price i s. 

V. The Pra^Slical. Kitchen-Garden> or a new tind entire 

Syftem 
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Syllem of Directions for his Employment in the Meloniyi 
Kitchen-Garden, and Potageiy, in the feireral Seafons of the 
Year ; being chiefly the Obfervations of a Perfon train'd up in 
die Neat Hbuies or Kitchen^Gardcns about London. Sluftra-^ 
ted with Plans and Defcriptions proper for the. Situation anJ 
Difpofition of thoie. Gardens. To which is added, by way of 
fiuppkment, the Method of railing Cuamibers and Melons^ 
Mufhrooms, Batepok, Broccoli, Potatoes, and other curious 
and ufefiii Plants, as pra£)i<ed in France^ Itafy^ Hottand^ and 
Ireland. And alfo an Account of the Labours and Profits of a 
Kitchen-Garden, and what every Gentkman may reaibnably 
^xjpcSt therefrom in every Month of the Year. In a Method 
never yet atten;ipted. The whole methodized and improv'd by 
Stephen Switzerj Author of the Prafticai Fruit-Gardener. 

VI. Vegetable Staticks, or an Account of fome Statical £x«- 
periments on the Sap in Vcgietables ; being an Eflay towards a 
Natural Hiftory of Vegetation. Alfo a Specimen of an At- 
tempt to Analyfe the Air by a gneat Variety of Chymio-Sta^ 
deal Experiments, which were rcid at foveral Meetings before 
the Royal Society. By Stephen Hales^ B. D. F. R. 6. Redor 
of Farringdon, Hawpfhirey and Minifter of Teddington^ Mieldlife;f* 

VII. Didtionarium Botanicum : Or, a Botanical Didionary 
for the Ufo of the Curious in Husbandry and Gardening. Con- 
taining the Names of the known Plants in iMtin and Engt^^ 
&c. their Defcription ; their Culture or Management rehde^d 
eafy and familiar, whether Domeftick or Exotick $ fo that the 
Name of a Plant being known, the proper Direffon for ici 
Improvement in the Garden is to be found in the (ame Arfade. 
The Terms us'd in every Branch of Botany explained. A 
Work never before attempted. In two Volumes %vo. By 
Richard Bradley^ ProfeiTor of Botany in the Univeifity of Canf 
iridgej and F. R. S. ^ 

Physick and Surgery. 

I. A Treatifeof the Difeafesof the Bones; in wfak^h are le- 
pipefented the neoeflary Dseffings and Inftruments {H-oper for the 
Cure. Written in French by Monfieur Jane Lmis Petit^ of the 
Royal Academy of Sciences, and fwom Surgeon of Peirii* 
Tranflated into Englijh. To which is added. Figures of feve^ 
ral difeafed Bones. By a Phyiician. 

II. General Obiervations, and^ approved Prefcriptions, in the 
modem Pra&ice of Phyfick ; contaiaing the beft Methods of 
curing moft Diflempers ; amongft which, the Plague, the Gout, 
the Cholick, Confumption, Scurvy, Jaundice, Venereal Difeafe, 
Small Pox, and Meafl^, Apoplexies, PalSes> Stopp^ of U- 
rine, Afthma> Dropfy, Plcurify, i^c. III. A 
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III. A Syllabus of what is to be performed in a Courfe of 
Anatomy, Chinirgical Operations, and Bandages. By John 
Douglas^ Surgeon. Price is, 6 </. 

IV. Lithotomia DougkiBana ; or an Account of a new Me- 
thod of making the high Operation, in order to extrad the Stone 
oiit of the Bladder. By J. Douglas^ Surgeon. Price 6 d, 

V* An Account of the Method and Succefs of Inoculating 
the Small-Pox on feveral hundreds in Bojion in New-England, 
In a Letter from a Gentleman there to his Friend in London* 
Dedicated to Sir Hans Sloan^. Price 6 d. 

Miscellanies. 

I. A fliort and eafy Method to underftand Geography, wher^- 
^1 are defcrib'd the Form of Government of each Country, its 
Qualitios, the Manners of its Inhabitants, and whatibevo- is moft 
remarkable in it. To which are added, Obfervations upon thofe 
Things of Importance that have happen'd in each State ; with 
an Abridgment of the Sphere, aAd the Uie of Gec^raphical 
Maps. Made Englijh from the French of Mr. J, D. Fer^ Geo- 
grapher to the French King. 

II. The Royal Diftionary abridged. In two Parts. I. French 
and Englijh. IL Englijh and French y containing near 5000 
Words more than any French and Englijh Didbionary yet extant. 
And to which are added, the Accents of all Englijh Words, to 
facilitate their Pronunciation to Foreigners. The 5 th Edition 
carefully consded, and improv'd with above two thoufand 
Words extra£bed out of the moft approved Authors. As alfo 
an Alphabetical Lift of the moft common Chriftian Names of 
Men and Women ; and the Abbreviations of the faid Names 
vulgarly us*d. By Mr. Boyer, 

IIL A Colledion of feveral Pieces of Mr. John Toland^ 
with fonse Memoirs of his Life and Writings. In two Volumes. 
Vol. I. Containing, i . A Specimen of the Celtick Religion and 
• Learning ; with an Account of the Druids, or the Priefts and 
Judges ; of the Vaids, or the Diviners and Phyilcians ; and of 
the Bards, or the Poets and Heralds of the ancient Gauls^ Bri* 
Uns^ Irijh and Scots. 2. An Account of Jordano Bruno*s Book, 
of the infinite UniVerfe, and innumerable Worlds. 3. A Cata- 
logue of Books mentioned by the Fathers, and other ancient 
(Writers, as truly or rifely afcribed to Jefus Chrift, his Apoflles, 
wA other eminent Perfons. 4. The Secret Hiftory of the 
South-Sea $chem^. 5. The Scheme of a National Bank.; with 
other Pieces. Vol. II. A Letter concerning the Roman Educa^ 
tion. 2. A Diilertation, proving the received Hiftory of the 

JDeath 



BOOKS Printed far T. Woodward. 

Death of Jtilius Regulus^ the Roman Conful, to be a Fable* 
5» Several Letters oi Pliny j tranflated into Englijh, 4. A ncf^ 
Defcription of Epfim. 5. The Primitive C^idlitution of the 
Chrifttan Church. 6. Some Memorials concerning the State 
of AflWrs in England^ in the Year 171 1, and 1714. 7. Phy- 
iick without Phyficians* 8. Several Letters from and to Mr. 
Tolandy with an Appendix^ containing fome curious Pleto found 
among his Papei9. ' 

Divinity. 

I. A Review of a Difcourfe of the Vifible and Invif3>le Church 
of Chrift) bring a Reply to Mr. Sykef^s Anfwer to that Difcourfe. 
The 2d Edition. 

II. Twenty fix Sermous preached upon feveral Occafions, 
and a Paraphrafe and Note upon the ift» 2d, '3d, 4th, 5th, 
7th, 8th Chapters of St. John^ with a Difcourfe of Church 
Unity, and Diredions how in this divided State of Chriflendom 
to keep within the Unity of the Church, with the Sum of a Con- 
ference oa Feb. 21. 1686. between the Author and Father 
Goodeny about the Point of Tranfubfiantiation. In two Vo- 
luines. By William Claggit^ D. D. The 3d Edition. 

III. That Important Cafe of Confcience pra^cal refolved, 
wherein lies that exa£t Righteoufnefi which is required betwee c i 
Man and Man. A Sermon preached at Cripplegate in the Year 
1 66 1. By John TiUotfon^ M. A. and then publifhed by him^ 
felf, but hitherto omitted in his Lordfhip's Works. Price i x. 

r IV. A Scholaftical Hiftory of the Canon of the Holy Scrip- 
ture, or the certain and indubitate Books thereof, as they are re* 
crived in the Church of England ; compiled by Dr. Cofiny D. of 
P. and Mr. of St. Pi C. in the Univerfity of Carnhndge^ thet 
iequeftred 5 and hXc Lord Bifliop of Durham. 

Grammars. 

I. A ihort and compendious Method for the Learning to * 
Speak, Read, and Write the Spanijh Language, in which each 
Part of Speech is feparktely treated of after a new Method ; and 
a Syntax, fuch as hitherto has never been publiflied in any Gnm> 
mar for the Modem Languages. Compofed by Peter Peneda^ 
Teacher of the Spanijh Tongue in London. 

II. A '^new Method for the eafy and fpeedy learning of the 
French Tongue, containing all that is neceflary to attain the 
pronouncing, fpeaking, and writing thereof, By Micha^i Mt^ 
^rrf, D.D. 
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m the Navy of Fr*»«, and Knight of the OrdCTof 
St L^ui communing his Narrative o^f the VovVees £ 
made to the Eaft-hhs, &c. and of the great g^urs 
paid to hm at the Court of Sia^, where hi was prefer/d 
to be the King's High Admiral, Generaliffiinoof hisYroom 
Md Governor of the Tower of Bancod. His oartSSr 
Account of the Battle of La Hague, and other fS£J 
he was enga^d in during 44 Years that he fpent inlh? SeJ- 
Service ; and his fecret Hiftory of the Chevalier 5* c, 
^..n'fe's Expedition in the Ye7r 1708, from SLS m 
Gotland, in which he had the fpeci^l Charge of *JeCh2 
va^ier's Perfon. Tranflated from the Frencl The SecoS 
Edition. Vnce^ Si 6d. -lucoccona 

. a. The Hiftory of the late Revolutions in TerRa. Take* 
from the Memoirs of Father KrufinskL ProcuraC o/v^ 
Jefuits at Iffahan who lived twenty YeSXt Co^n 
try, was cmploy'd by 4e Bifliop of IffZl £ N^tT 
Wions at the Perfian Court, for thefiraperorandtheK 
of France ^ was familiarly convcrfant w°[h X er«^3l 
Men of all Parties. Done into Enriilh frnm /k- *H — . 
juft publifh'd with theRoya?tiSatS"/''Bfe^ 
Dn Cercean, who hasprcfix'd a Mmafpfrl' , 1 ^^ 
Hiftpiy of the 5^-&/.4 wkhcuSltaSonthL r 
counts given by Tavernier, Sir >L cS S,d ott^ 

Sr" */' ^r °^r^ Particularly of thaTCo^lS 
and Country, &c In Two Volumes. Price ytgj 
3. Tul//s three Rooks of Offices, tranflS into" Fnl'n. 

rS. ^°'^ *^^^^ *« Meth<il and MeiSL of Ife 
Author. By Thomas Cacknsan, D.D MaS^^f r/ •* 
yeriity CoUege in Oxford. TheViSEdiST Price ^T 

Two Books, TrahflatedfTomfh*.n»-/i,vi7j-- '. ^^ 

Uted withaU theforS^o„«ofN°tr ^^o'^"^ "'■ 
^a Charafter of the Author and his WriS ^S 
trafted from MonfieurB«y/f and others B„^x? , 
M. A. Chaplain to his Grace the Du£ of ]?• a ^T'"*' 
cond Edition. Price 2 x. /j "''^ °^ '^''*^'"^''- Se- 

At'^nJSaS^ i^'-i^^^l^S^ conceding 
^m SuJTe^, snrrej^, Berklbire, MddhfSruidon\ 
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JBmeihibaff^fhifey Bet^d/bire^ Hirtfordfbire^ Uunfbjhhey 

fbite^ Gltmceperjlbire^ Stmerfetjbirey Shropfbirey Chefinrey 
Lancafhirey StaJfirJ/iirey Derbyjbirey Leiceperfbifey Rutland 
and Huntinpony Nott$ngbam0sre, NorthamptOTffbirey Torkr 
Jbirey Durhamy Northumberlandy CttmberUndy Walesy C9rn^ 
m)ally and the Ijk cf Many &c. In Two Volumes. The 
fifth Edition, with large Additions. Written by yobm 
Mackjy Efq; late Mafter of the Packec-Boats. 

7. A Journey through Scotlandy in familiar Letters from 
% Gentleman here to his Friend abroad. Beiog the Tlird 
Volume, which compleats Great^Britaht. llie Second 
Edttioo. Fries 5/. 

8. A Journey through the Aufflrian Netherlands t Con-* 
taining the Modem Hiftory and Defcription of all the Pro- 
vinces, fTowns, Giftlcs, Palaces, Monafteries, &c. of that, 
fruitful, populous Country. With an Account of tU the 
jemarJoible Battles and . Sieges, taken from the tnoft au- 
thentic Narratives. To which is prefixed an Intlrodudion^ 
containing the antienc Hiftory of the- whole feventeen 
Provinces. The Second Edition. Price ^t. 6d. 

9. The Natural Obligations to believe the Princii^es 
of Religion and Divine Revelation. In fixteen Sermons 
preach'd ia the Church of St* Mary le Bowy Lmdany in the 
Year, 1717 and 1718, at the Ledure founded by the Ho* 
nourable Rohrt Boyhy Efq; By the Right Rev. Dr. J^bn 
I^engy lateLord Biihop of Norwicb; The Second Edition^ 
Price 5/. 6d. . ' 

10. The pretended Difficulnes in namral or revealed Re^ 
ligion, no Excufe for Infidelity.' In (ixteen Sermons, 
preach'd in the Church of St. Nary le Bonoy Landm. in 
the Years 1721 and 1722, at the Ledure founded by the 
Honourable Kobtrt Boyky Efq; The Second Edition, 
To which is fubjoined, a Defence ftf the Chriftian Reli- 
gion, from the Prophecies of the Old Tcftament. By 
Bramptm Gurdany A. M Archdeacon of Sudbury. Price 
5r. 6d. 

11. Biihop Sber lock's VCe and Intent of Prophecy in the 
Several Ages of the World. In fix Difcouries, delivered at 
the Tepff/i'Churchy in jifril and May^ 1724. Publifhed 
at the Dcfire of the Matters of the Bench of the two Hon. 
Societies. To which are added, four Diflertations, vi». i. 
The Authority of the fccond Epiftle of St. Peter, 2. The 
Senfe of the Antients before Cbrsfty upon the Circumftaiicet 
and Confcquences of the Fall. .3. The' Bleffings of Judaby 
Genefis the 49th. 4. ChrijFs Entry into Jnujaltm. The 
Third Edition. Price 4 x. 6d. 
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